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Introduction 

This  volume  contains  the  elaborations  of  lectures  at  a 
seminar  held  at  the  Courant  Institute  in  the  spring  of  1977  on  the 
mathematical  aspects  of  combustion.   The  purpose  of  the  seminar 
was  to  put  the  achievements  and  problems  of  combustion  theory  into 
sharp  focus  and  to  bring  them  to  the  attention  of  the  mathematical 
community,  in  the  hope  that,  just  as  in  the  past,  mathematical 
methods  will  shed  light  on  these  theories,  and  that  mathematical 
ideas  will  lead  to  new  and  efficient  computational  procedures. 

The  first  half  of  the  semester  was  devoted  to  subjects  that 
were  reasonably  well  understood  as  mathematics;  the  speakers  were 
mathematicians.   After  the  spring  recess  the  seminar  was  devoted 
to  subjects  not  yet  mathematically  digested;  among  the  speakers 
there  were  engineers,  chemists,  and  physicists  with  sympathy  in 
their  hearts  for  mathematics. 

The  first  part  starts  with  a  paper  by  Peter  D.  Lax  which  is 
a  review  of  those  numerical  methods  in  fluid  dynamics  that  are 
especially  promising  for  reacting  flows.   This  is  followed  by  a 
report  prepared  by  K.  0.  Friedrichs  for  the  Navy  in  19^6, 
edited  and  presented  by  Gary  A.  Sod.   The  third  paper  by  Peter  D. 
Lax  is  a  brief  introduction  to  chemical  kinetics,  followed  by 
papers  by  Alexandre  Chorin,  of  the  University  of  California  at 
Berkeley,  on  reactive  flows,  by  Gary  A.  Sod  on  a  first  step  to 
modeling  flows  in  an  engine,  and  by  Samuel  Z.  Burstein  on  combus- 
tion instability. 


The  second  part  consists  of  two  papers  by  William  Sirignano 
of  Princeton  University  on  flame  spread  and  reactive  flows  in  a 
one-diraensional  engine,  followed  by  three  papers  by  Irvin  Glassman 
of  Princeton  University  on  the  burning  rate  of  single  coal  parti- 
cles, on  hydrocarbon  oxidation  in  a  flow  reactor,  and  on  flame 
spreading. 

We  did  not  include  in  this  collection  an  interesting  lecture 

by  Louis  Howard  of  M.I. T.  on  his  work  with  Nancy  Kopell  on  reaction 

diffusion  equations,  the  content  of  which  is  contained  in  these  two 

papers: 

N.  Kopell  and  L.N.  Howard,  "Plane  Wave  Solutions  to  Reaction- 
Diffusion  Equations,"  Studies  in  Appl.  Math.,  ^2,    291  (1973). 

L.N.  Howard  and  N.  Kopell,  "Slowly  Varying  Waves  and  Shock 
Structures  in  Reaction-Diffusion  Equations,"  Studies  in  Appl. 
Math.,  56,  95  (1977). 

Another  interesting  lecture  not  included  was  by  James  Muckerman  of 

the  Brookhaven  National  Laboratory  of  the  Department  of  Energy  on 

the  calculation  of  bimolecular  rate  constants  based  on  the  three 

papers: 

J.  Muckerman  and  M.D.  Faist,  "Rate  Constants  from  Monte  Carlo 
Quasiclassical  Trajectory  Calculations:  The  Use  of  Important 
Samplings,"  to  appear. 

P. A.  Whitlock,  J.  Muckerman,  and  E.R.  Fisher,  "Theoretical 
Investigation  of  the  Energetics  and  Dynamics  of  Reactions  of 
0(d)  with  Hp,"  submitted  to  J.  Chem.  Phys . 

,  "Theoretical 


Investigation  of  the  Energetics  and  Dynamics  of  Reactions  of 
0(5p  d)  with  Ho  and  C(d)  with  Yi,^,"    RIES  Technical  Report, 
Wayne  State  University,  Detroit,  Michigan  (1976). 


VI 


We  heartily  thank  all  of  the  speakers  for  their  participation. 
Our  thanks  are  due  to  Academic  Press,  Cambridge  University  Press, 
Gordon  and  Breach  Science  Publishers,  and  Pergamon  Press  for 
permission  granted  to  reprint  the  articles  of  Professors  Chorin, 
Glassman,  Sirignano,  and  Sod. 

Ssimuel  Z.  Burstein,  Peter  D.  Lax,  Gary  A.  Sod 

Courant  Institute,  July  1978 
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The  Numerical  Solution  of  the  Equations  of  Fluid  Dynamics 


Peter  D.  Lax 

Courant  Institute  of  Mathematical  Sciences 
New  York  University 


1.  Introduction 

2.  The  equations  of  fluid  dynamics 

3.  Theory  of  shock  waves 

4.  The  method  of  fractional  steps 

5.  Difference  approximation  of  conservation  laws 

6.  The  methods  of  Godunov  and  Glimm 

7.  Entropy  and  viscosity 


1.  Introduction 

The  theory  of  Chapman  and  Juguet  for  detonations  and 
deflagrations  describes  reacting  flows  in  the  limit  as  the  re- 
action rate  goes  to  00,  viscosity,  diffusivity  and  heat  conduc- 
tion go  to  0.   In  this  theory  the  transition  from  burnt  to  unburnt 
gas  takes  place  instantaneously  over  an  infinitely  thin  reaction 
zone.   In  many  problems  of  combustion  one  is  interested  in  a  finer 
resolution  of  the  reaction  zone;   this  is  possible  only  by  solving 
flow  equations  which  coijtain  an  adequate  description  of  all  rele- 
vant chemical  and  physical  processes:   the  rates  at  which  the 
reactions  proceed,  the  conversion  of  chemical  energy  to  heat,  the 
conduction  of  heat,  the  diffusion  of  the  various  spec 
effect  of  viscous  forces.   In  the  traditional  engi;.        itera- 
ture  such  problems  are  treated  analytically,  at  the  c^^;.  .-:" 
drastic  sin  :  ' "  '       which  still  retain  shf  -o- 

chemical  pr  :ar  ii 
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tion.   This  is  the  only  avenue  open,  unless,  as  F.A.  Williams 
remarks  in  his  treatise  on  combustion  theory,  "one  is  willing  to 
expend  the  labor  required  to  obtain  complete  numerical  solutions" . 
With  the  advent  of  modern  computers  and  modern  numerical  methods 
for  calculating  fluid  flows,  scientists  are  willing  —  and  able  — 
to  expend  such  labor,  although  the  complete  modelling  of  a  combus- 
tion problem,  tracing  dozens  of  intermediary  products  participating 
in  the  reaction,  is  beyond  the  scope  of  present  day  numerical 
methods.   Much  current  research  is  directed  at  adopting  existing 
methods  for  calculating  fluid  flows  to  the  calculation  of  reacting 
flows.   Many  of  these  existing  methods  employ  stabilizing  devices, 
of  which  artificial  viscosity  is  the  most  prevalent,  that  cause 
only  marginal  and  acceptable  numerical  inaccuracies  for  non- 
reacting  flows  but  would  distort  essential  features  of  reacting 
flows  such  as  flame  velocity  that  depend  on  a  balance  between 
transport,  heat  conduction,  and  energy  production.   A.  Chorin  has 
made  the  important  observation  that  among  the  many  available 
methods  the  one  developed  by  Glimm,  [9],  is  the  freest  of  artifi- 
cial encumbrances.   In  Section  5  of  this  lecture  we  describe  how 
and  why  Glimm 's  method  works  for  nonreacting  flows;  the  adoption 
to  reacting  flows  is  described  in  a  subsequent  lecture  by  Chorin. 

Another  phenomenon  of  numerical  schemes  which  are  of  higher 
than  minimal  order  of  accuracy  is  oscillatory  behavior  near  a 
discontinuity,  which  results  in  an  overshooting  of  peak  values. 
This  is  present  in  Lax-Wendroff  type  difference  schemes,  and  also 
in  spectral  schemes,  on  account  of  the  Gibbs  phenomenon.   In 
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ordinary  fluid  dynamics  such  an  overshoot,  when  not  excessive,  is 
merely  an  aesthetic  blemish;  in  reacting  flows,  where  the  rate  of 
chemical  reaction  is  so  sensitive  to  temperature,  an  overshoot 
would  prematurely  trigger  off  ignition  and  would  falsify  the  time 
history  of  burning.   One  cure  for  overshooting  in  LW  or  other 
types  of  higher  order  schemes  lies  in  hybridization  combined  with 
artificial  compression,  as  developed  by  A.  Harten,  [15].   The  case 
for  spectral  methods  lies  in  applying  some  summation  method. 

?.  The  equations  of  fluid  dynamics 

A  conservation  law  asserts  that  the  change  in  the  amount  of 

a  substance  contained  in  any  portion  of  space  is  due  to  the  flux 

of  that  substance  across  the  boundary  of  the  portion  of  space  under 

consideration.   Let's  denote  the  density  of  the  substance  by  u,  its 

flux  by  f,  and  the  portion  of  space  under  consideration  by  G. 

Then  the  conservation  law  says  that 

t    t 
(2.1)  /  udx   +  /   /   f-v  dSdt  =  0  , 


G 


s    s   ^G 


where  v  denotes  the  outward  normal  to  the  boundary  ^G  of  G.   Using 

the  divergence  theorem  the  boundary  integral  term  can  be  written  as 

t 

/   /  div  f  dxdt  . 
s   G 

Letting  s  '  deduce  t 

point  wher-  lifferentiable,  the  different     onserva- 
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(2.2)  U^  +  div  f  =  0 

is  satisfied. 

The  rest  of  this  section  is  devoted  to  a  brief  discussion  of 
the  classical  conservation  laws  of  mass,  momentum  and  energy  in 
fluid  dynamics.   We  shall  show  how  various  transport  mechanisms  can 
be  expressed  by  a  suitable  choice  of  flux. 

We  shall  use  the  notation 

p  =  mass  density 

M  =  momentum  density 
E  =  energy  density 

Momentum  and  energy  densities  can  be  expressed  as  follows: 

(2.3)  M  =  pV  ,    E  =  pe  +-i  pV^ 

where 

V  =  flow  velocity 

e  =  internal  energy  per  unit  mass 

Since  the  fluid  is  streaming  past  G  with  velocity  V,  mass  is 
convected  out  of  G  at  the  rate 

/   pV-vdS  . 
SG 

The  mass  flux  due  to  this  convection  is 

(2.4)  f  =  pV  =  M  . 
conv              mass  conv   ^ 

An  additional  flux  of  mass  is  due  to  diffusion;  this  is  propor- 
tional to  the  negative  gradient  of  mass  density: 
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^    'diff  mass  aiif      °    ^    ' 

D  is  called  the  coefficient  of  diffusion. 

Momentum  flux  is  the  sum  of  two  kinds  of  term,  each  repre- 
senting two  distinct  transport  mechanisms:   convection,  and  impulse 
of  forces  exerted  by  the  fluid.   The  convective  term  is  entirely 

analogous  to  (2.4)     and  is  of  the  form 
°       ^    'conv 

(2.5)  ■"  f^        =  M^V 
^   ^'conv  mom  conv 

where  the  superscript  i  refers  to  the  i   Cartesian  component, 
i  =  1,2,5-   To  derive  the  impulsive  terms,  denote  by  F  the  force 
per  unit  area  exerted  by  the  fluid  across  a  surface  element  through 
a  point  X  and  with  outward  normal  v .   It  is  a  basic  law  of 
continuum  mechanics  that  F  has  the  form 

(2.6)  F  =  Pv  , 

where  P,  called  the  pressure  tensor,  is  a  symmetric  matrix  function 
of  X.   The  impulse  of  the  force  F  of  form  (2.6)  changes  the 
momentum  of  the  fluid  contained  in  G  at  the  rate 

-  /   PvdS  . 

4.  1- 

The  rate  at  which  momentum  in  the  i   coordinate  direction  changes 

is  thus 

r   1 

•V  dS 


-I^' 


where  p^  1 s  the  1    row  of  P.   This  shows  that 
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^  ' '  'p  momentum  P 

For  a  nonviscous  fluid  the  p;-      j  tensor  is  scalar,  i.e. 
the  identity  multiplied  by  the  scalar  pressure  p: 

(2.8)  P  =  pi  . 

In  this  case  the  flux  of  the  momentum  in  the  i   direction  is 

f2.7)     f     ^     =  pe"''  ,    e   =  unit  vector  in  i   direction  . 
^   '  ^p    momentum  p   ^        ' 

For  viscous  fluids  the  scalar  pressure  tensor  has  to  be  augmented 
by  a  matrix  which  for  incompressible  fluids  takes  the  simple  form 

(2-9)  p^isc  -  2  ^^r:  +  -^^>    ' 

J 

Ij,  is  called  the  coefficient  of  viscosity.   The  flux  of  momentum  in 
the  i   direction  due  to  viscous  forces  can  be  obtained  by  setting 


(2.9)  into  (2.7) 


P' 


(2.7)  .         f^    ^     .    =  ^[grad  V^  +V   ] 
^   '  '^visc        momentum  vise   2'-'^         x  •" 


Energy  flux  is  the  sum  of  three  terms;  the  first  represents 
the  effect  of  convection  and  has  the  value 

(2.10)  f  =  EV  . 

^     'conv  energy  conv 

The  work  done  by  a  force  of  form  (2.6)  changes  the  energy  contained 
in  G  at  the  rate 

-  /  V-FdS  =  -  /   V-PvdS  . 
^G  hG 
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Since    P  is   a   syiimietric  matrix,    the    right   r  '  '  written  as 

-    /   vPVdS    ; 

this  shows  that  the  energy  flux  due  to  work  done  by  the  pressure 
tensor  is 

(2.10)„  f       ^  =  PV  . 

^     'P  energy  P 

If  P  is  scalar,  we  have  from  (2.8)  that 

(2.10)  f         =  pV  . 

^     'p  energy  p   ^ 

If  viscosity  plays  a  significant  role,  then  (2.10)   has 

Jr 

augmented  by  (2.10)p,  with  P  given  by  (2.9). 

There  is  a  third  mechanism  for  transferring  energy  in  and  out 
of  G:   heat  conduction.   Newton's  law  states  that  the  energy  flux 
due  to  heat  conduction  is  proportional  to  the  negative  temperature 
gradient: 

•   )u-  f       V,   ^  =  -c  grad  T  , 

'h  energy  heat      ^      ' 

c  is  called  tr.     fficient  of  heat  conduction. 

Flux  across  boundaries  is  not  the  only  trLii.-^.i  ,.,^ jw..i.^^....; 

■  he  amount  of  a   '  .. 

cause  ;  i.tion  or  annihilation  of  t' 

sinks  dista-  _     space.   Denote  the  rate 

of  generation  "^  ^..^.^<-^,.^^   by  g.  g  ir  --> '  ^  '  •^'--  „-..j^„^  „4. v--.^,-Tth 

(when  S  is       ve,  i  strength).   The  total 

ajnount  created  in  a  dr:  time  inter 
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Sdxdt  , 
s   G 

and  this  has  to  equal  the  left  side  of  (2.1);  thus  we  obtain  the 

equation: 

t    t  "■ 

(2.11)  /  udx   +  /  /  f-vdSdt  = 


G 


/  Sdxdt 
s    s  ^G  s   G 


From  this  we  can  derive  as  before  the  analogue  of  the  differential 
form  (2.2),  which  for  equation  (2.11)  is 

(2.12)  u^  +div  f  =  S  . 

There  are  many  processes  in  which  source  terms  play  an  important 
role,  par  excellence  chemically  reacting  flows;  the  chemical  re- 
action is  a  source  of  mass  for  the  products  of  the  reaction,  and  a 
sink  for  the  reactants.   If  the  reaction  is  exothermic  it  is  a 
source  of  heat  energy,  if  endothermic  a  sink  of  energy.   These 
source  strengths  will  be  denoted  as  follows: 


S       =  r 
mass  i    i  ' 

where  i  labels  the  species  participating  in  the  chemical  reaction 

and  r.  ,  called  a  reaction  rate,  is  the  rate  at  which  the  density 
1 

of  the  species  i  is  changing  as  a  result  of  the  chemical  reaction, 
The  reaction  rates  r.  at  x  depend  on  the  densities  of  the  species 
participating  in  the  reaction  at  x.   The  strength  of  the  heat 
source  is  denoted  by 

energy   ^ 
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where  q  is  the  rate  of  energy  release  during  the  reaction;  q  is  a 
function  of  the  densities  of  the  reactants. 

Another  energy  transfer  mechanism  that  is  described  in  terms 
of  sources  and  sinks  is  radiation;  this  mechanism  becomes  impor- 
tant at  high  temperatures. 

The  foregoing  discussion  shows  that  the  conservation  laws  of 
fluid  dynamics  may  contain  a  variety  of  fluxes  and  source  terms. 
In  Section  4  we  shall  show  how  the  method  of  fractional  steps  can 
be  used  to  disentangle  the  various  transfer  mechamisras  from  each 
other  in  the  construction  of  approximate  numerical  solutions. 

3 .  Theory  of  shock  waves 

It  follows  from  the  discussion  in  Section  2  that  if  diffusion, 
viscosity,  heat  conduction  and  chemical  reactions  are  neglected, 
the  laws  of  conservation  of  mass,  moment\am  and  energy  are 

p.  +  div  M  =  0  , 

(3.1)  mJ:  +  div  (M^V)  +p   =  0  , 

1 

E^  +div  (EV  +pV)  =  0  . 

To  make  this  system  self-contained  we  have  to  adjoin  relations 
(2.3): 

(3.2)  M  =  pV  ,    E  =  pe  +  ^  pV^  , 

and  the  equati  ..   ,  ^..uij,    which  relates  thrc^  ;  ..  -  ...adynamic 
variables,  say  e,  p,  p: 
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(3.3)  P  =  P(e,p)  . 

The  simplest  equation  of  state  is  the  classical  polytropic  relation 

(3.3)'  P  =  (7-l)ep  ,    7  =  const. 

The  system  of  conservation  laws  (3-1)  supplemented  by  (3-2)  and 

(3.3)  is  of  the  general  form 

(3.4)  u^+div  f^  =  0  ,    k  =  1,  ...,N  , 
where  each  f  is  a  function  of  the  densities  themselves: 

(3.5)  f^  =  f^(u\...,uN)  . 

To  simplify  the  discussion  we  turn  now  to  one-dimensional  flows; 

a  brief  discussion  of  the  two-dimensional  case  will  be  given  at  the 

end.   Dropping  dependence  on  y  and  z  in  {3-^)    leaves 

(3.6)  u^+f^  =  0  . 

To  analyze  solutions  of  such  a  system  we  carry  out  the  differentia- 
tion with  respect  to  x  in  (3-6);  we  get  a  first  order  system  which 
in  matrix  notation  can  be  written  as 

(3.7)  u^  +A(u)u^  =  0 

where  u  =  (u  ,...,u  )   and  A  is  the  matrix  gradient  of 
f  =  (f  , ...,f  )   with  respect  to  u: 

(3.8)  A=  (a^.)  ,    a^^j  =|§7  . 

J 

This  is  a  system  of  quasilinear  equations;  it  is  well  known  that 
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in  order  for  the  initial  value  problem  to  be  properly  posed,  (3.7) 

» 
has  to  be  hyperbolic,  i.e.  the  matrix  A  has  to  have   real  eigen- 

1       N 
values  a  ,...,a  ,  themselves  functions  of  U.   The  eigenvalues  have 

a  very  interesting  physical  interpretation:   they  are  the  local 

velocities  with  which  sharp  signals  propagate  in  the  medium 

described  by  equations  (5.7)-   These  are  called  the  characteristic 

velocities  of  the  equation  (^  .7  )  • 

The  one-dimensional  version  of  the  system   (5.I),  (3.2), 

(3.3)  is  hyperbolic  in  this  sense,  provided  that  pressure  is  an 

increasing  function  of  p  at  constant  entropy.   Since 

-^  .J  =  -2-,  when  p  is  given  as  function  of  p  and  e 

P   entropy=const   P^ 
its  derivative  with  respect  to  p  at  constant  entropy  is  given  by 


('•5)  H? 


_  Sp      P   Sp 

entropy=const        P 


The  increasing  character  is  expressed  by  setting 


(5-10)  ^ 


2 
=  c 


entropy=const 
quantity  c  is  called  sound  speed.   In  the  polytr>  ;  '.   jase  (3«3) 


we  have 


(3.10)'  c^=f 


._: -.jteristic    . ^_-_    -    ^.r  the  equat 


.,.-..^,.      .._..    — ^:..    „   suffices,    ' 

ive   to  be   in.; 


11 


1-12 


(3.11)  V-c  ,    C  ,    V+c  . 

According  to  the  general  theory  of  nonlinear  hyperbolic  equa- 
tions of  form  (3.7),  we  may  prescribe  the  initial  values  u(x, O) 
arbitrarily;  the  corresponding  solution  U  at  the  point  x, t  is 
uniquely  determined  by  the  initial  data,  in  fact  by  the  initial 
data  on  a  finite  interval,  called  the  domain  of  dependence  of  the 
point  (x, t)  ;  the  domain  of  dependence  is  the  smallest  interval 
containing  the  intersection  of  all  characteristic  curves  through 
X,  t  with  the  initial  line  t  =  0;  a  characteristic  curve  is  one 
which  propagates  with  one  of  the  characteristic  velocities,  i.e. 
satisfies  one  of  the  differential  equations 

(3.12)  ^  =  a^(u)  ,    u  =  u(x,t),    k  =  l,...,N. 

In  general  solutions  of  a  nonlinear  hyperbolic  equation 
develop  singularities  after  a  certain  time  has  elapsed.   The  source 
of  this  breakdown  is  easiest  seen  for  a  single  conservation  law: 

(3.13)  ^t-^^^^^x  =  °  ' 
which  can  be  written  as 

(3.1^)  u^  +a(u)u^  =  0  ,    a-  =  dn   • 

The  left  side  of  (3-1^)  can  be  interpreted  as  the  derivative  of  u 
in  the  characteristic  direction: 

(3.15)  §1=0,   where  -^  =  a(u)  . 

This  equation  says  that  u  is  constant  along  the  characteristic 
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curve,  but  then  the  speed  a(u)  is  constant  along  the  characteris- 
tic curve,  and  so  it  follows  that  the  characteristic  curve  is  a 
straight  line.   Now  let  x-,  and  x^  denote  any  two  points  on  the 
initial  line  t  =  0,  u(x, O)  the  prescribed  initial  function.   The 
speeds  of  the  characteristic  lines  issuing  from  these  points  are 
a-]  =  a(u(x,  ))  and  ap  =  a(u(Xp));  if  these  two  lines  are  on  colli- 
sion course,  then  at  the  point  (x, t)  of  their  intersection  u(x, t) 
has  to  be  equal  to  both  u,  and  Up,  which  shows  that  no  solution 
can  exist  beyond  that  time,  at  least  not  a  continuous  one. 

What  does  exist  beyond  that  time?  Experiments  disclose  the 
appearance  of  discontinuous  solutions.   In  what  follows  we  outline 
briefly  the  theory  of  these.   For  a  mathematical  definition  of 
discontinuous  solutions  we  have  to  go  back  to  the  physical  defini- 
tion of  a  conservation  law:   we  say  that  u  is  a  solution  of  the 
system  of  conservation  laws  {j>-h)    if  the  integral  relations  (2.1) 
are  satisfied  for  all  domains  D  and  all  times  t  and  s.   An  entirely 
equivalent  formulation  is  to  require  that  the  equations  {3 ■^)   be 
satisfied  in  the  sense  of  distribution  theory;  that  is,  if  we 
multiply  (4.4)  by  any  smooth  test  function  w(x,  t)  that  veinishes 
for  |x|  large,  and  if  we  integrate  by  parts,  the  resulting  integral 
relation 

(5.16)    JJ  (vi^u"  i  u.  f^)dxdt 

-  J  w(x,T)u^(x,T)dx  +  /  w(x,0)u^(x,0)dx  =  0 
holu.    :  k  =  1,  . .  .,N. 
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Suppose  that  u  is  a  piecewise  smooth  function  in  regions 
separated  by  smooth  surfaces.   It  is  not  hard  to  show  that  u  satis- 
fies (5.4)  in  the  distribution  sense  (5.I6)  iff 

i)   u  satisfies  equation  (3-4)  pointwise  in  each  smooth 
region, 

ii)   across  each  surface  of  discontinuity  the  jump  relations 

(3.17)  s[u]  =  [f].v 

hold,  where  [   ]  denotes  the  jump  of  the  quantity  in  brackets 
across  the  surface  of  discontinuity,  v  the  direction  in  which  the 
surface  propagates,  and  s  the  speed  with  which  it  propagates. 
These  relations,  called  the  Rankine-Hugoniot  conditions   and 
abbreviated  as  R-H,  are  easily  derived  from  (3.16),  or  from  the 
more  physical  equation  (3.I). 

In  case  of  one  space  dimension  the  jump  relations  take  the 
form 

(3.18)  s[u^]  =  [f^]  ,    k  =  1,  ...,N  , 

where  s  is  the  speed  with  which  the  discontinuity  propagates  from 
left  to  right. 

For  small  discontinuities  the  jump  relation  has  a  simple 
consequence.   Using  relation  (3-8)  we  can  write 

[f]  =  A[u]  , 

where  A  is  very  close  to  A(u)  =  grad^ f  .   Substituting  the  above 
into  (4.18)  gives 
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(5.18)'  s[u]  =  A[u]  , 

which  shows  that  for  [u]  small,  s  is  very  close  to  an  eigenvalue 
of  A.   Since  these  are  the  propagation  velocities  we  conclude  that 
small  discontinuities  propagate  with  velocities  very  close  to  the 
velocities  of  sharp  signals  —  a  most  plausible  result. 

For  a  good  theory  of  discontinuous  solutions  two  things  must 
be  shown: 

a)  that  every  initial  value  problem  has  a  solution  in  the 
sense  of  (4.l6)  which  exists  for  all  times  t  >  0. 

b)  that  this  solution  is  unique. 

It  turns  out  that  b)  is  false  I   The  following  example  shows 
it  so  for  the  single  conservation  law 

(3.19)  ^t  "^(^  ""^^x  =  °  • 

Define  the  function  u,  by 

I  0  for  x/2  <  1/2 
(3.20)^  u^(x,t)  =  ^ 

i  1   for   1/2  <  x/t   . 

Since  a  constajnt  satisfies  equation  (3.19),  we  see  that  u,  consists 
of  two  solutions  fitted  together  along  the  line  x/t  =  1/2.   The 
speed  of  propagation  of  this  line  is  chosen  as  s  =  1/2,  so  that  the 
R-H  relation  (3-18),  for  [u-j^]  =  1-0  =  1,  [f]  =  1/2  -         .  is 
satisfied.   Thus  u,  is  a  solution  of  (3.19)  in  -:._  -. :- 
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0  for  x/t  <  1/4 
(3.20)2         U2(x,t)  =  ^1/2  for  1/4  <  x/t  <  3/4 

1  for  3/4  <  x/t   . 

Here  three  constant  states  u  =  0,  1/2,  1  are  fitted  together  along 
two  lines,  whose  propagation  speed  is  chosen  as  s  =  1/4  and  s  =  3/4 
so  that  the  R-H  relation  (3-18)  is  satisfied  at  both  discontinui- 
ties; thus  Ug  satisfies  (3.19)  in  the  distribution  sense.   Finally 
we  define 

0   for  x/t  <  0 
1 
(3.20)^         u^(x,t)  =  vx/t  for  0  <  x/t  <  1 

[    1        for   1  <  x/t  . 

Here  the  two  constant  states  u  =  0  and  u  =  1  are  joined  continu- 
ously by  the  function  x/t;  this  function  satisfies  equation  (3. 19) 
pointwise. 

The  three  functions  u-j^,  u^,  u^  have  the  same  initial  value: 
u  =  0  for  X  <  0,  u  =  1  for  1  <  x.   Clearly  many  more  are  possible. 
We  abstract  from  these  examples  a  principle  that  eliminates  all 
but  one  of  these  solutions. 

Let  u  and  u  be  two  constants  denoting  the  state  on  the  left 
and  on  the  right  of  a  discontinuity.   Let 

(3.21)  ==^r^' 

where 
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f,  =  f(u^)  ,   f,  =  f(u^)  ; 


then 


f  u   for  x/t  <  s 

(5.22)  u{x,t)  = 

u   for  s  <  x/t 
V  r  ' 

is  a  discontinuous  solution  of  (5.I5)  in  the  integral  sense.   We 
say  that  this  discontinuity  can  be  split  if  there  is  a  value  of  v 
between  u.  and  u  such  that 

_  f^  -f(v)        _  f(v)  -f^ 
(3-23)  s^  =  — u^  -V   '    ^r     V  -u^ 

satisfy 

(3.24)  s^  <  s^  . 

In  this  case  the  split  solution 

u^   for  x/t  <  s^ 

Vlit^^'^)  =  ■■  ^   ^°^  ''I   "  ^/^  "  ^r 
,  u^  for  s^  <  x/t 

also  satisfies  the  integral  form  of  the  conservation  law  (3.13  )* 
and  has  the  sajne  initial  value  as  the  solution  u  defined  by  (3.22 
We  call  a  discontinuity  that  can  be  split  unstable.   Solutions 
with  unstable  discontinuities  are  rejected  as  physically  not 
realizable.   Stability  is   opposite  of  instability: 

A  discontinuity  (u.,u  )  is  called  stable  if  it  cannot  be 
split,  i.e.  If  for  all  v  between  u.  and  u 
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(3.25)  s^  >  s^  . 

Using  the  definitions  (3-'     :'  s  and  (3.23)  of  s  ,  s  we 
can  write 

U   -  V  V  -  u 

s  =  —^ s  ,  + s 

Since  v  lies  between  u^  and  u  ,  this  shows  that  s  is  a  convex 

H  r' 

combination  of  s   and  s  ;  so  it  follows  from  (3.25)  that 

(3.25)'  s^  >  s  >  s^  . 

Again  using  (3. 21),  (3.23)  we  can  write  this  as 

f.-f(v)    f  -f    f(v)-f 
(3.25)"  -i >  -^ > . 

Letting  v  tend  to  u.  or  u  respectively,  and  recalling  that 
df/du  =  a(u),  we  deduce  that 

(3.26)  a^  >  s  >  a^  . 

This  expresses  the  fact  that  sound  waves  originating  on  either 
side  of  the  discontinuity  propagate  toward  the  discontinuity. 
The  theoretical  significance  of  this  condition  emerges  if  we  look 
upon  a  discontinuous  solution  as  a  solution  of  a  mixed  initial- 
boundary  value  problem,  the  discontinuity  serving  as  an  internal 
boundary.   Condition  (3.26)  guarantees  that  every  characteristic 
drawn  backward  from  either  side  of  the  discontinuity  reaches  the 
initial  line.   This  shows  that  the  initial  data  determine  uniquely 
the  solution  on  either  side  of  the  discontinuity;  the  R-H 
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condition  (5.21)  then  serves  as  an  ordinary  differential  equation 
for  the  determination  of  the  line  of  discontinuity  x  =  x(t),  with 
s  =  dx/dt.   We  shall  call  (3.26)  the  characteristic  condition. 

If  f(u)  has  no  inflection  points,  then  (3.26)  implies  (3 •25). 
Suppose,  e.g.,  that  f   >  0;  then  f  =  a  is  an  increasing  function 
of  u,  so  (3-26)  implies  that  u  >  u  .   Since  difference  quotient 
also  are  increasing  functions  of  their  arguments,  (3-25)"  follows. 
When  f  has  inflection  points,  the  stability  condition  (3.25)  is  a 
genuine  additional  restriction. 

It  can  be  shown  that  every  initial  value  problem  for  a  single 
conservation  law  (3-13)  has  a  unique  solution  in  the  integral 
sense  (3.I6)  that  exists  for  all  time  t  >  0  and  all  whose  dis- 
continuities are  stable  in  the  sense  of  (3 -25).   In  Section  7  we 
shall  prove  the  uniqueness  of  such  a  solution,  ajid  construct  solu- 
tions with  piecewise  constant  initial  data. 

We  turn  now  from  single  conservation  laws  to  systems.   Here 
we  have  not  one  but  N  signal  speeds  a  (u ),...,  a  (u).   We  claim 
that  the  appropriate  extension  of  the  characteristic  condition 
(3.26)  to  this  case  is: 

There  exists  an  index  k,  1  _<  k  _<  N,  such  that 

(5.27)1  a^(u^)  >  s  >  a^(u^) 

while 

(5.27)2  ^^"^(^i)  "  2  "  a^^^(u^)  . 

A  diev:..,>;.xuuity  satisfying  this  condition  is  called  a  k-shojk. 
ilf  of  th      inequ-      s  says  t'       •  ly  N-k+1 
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characteristic  curves  impinging  on  the  discontinuity  from  the 
left;  the  right  half  of  the  inequalities  say  that  exactly  k  impinge 
from  the  right.   So  altogether  the  total  number  of  characteristics 
that  impinge  on  the  discontinuity  from  either  side  is  N+1.   Each 
of  these  characteristics  carries  one  piece  of  information;  these 
N+1  data,  combined  with  the  N-1  relations  that  can  be  obtained 
from  the  N  R-H  conditions  (3. 18)  by  eliminating  s,  are  needed  to 
determine,  iteratively,  the  2N  components  of  u.  and  u  . 

We  proceed  now  to  show  that  solutions  whose  discontinuities 
violate  the  characteristic  conditions  (3.27)  can  be  split  into 
rarefaction  waves,  and  thus  are  in  this  sense  unstable.   Therefore 
such  solutions  are  rejected  as  not  realizable  physically. 

The  conservation  laws  (3.6)  in  both  differential  and  integral 
form  are  invariant  under  a  uniform  stretching  of  both  the  x  and  t 
variables;  it  follows  that  (3.6)  has  so-called  centered  solutions, 
i.e.  solutions  that  depend  on  x/t  alone.   We  shall  describe  now 
these  solutions;  there  are  two  kinds:   shocks  and  rarefaction 
waves.   A  shock  is  of  the  form 

^u   for  x/t  <  s 
(3.28)  u(x,t)  =  \ 

u   for   s  <  x/t 
1^  r 

where  the  states  u  and  u  satisfy  the  R-H  conditions  (3. 18).   We 

ask:   given  u.,  describe  the  set  of  states  u  that  can  be  connected 
Jo  ^ 

to  u  through  a  single  shock.   This  is  easily  answered  if  we  are 

JO 


looking  for  weak  shocks,  i.e.  states  u^  close  to  u^.   We  claim  that 
they  form  N  one- 
relation  (3. 18) 


they  form  N  one-parameter  families  u^  =  u(e);  we  take  now  the  jump 
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s[u  -u^]  =  f(u)  -f(u^) 


and  differentiate  twice,  with  respect  to  e.   Denoting  d/de  by  ' 
and  recalling  (3.8): 

grad  f  =  A 
^   u 

we  get 

(3.29)^  s'  [u]  +SU'  =  Au'  , 

(3.29)2  s"[u]  +2s'u'  +su"  =Au"  +  A'u'  . 

Setting  e  =  0  in  (3.29)-,  we  get 

su'  =  Au' 

which  shows  that  s(0)  is  one  of  the  eigenvalues  of  A  =  A(u.), 
u'(0)  the  corresponding  eigenvector  r  =  r(u  ).   Setting  e  =  0  in 
(3.29)2  3.nd  setting  u'  =  r,  s  =  a  we  get 

(3.30)  2s'r  +  au"  =  Au"  +A'r  . 
Now  take  the  eigenvalue  relation 

ar  =  Ar  ,    u  =  u(e )  , 
and  differentiate  at  e  =  0: 

(3.31)  a'r+ar'  =Ar'  +  A'r  . 
Subtracting  this  from  (3.30)  gives 

(2s'  -a'  )r  +a(u"  -  r'  )  =  A(u"-  r'  )  . 
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Multiplying  this  with  the  left  eigenvector  ^  of  A  gives 
(3.32)  2s'  =  a' 


Now 


a'  =  u' -grad  a  =  r.grad  a 


Let's  assume  that  r-grad  a  ^  0,  then 

(3.33)  r.grad^a  =  1 

can  be  achieved  by  normalizing  r.   It  follows  from  (3.32),  (3 '33 ) 
and  u'  =  r  that 

(3.3^)  1  =  a'  =  i  s'  . 

Note  that  when  r  is  normalized  by  (3.33)>  the  parameter  e  needs 
rescaling  in  order  to  have  u'  =  r.   It  is  easy  to  see  that,  for  e 
small  enough,  the  characteristic  condition  (3.27)  is  satisfied  iff 
e  is  negative. 

Since  a  is  any  one  of  N  eigenvalues,  we  see  that  N  one- 
parameter  families  u  can  be  connected  to  u  by  a  single  shock; 
exactly  one  half  of  each  family  satisfies  condition  (3.27). 

We  turn  now  to  rarefaction  waves;  differentiable  solutions 
of  (3.7)  of  form 

(3.35)  u(x,t)  =  w(p)  ,    p  =  x/t  . 

Substituting  this  into  (3-7)  we  get 

-pw'  +  Aw'  =  0  , 
which  is  solved  by 
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(3.36) 


w'  =  cr(w)  ,    p  =  a(w) 


Differentiating  the  second  relation  with  respect  to  p  and  usin^ 
the  first  we  eet 


(3.37) 


1  =  grad  a.w  =  c  grad  a.r 
^   u        ^   u 


In  view  of  the  normalization  (3-33)^  c  =  1.   To  obtain  w(p)  we 
solve  the  ODE  (3.36),  with  initial  value 

"(Po)  =  ^^  '    Po  =  ^(^i)  • 

Now  let  e  "be  a  small  positive  quantity.   We  define  the  centered 
rarefaction  wave  as  the  composite 


/  u.     for   x/t  <  p 
i  ^   -  ^o 


(3.38) 


u(x,t)  =  • 


w(x/t)    for   p^  <  x/t  <  p^+e 


yw(p^+e)   for   p^+e  <  x/t 


The  state  u  =  w(p  +e )  is  connected  to  u.  through  a  rarefaction 
wave;  since  a  is  one  of  N  possible  eigenvalues,  we  have  N  halves 
of  one-parajneter  families  of  states  u  that  can  be  connected  to  u. 
by  a  single  rarefaction  wave. 

that  the  two  halv  -        r  famili' 

which  n,  v^ct'^d  throi.  r  a  rare' 

wave  cci.il  u-  fitted  i,..r,-  i.ner  differentlably  to  form  N  coiii.  .i-  i.   ..e- 
parameter  l' 
it  can  b 
thr.  ,,:.  ;     -,;  u,  in  turn  can 


ir^^(e),  k  =  1, 


%' 
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be  connected  to  a  one-parameter  fajnily  of  states  Up(e-|,ep)  through 
a  wave  pertaining  to  the  second  wave  speed  a^,  etc.   Continuing  in 
this  fashion  we  see  that  by  going  through  all  available  waves  we 
can  connect  any  state  u  to  an  N  parameter  family  of  states 
u^  =  n^ie-^,  ...,e^)   =  u^(e).   We  have  shown  earlier  that  -^   =  r^^; 
since  the  right  eigenvectors  r,  are  linearly  independent  it  follows 
that  for  e  small  the  family  u  (e)  simply  covers  a  full  neighbor- 
hood of  u  .   Thus  we  have  shown: 
o 

Suppose  condition  (3.35)  holds;  then  given  any  two  states 

I  u  sufficiently  clc 
n  "^ 

(3.6)  with  initial  values 


u  and  u  sufficiently  close,  there  exists  a  solution  u(x, t)  of 
on  J  } 


(3.39) 


u(x,0) 


u   for  X  <  0 
o 


u,,  for   0  <  X 


This  solution  is  centered,  i.e.  a  function  of  x/t,  and  consists  of 
N+1  constant  states  separated  by  shocks  or  centered  rarefaction 
waves: 


Figure  3.I 


An  initial  value  problem  of  form  (3-39)>  with  initial  data  con- 
sisting of  two  constant  states,  is  called  a  Riemann  initial  value 
problem. 
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Condition  {3  •33)    is  a  kind  of  a  convexity  condition;  there 
are  some  important  cases  where  it  fails  to  hold,  e.g.  for  so- 
called  contact  discontinuities  r-grad  a  =  0;  in  this  case  the  con- 
cept of  shock  and  rarefaction  wave  coalesce  and  the  result  still 
holds . 

For  what  systems  does  the  above  result  hold  in  the  large? 
that  is,  if  we  do  not  restrict  the  parameters  e  to  be  small,  how 
large  a  neighborhood  of  u  is  covered  by  u(e),  and  is  the  covering 
simple?  if  not,  the  initial  value  problem  (3 •39)  has  several  solu- 
tions and  we  need  some  criterion  in  addition  to  (3.27)  to  identify 
the  physically  realizable  solutions. 

Bethe  and  Weyl  have  shown,  see  [  l]  and  [3^],  that  if  p  is  a 
convex  function  of  p~   at  constant  entropy,  then  the  initial  value 
problem  (3-39)  has  only  one  solution.   Wendroff,  [33],  has 
investigated  the  situation  when  this  convexity  condition  is 
violated. 

In  an  interesting  sequence  of  papers  [24],  Liu  has 
analyzed  the  Riemann  initial  value  problem  when  (3.33)  is  violated; 
he  has  derived  an  analogue  of  condition  (3.25)  for  systems,  and 
has  applied  it  to  the  equations  of  gas  dynamics. 

U .    The  method  of  fractional  steps 

We  are  interested  in  approximating  solutions  of  evolution 
equations  of  the  schematic  form 

(4.1)  u^.  =  L(u) 

by  employing  approximate  solution  operators  S.  (L)  which,  when 
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applied  to  the  initial  value  u  =  u(0)  of  a  solution  u  of  (4.1) 
furnishes  an  approximation  to  the  value  of  the  solution  u  at  h: 

(4.2)  S^(L)(Uq)  =  u(h)+  error  . 

Here   h   is   a   small   quantity;    to   approximate   u(t),    t  not   small,    the 
operator  S.     is   applied   repeatedly: 

(4.2)^  s{J(L)(u^)    =   u(t)+error   ,         t   =   Nh    . 

The  approximating  operator  S,  (L)  is  constructed  so  that  the  error 

in  (4.2)  is  small;  this  implies  that  the  error  in  (4.2)   is  also 

N/  \ 
if,  and  only  if,  the  scheme  is  stable  in  the  sense  that  S,  (Lj  does 

not  magnify.   If  this  condition  is  fulfilled,  then  the  error  in 

(4.2)  is,  roughly,  N  times  the  error  in  (4.2).   This  shows  that  we 
must  choose  S,  so  that  the  error  in  (4.2)  is  0(h  ). 

The  error  in  (4.2)  can  be  appraised  by  Taylor's  theorem: 

u(h)  =  u(0)  +hu^(0)  +0(h^)  =  u^  +  hL(u^)  +0(h^)  . 

o 

This  shows  that  in  order  to  make  the  error  in  (4.2),  0(h  ),  S,  (L) 

must  satisfy 

(4.3)  \^^^  "  I+hL+0(h^)  . 

In  many  problems,  par  excellence  in  fluid  dynamics  the  operator  L 
is  the  sum  of  several  operators  L. ,  each  describing  a  different 
physical  mechanism: 

(4.4)  L  =  1^  L.  . 

The  method  of  fractional  steps  constructs  an  approximate  solution 
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operator  for  (4.1)  as  the  product  of  approximate  solution  operators 
S,  (L.  )  of  the  partial  equations 

(4.5)^  u^  =  L^(u)  . 

Each  S,  (L.  )    satisfies 

(4.6)^  S^{h^)   =   I+hL^+  O(h^)    . 

We   set 


(4.7)  S^(L)    =    I     I    S^(L.)     . 

It  is  easy  to  show  that  if  each  L.  satisfies  (4.6).  then  S,  (L) 
defined  by  (4.7)  satisfies  (4.5),  with  L  =  }        L. . 

The  method  of  fractional  steps  has  several  distinct 
advantages: 

i)  Each  equation  (4.5).  usually  has  its  own  special  feature 
(symmetry,  invariance,  etc.)  which  can  be  exploited  to  construct 
an  efficient  scheme  S^(L. ). 

ii)  If  each  scheme  Sj.^(L.  )  is  stable  in  the  sense  that  it  does 
not  increase  some  norm,  such  as  the  L^  norm,  common  to  all  equa- 
tions (4.5).,  then  likewise  the  product  (4.7)  does  not  increase 
that  norm  and  so  is  automatically  stable.   Even  if  each  S,  (L.  ) 
increase  norm  slightly 

I|S^(L^)!I  <  l  +  0(h)  , 

it  only  causes  a  similar  slight  norm  increase  by  S.  (l).   Thus 
instead  of  having  to  check  the  stability  of  a  complicated  comp 
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scheme  it  suffices  to  check  the  stability  of  each  of  its  factors. 

iii)  Programming  convenience:   one  can  write  a  program  for 
implementing  a  scheme  of  form  (4-5)  which  consists  of  n  distinct 
packages  strung  together  in  series,  each  package  solves  an  equation 
of  form  (4.6)..   If  one  wants  to  incorporate  an  improved  method 
for  solving  the  i   equation,  only  one  of  the  packages  has  to  be 
rewritten. 

iv)  Yet  another  advantage  is  described  in  Section  5- 

Relation  (4.3)  says  that  applying  the  approximation  scheme 
once  leads  to  an  error  of  size  0(h  ).   Repeating  the  approximation 
N  times,  where  Nh  =  T  =  final  time  results  in  cumulative  error  of 
size  NO(h  )  =  0(h),  provided  that  the  scheme  is  stable.   To  bring 
the  error  down  to  acceptable  size  may  require  making  h  so  small 
that  the  time  required  to  perform  N  =  T/h  steps  is  unacceptable. 
In  this  case  it  is  possible  to  reduce  the  number  of  steps  required 
by  employing  a  scheme  that  is  accurate  to  second  order,  i.e.  that 
approximates  u(h)  with  an  error  0(h"^).   We  explain  how  to  do  this 
in  case  the  operator  L  is  linear;  we  allow  L  to  depend  on  t. 

We  start  with  Taylor's  theorem  to  second  order: 

h^  3 

u(h)  =  u(0)  +hu^(0)  +  i^  "tt^°^  +0(h^) 

The  first  derivative  of  u  is  given  by  (4.1);  the  second  can  be 
obtained  by  differentiating  (4.1)  with  respect  to  t: 

o 
u..  =  Lu .  +  L  u  =  (L  +L,  )u  . 

Substituting  into  the  Taylor  approximation  gives 
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2 

(4.8)  u(h)  =  u(0)  +hL(0)u(0)  +  -^  [L^(0)  +L^(0)]u(0)  +  O(h^)  . 

This  shows  that  for  second  order  accuracy  we  must  have 

2 

(4.9)  Sj^(L)  =  I+hL(0)  +\-    [l2(0)+  L^(0)]  +0(h^)  . 

The  reader  may  easily  convince  himself,  in  the  simple  case  when  all 
L.  are  independent  of  t,  that  even  if  each  S.  is  a  second  order 
approximation  to  (4.5).: 

h^   2 

(4.10)  ^h^^i^  =  I  +  hL^(0)  +  i^  L^(0)  , 

the  product  (4.7)  is  still  only  a  first  order  approximation  to 
(4.1),  unless  all  the  L.  commute  (which  they  don't  in  general). 
Gilbert  Strang,  [32],  has  devised  a  variant  of  the  method  which 
does  not  suffer  from  this  restriction;  we  shall  describe  it  for  two 
terms,  i.e.  when  L  is  of  the  form 

(4.11)  L  =  A+B  . 

Theorem  (Strang):   Suppose  S^(A)  and  S.  (B)  are  second  order 
approximations  to 


u.  =  Au   and   u.  =  Bu  , 


respectively.   Then 


(4.12)  Sj^(L)  =  &^^^mo))S^{k{0))S^^^{B{^)) 

is  a  second  order  approximation  to  solutions  of  (4.1). 

The  proof  is  a  simple  matter  of  algebra:   By  (4.9)  we  have, 
modulo  terms  O(h^): 
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2 

S^(A(0))    =    I+hA(0)    +  i^    [A^+A^]       , 

S^/2(B(5))    =    I+§B(§)    +1^    [B^+B^] 

2 
=    I+§  B(0)    +  i:^    [b2+3B^]     . 

The    triple   product    (4.12)    is,    mod   O(h^), 

2  2 

I  +h[A(0)  +B(0)]    +  ^    [A^  +  A^  +1  B^  +B^   +  ^  +   BA+AB]    , 

and  this  by  (4.11)  is  indeed  equal  to 

h^   ? 
I  +hL(0)  4-  i^  [L^  +  L^]  . 

We  turn  now  to  nonlinear  equations  of  the  form  (2.12),  where 

the  flux  f  is  the  sum  of  fluxes  f  .: 

J 

(4.13)  u,  +  ^,        div  f .  =  S  . 

t   ^      J 

The  analogue  of  the  method  of  fractional  steps  constructs  approxi- 
mations to  solutions  of  (4.13)  as  a  product  of  operators  approxi- 
mating solutions  of  the  partial  equations 

(4.14).  u  +div  f .  =  0 

and 

(4.15)  ^t  =  '^  • 

In  practice  the  equations  (4.l4).  are  often  further  decomposed  as 
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and  their  solutions  approximated  by  products  of  operators  approxi- 
mating solutions  of  the  partial  equations 

(4.16)     u^  +  a^f^  =  0  ,    u^  +h^f^  =   0  ,    u^+^^f^  =  0  . 

If  (4.13)  stands  for  the  equations  of  fluid  dynamics,  then 
the  partial  equations  (4.l4).  might  stand  for  equations  of  fluid 
dynamics  in  which  the  only  transport  mechanisms  are  convection  and 
those  are  due  to  scalar  pressure,  or  might  describe  fluid  flow 
governed  by  diffusion,  viscosity  and  heat  conduction;  (4.15) 
describes  the  chemical  reaction.   Since  these  partial  systems 
evolve  on  different  time  scales,  the  way  they  are  mixed  together 
is  crucial  to  the  success  of  the  fractional  step  method.   The 
method  of  fractional  steps  has  been  developed  by  Godunov,  [11], 
Marchuk  [25]  and  Yanenko  [35];  it  is  an  outgrowth  of  the  alter- 
nating direction  method  of  Peaceman,  Ratchford  and  Douglas,  [28] . 

5 •  Difference  approximation  of  conservation  laws 

We  start  with  one  dimensional  conservation  laws: 

(5.1)  u^  +  f^  =  0  . 

We  divide  x-space  into  cells  I  of  length  5, 

(5.2)  Ij^  =  ((k  -1/2)6,  (k  + 1/2)5)  . 

We  denote  by  v"  an  approximation  to  the  average  density  of  u  over 
the  cell  I,  at  time  step  n,  eind  by  g^     '.     an  approximation  to  the 
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average  flux  f  between  time  step  n  and  n+l/2  at  the  boundary  be- 
tween I,  and  I;^ ,  1  •   The  approximation  to  (5.I)  then  is 

,^  ^^  n+1   n  ^  T  ,  n+l/2    n+l/2 

where  x  is  the  time  step  from  n  to  n+1.   Since  the  flux  f  is  a 

n+l/2 
function  of  the  density  u,  we  take  the  approximate  flux  gv . -1  /o  to 

be  a  function  of  the  approximate  densities  at  a  finite  number  of 

points  near  the  point  k+l/2  and  time  n+l/2: 

/^  I,  ^         n+l/2    ,  n         n    n+1        n+ls 
^■^  '  '^k+1/2   '^^  k-r+1'    '  k+r'  k-r+1      k+r^ 

We  require  g  to  be  consistent  with  f,  in  the  sense  that 

(5.5)  g(u,  .  .  .,u)  =  f  (u)  . 

It  is  convenient  to  regard  v  as  being  defined  for  all  x,  t: 

v(x,  t)  =  v,    for  X  in  I,  ,    t   <  t  <  t  +5  . 
^  '  '    k  k      n        n 

We  show  now  that  the  consistency  condition  (5*5)  guarantees  that 
if  a  sequence  of  solutions  of  (5-3)  with  initial  values  u  (x) 
tends  as  5,t  -*■  0  boundedly  and  almost  everywhere  to  some  function 
u(x,t),  then  this  limit  u  is  a  solution  of  the  integral  form  (4.l6) 
of  the  conservation  law  with  initial  value  u  (x).   For  let  w(x, t) 
be  any  smooth  test  function  which  is  zero  for  x,  t  large;  multiply 
(5-5  )  by  5w(k5,t  ),  sum  over  k  and  n  and  sum  by  parts;  we  get 


0.0 


1/2)  5^  =  5  m  ^^^ 
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If  V  tends  to  u  boundedly  and  a.e.,  then  Si^.-i/o'  defined  by  (5'^) 
and  satisfying  (5-5),  tends  to  f(u),  boundedly  and  a.e.,  and  (5.6) 
tends  to 

-  //  (w.v+w  f)dxdt  -  /  w(x,0)u  (x)dx  =  0  . 

This  is  precisely  relation  (3.I6). 

Here  are  some  examples  of  approximations  to  flux  functions: 

.   "  n+1/2  _  ^K^-^^^^k+l^ 
^  ''   Sk+1/2 2 > 

...          n+1/2   y^^^k+l^ 
^^)    Sk+1/2  =  f^ 2 1  ' 

,    n+1/2   f(u;j^^)+f(u;j) 
^^^^   Si,+i/2 2 ' 

.  ,    n+1/2   ^(^)^f(^.l)    .  yiK+lV,,  n   .   ,,  n.. 
^^^    ek+1/2  =  2 26  ^( 5 l^^K+l^  -^^\^^ 

The  following  observations  are  obvious  but  useful. 

a)  If  g  is  consistent  with  f,  and  if  h  is  a  function  of  v, 
that  vanishes  when  all  its  arguments  are  equal,  then  g+h  too  is 
consistent  with  f.   For  example  we  can  augment  the  approximate  flux 
function  in  i )  to 

.    n+1/2   fK)^^K+l)  ,   ,  n   n   . 
^)   gk+1/2  = ■"   ^(\-\+l)  ' 

another     "tent  flux  approximation. 

b)  Su:      the  flux  f  is  the  sum  of  several  fluxes 

f .  +  f ^  +  . . .  =  f,  and  suppose  we  treat  these  fluxes  by  ti         of 
fract..;.-.  .,.,,..  explained  in  ;      m  ^i .   If  „:  j.ch   stc^  ..  _  -  ,   ., 
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a  flux  approximation  consistent  with  the  partial  flux  f.,    then  the 
overall  scheme  will  be  consistent  with  the  total  flux  f.   This 
applies  in  particular  to  the  important  case  when  the  number  of 
space  variables  is  greater  than  1,  and  the  flux  has  an  x  and  a  y 
component. 

c)  The  flux  approximation  has  to  be  so  chosen  that  the  scheme 
(5.3)  is  stable.   Our  examples  i)  and  ii)  are  unstable,  iii)  is 
stable,  iv)  is  stable  if  5/t  exceeds  the  signal  speeds,  and  v)  is 
stable  if  c  is  large  enough  and  5/t  is  small  enough. 

6.  The  methods  of  Godunov  and  Glimm 

These  methods  were  devised  for  conservation  laws  in  one  space 
variable : 

(6.1)  u^  +  f^  =  0  . 

As  in  Section  5  we  divide  the  x-axis  into  cells  I,  ,  each  of  length 
5,  centered  at  x  =  k5,  see  (5.2).   Given  any  initial  data  u  (x)  we 
can  project  it  onto  the  space  of  functions  which  are  constant  on 
each  I,  by  setting 

(6.2)  v°(x)  =  v°  =  ^J     u^(x)dx  ,   X  in  Ij^  . 

We  define  the  functions  "^i^+i/g^^' * )  ^^  ^^^   solution  of  equation 
(6.1)  with  the  following  initial  values: 

for  X  <  (k+l/2)6 


(6.3)         ^k+l/2^'''°)  = 


o 


'^k+1   ^°^   (k+l/2)5  <  X 
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This  is  a  Riemann  initial  value  problem  of  form  (3.39);  its  solu- 
tion consists  of  N+1  states  separated  by  N  waves  centered  at 
X  =  (k+l/2)5,  t  =  0.   Each  wave  travels  with  a  speed  that  equals 
or  is  bounded  by  one  of  the  signal  speeds  a.   Denote  the  maximum 

signal  speed  by  |a|    ;  it  follows  then  that  the  centered  waves 

max 

issuing  from  two  adjacent  centers  (k- 1/2)5  and  (k+ 1/2)5  don't 
intersect  each  other  as  long  as 


(6.4) 


t  < 


-  2  a 


'max 


So  during  the  time  interval  (6.4)  the  solutions  v,  ,  /_  with 
initial  values  (6.3)  can  be  fitted  together  to  form  a  single  exact 
solution  v(x, t)  of  (6.1)  with  initial  value  v  given  by  (6.2). 
This  solution  consists  of  constant  states  separated  by  centered 
waves,  see  Fig.  6.1. 
t 


Figure  6.1 

After  time  (6.4)  the  waves  issuing  from  adjacent  centers  start  to 
interact;  in  a  numerical  method  developed  in  the  fifties  [11], 


Godunov  replaces  v(k,T)  at  t  =  6/2 |a|    by  its  piecewip 


it 


projection  d^^^fined  by  (6.2).   Note  that  the  integrati  ; 

by  \'-'.'.j   ii        i.e.-  carried  out  explicitly;  for  v(x,t)  ^^  ^i^   exact 
soluti        .i),  so  the  integral  form  of  (6.1)  gives 
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T 

/  v(x,T)dx  =  /  v(x,0)dx  +  /   f(v((k- 1/2)5, t))dt 

0 

T 

-J     f(v((k+l/2)5,t))dt 


\ 


This  can  be  rewritten  as 

where 

1/2 
(6.6)  gk+l/2  "  f(Vj^^-L/2  (1^+1/2  )6>t)  , 

Since  ^y^+1/2^^' ^^ '    hieing  centered  at  (k+l/2)5,  is  independent  of  t. 

Once  V  has  been  determined  as  a  piecewise  constant  function, 

the  basic  step  is  repeated;  this  is  done  as  many  times  as  necessary 

to  reach  the  times  T  at  which  the  phenomena  under  investigation 

are  taking  place.   We  denote  by  t-,,...,t   the  intermediate  times 

at  which  the  projections  (6.2)  take  place. 

Note  that  if  v°  =  v^^^,    then  Vj^+]_ /2(^' * )  -  ^^'  ^^    (^'6)  we 
1  /p 
have  then  g  v_,  /„  =  f(v,  );  this  proves  that  the  approximate  flux 

(6.6)  employed  in  Godunov's  scheme  is  consistent  with  the  exact 
flux  f. 

Glimm's  method  resembles  Godunov's  inasmuch  as  the  approxi- 
mations v(x, t)  employed  are  piecewise  constant  functions  of  x  at 
the  selected  times  t-,,tp,  ...,  and  are  exact  solutions  in  the  strips 
t   -,  <  t  <  t  ,  and  are  discontinuous  across  t  =  t  .   However  Glimm 
defined  v  differently  at  time  t  :  instead  of  (6.2)  Glimm  sets 

(6.7)  v(x,  t^+0)  =  v(k5+a'^5,t^-0)  ,    x  e  I^  , 
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where  v(x,  t^±  O)  denotes  the  limiting  values  of  v  as  t  -»■  t  from 
below  and  above  t^^  respectively,  and  (a"^)  is  a  sequence  of  random 
variables  chosen  from  a  sample  uniformly  distributed  in  (-  -i,  ^) . 

Glimm  shows  that  for  almost  all  choices  of  {a"^], 
V  =  v(x, t,a)  converges  to  an  exact  solution  as  6  -*  0.   Here  is  a 
slightly  modified  form  of  his  argument. 

Let  w(x,t)  be  a  smooth  test  function,  =  0  for  |x|  large. 
Multiply  v^  +f(v)^  =  0  by  w,  and  integrate  by  parts  in  the  strip 

^n-1  -  ^  -  ^n'  "^  ^^'^ 

oo 
J      [w(x,  t^)v(x,  t^-0)  -w(x,  t^_^)v(x,  t^_^+0)]dx 

-co 

t    oo 

-  /    /   [w^v  +w^f (v)]dxdt  =  0  . 


Vi  -°° 

Sum   over  0  _<  n  _<  M;    denoting   t„  =  T  we  get 

T     CO 

(6.8)        /      /      [w^v +w^f(v)]dxdt 

0      -co 

oo  oo 

-    /      w(x,T)v(x,T)dx  +    /      w(x,0)v(x,0)dx  = 


-00  -oo 


where 

(6.9) 

with 


^M 
r  =  " 


^^" 


00 

(6.10)  ^n  =/    w(x,t^)[v(x,tj^-0)  -v 


I. 


1  ;■.    . 


■ix> 


Lemma  6.1 :  ,  an  upper  V  ■'or  th  :!  var' 

v(x,t)   as   func  f  x.      Then 
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(6.11)  |r  I  ^  const  5ri|w| 
vu.xj.;  In'—        "  'max 

Proof:   Denote  the  variation  of  v(x,  t   -j^+O)  over  the  union  of  I^^ 
and  I  ^  by  t],,-,/^'      Since  v  is  constant  over  each  I^^, 

(6.12)  YZ.   ^k+1/2  1   ^  • 
Gliiran  shows  that  for  x  in  I, 

(6.13)  |v(x,t^-0)  -  v(x,  t^+0)|  <  const  (t1j^_^^2 +^k+l/2^   ' 

for  detailed  proof  we  refer  to  [9  ];  here  we  merely  observe  that 

if  T],  -,  /p  and  t]t,_-,/2   ^^^   both  zero,  then  v(x,  t^_-j^+0)  has  the  same 

value  in  all  three  intervals  Ij^_2'  \'    \+l'    ^°  ^^^*  v(x,  t)  is 

constant  in  1^   for  t^_-^   <   t   <   t^^^,    and  therefore  v(x,t^-0) 

=  v(x,t  +0)  in  I,  .   Thus  if  the  right  side  of  (6.15)  is  zero,  so  is 
n        K 

the  left  side;  while  this  does  not  prove  inequality  (6.15),  it 
makes  it  plausible. 

We  multiply  (6.15)  by  w(x,  t  )  and  integrate  over  I,  ;  since 
the  length  of  I,  is  5  we  obtain 

(6.14)  J   |w(x,t^)|  |v(x,t^-0)  -  v(x,t^+0)|dx 

<   const  5(Tij^_^/2+^k+l/2)l^lmax  " 
Comparing  (6.10)  and  (6.11)  we  conclude  that 

Ir^l  <  const  6|w|^^^  2  YZ   ^k+i/j  1  ^   ^^^^^  ^^'^'max  ' 
where  in  the  last  step  we  used  (6.12).   This  proves  (6.11). 
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The  approximate  solution  v(x, t)  depends  on  the  sequence  of 
random  variables  a.   Next  we  show 

Lemma  6.2: 

(6.15)  /    r  daP-      <  const   5   tiIw    I 

^        -^ '  J      n  —  "    x'raax 

Proof;      The   function  v(x, t   -O)    does   not   depend   on  a^,    and 
v(x,  t  +0)   depends   on  a'^   through  formula   (6.7).      So  integrating 
(6.10)   gives 

(6.16)  J  r^dg"  =  y~"    J  w(x,t^)[v(x,t^-0)  -Vj^(t^)]dx   , 


\ 


where 


7   (t    )    =  i   /   v(x,t   -0)dx 
k^    n'^        5  J       ^    '    n      ' 


Since  v,  is  the  mean  value  of  v  over  I,  ,  the  integral  of  [v  -  v,  ] 
over  I,  is  0;  therefore  we  deduce  from  (6.I6)  that 

(6.17)  J  r^dg"  =  y—    J  [w(x,t^)  -w(k5,t^)][v(x,t^-0)  -7j^(t^)]dx- 

It   follows  from    (6.13)    that   for  x  in  I. 

(6.18)  |v(x,  t^-0)  -\(t^)l    <  const    (\_i/2  +  \+i/2^    ' 


(6.19)  |w(x,t^)  -w(k6,t^)|    <   6|w^|j^^ 


for  all  x  in  Ij^.         ".19)  and    .  the  1 

shows 
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J    [w(x,  t^)  -w(k5,t^)][v(x,t^-0)  -  Vj^(t^)]dx 


'k 


<  const  ir\^_^/2^%+i/2'>^^K\ 


max 


Summing  over  all  k  we  deduce  from  (6.I7),  using  (6.12),  that  (6.I5) 
holds. 

Lemma  6.3:      For  m  ?^  n. 


(6.20) 


/    r^r   da   <   const  b^ ^    Iwl         Iw    I  , 

J      m   n       —  '    '     'max'    x'max   ' 


12     M 
where  da  =  da  da  ...da  . 


n 


Proof;   Suppose  m  <  n;  then  r   is  independent  of  a  ;  so  we  get, 
using  (6.11)  and  (6.I5)  that 


r  r  da 
m  n 


n 


r        /    r   da 
m    J       n 


n 


<    const   5ti|w|  5    ti|w    I 

—        '   'max    ''  x'max 


Integrating  with  respect  to  the  rest  of  the  a*^  yields  inequality 
(6.20). 

We  are  now  ready  for  the  main  estimate;  using  (6.11)  and 

(6.20)  we  get 

(6.21)  J  r^^a=fi^rJ^aa=frZr^r^<^a 


M    r  2  r 

^     /  r  da  +  ^     /  r  r  d 

^-T—  J      n  ^—7-  J   n  m 

i  nfm 


<   const  M5   Ti    |w|    „     +const  M  5    ti    Iwl         |w    | 
—  '     '      'max  '     '      'max  '     x  ' 


max'  X'max 


M  is  the  number  of  time  steps,  5  the  size  of  the  space  step.   Since 
the  size  of  the  time  step,  subject  to  inequality  (6.4),  is  taken 
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to  be  as  large  as  possible,  i.e.   6/2  la  I    ,  we  have 
^     ^  '     '     'max 

M 

T  =  t„  =  }         t  -t   ,  >  M5/2laI 

M  ^-j—     n   n-1  —   '  '  'max 

Setting  this  into  (6.21)  we  obtain  the  estimate 


(6.22)  / 


2. 
r  da  <  C5 


where 


(6.23)   C  =  const  n^lwl    |a|    Tflwl    +T|a|    Iw  I    ]  . 
^   -^ '  '  '  'max'  'max  '- '     'max    '  'max'  x'majc' 

In  [  9 ]  Glimm  estimates  for  all  t  the  total  variation  of  the 
approximate  solutions  v  for  all  choices  of  a  in  terms  of  u  total 
variation  of  the  initial  data.   This  gives  an  estimate  for  t\   valid 
for  all  a. 

The  quantity  r,  defined  by  (6.8),  is  the  amount  by  which  the 
approximation  v  fails  to  satisfy  the  integral  form  (4.l6)  of  the 
conservation  law.   We  call  r  the  residual,  with  respect  to  the  test 
function  w. 

Given  any  e,  it  follows  from  (6.23)  that 

|r|  <  e 

_2 
except  possibly  for  an  a-set  of  measure  ^  C5e   .   Given  N  conserva- 
tion laws  and  K  test  functions  w-,,...,w  ,  all  residuals  are  <  e 
except  possibly  on  a  set  which  is  the  union  of  the  exceptional 

sets  for  each  individual  w  and  each  conservation,  and  which  may 

_2 
therefore  have  as  large  a  measure  as  CKN5e  ;  this  estimate  is 

unduly  pessimistic,  allowing  for  no  overlap  among  the  exceptional 

sets. 
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What  are  the  implications  for  realistic  values  of  the 

parameters?   Let's  take  the  case  that  the  total  variation  of  the 

initial  data  is  1;  then  we  cannot  expect  a  better  estimate  for  t\ 

than  Ti  =  1.   Let's  take  a  test  function  w  with  |w|    =  |w  |    =1. 
*  nicix     X  ina.x 

Suppose  the  maximuin  sound  speed  |  a  |     =1?  and  le  t '  s  take  as 

max 

final  time  T  =  1.   A  realistic  value  for  the  constant  in  inequality 
(6.18)  is  1.   Setting  all  these  numbers  into  (6.25)  gives  C  =  2, 
so  we  conclude,  for  a  single  conservation  law  and  test  function, 
that 

|r|  <  e 

_2 

except  possibly  on  a  set  of  a  of  measure  25e   .   It  is  not  un- 

_2 
reasonable  to  want  to  make  e  =  10   ,  and  ordinary  prudence  requires 

_2 
making  the  measure  of  the  exceptional  set  less  than  10   .   To 


satisfy  this  we  must  have 


2     -2 
26  10   <  10    , 


_5 
i.e.  the  spatial  step  size  6  must  be  less  than  5 x  10   l   This  is  a 

very  fine  grid,  hardly  called  for  to  achieve  a  resolution  which, 

with  Iwl     =  Iw  I     =  1,  is  of  the  order  of  unity. 
'  'max    '  x'max 

It  is  illuminating  to  examine  how  Glimm's  scheme  treats  a 
particularly  simple  Riemann  initial  value  problem 


u(x,0) 


'^u„      for  X  <  0 


u   for  0  <  X  , 


where  u„  and  u  are  so  chosen  that  the  exact  solution  consists  of 
Jl  r 

a  single  shock  wave  propagating  with  speed  s: 
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(6.24) 


u(x,t)  = 


1-43 


f". 


for  X  <  st 


u   for  st  <  X 


For  this  calculation  it  is  convenient  to  take  I  =  (k5,(k+l)5); 

K, 

with  this  choice  Glinun's  scheme  reads 


(6.25) 


v(x,  t+0)  =  v(k6  +  p"5,t  -O) 


Note  that  the  P's  are  uniformly 


where  ^^  =   0^^+1/2,  n  =  1,2,... 
distributed  in  (O, l). 

Since  v(x, t-O)  is  the  exact  solution  (6.24),  we  get  from 
(6.25)  that 

u   for  X  <  J-,5 


where 


v(x,  +0)  =  < 


u^   for  J, 6  <  X 


(l      if  Sp-"-  <  ST 


Ji  =  i 


0   if   5P   >  ST 


Repeating  this  M  times  we  get 


(6.26) 


V  ( x,  Mt  )  = 


u^   for  X  <  J^5 


,  u^  for   J„6  <  X 
\,  r       M 


where 

(6.27) 

Thr 

T  =  Ml 

Jj^  =  no.  of  e>^    <   st/6  ,    J  <  M 


n   of  the  shock  in  the  approxima 


time 
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(6.28)  j^5  =^N5  =^Ti  . 

As  M -►  CD,  J^M   defined  by  (6.27)  tends  to  st/5,  so  the  shock 
location  tends  to  -h-  T  —  =  sT,  the  exact  location  of  the  shock  at 

0      T 

time  T.   A  simple  calculation  shows  that  the  expected  deviation 
of  Jw/M  from  its  expected  value  st/6  =  k  is  c//m,  where 

c  =  \/ic{l-K )  7/27 .   So  using  (6.28)  and  T  =  Mr  we  see  that  the 
expected  deviation  of  the  calculated  value  of  the  shock  position 
from  the  true  one  is 

c(T/t)^/^6  . 

Let's   take   T  =   1,    5/t   =   1,    s   =   1/2;    then   /c   =   1/2.      To  make    the 
expected   deviation   <   e,    we  must   have 

5  <  87re^  . 

-2  -3 

For  £  =  10   this  means  5  <  2'5x  10  -^.   This  is  not  too  bad  but 

gets  worse  as  T  increases. 

Note  that  the  accuracy  of  Glimm's  scheme  applied  to  the 
special  Riemann  problem  above  can  be  increased  appreciably  by 
taking  the  sequence  P  not  at  random  but  as  uniformly  distributed 
as  possible.   From  the  point  of  view  of  equidistribution  an  attrac- 
tive choice  is  P  =  n©  (mod  l),  where  9   is  an  algebraic  number, 

say  /2,   The  error  in  shock  position  when  applied  to  the  special 

/ los  N \ 
Riemann  problem  above  is  0( — ^ — ).   The  use  of  such  sequences  m 

Monte  Carlo  calculations  has  been  suggested  by  R.D.  Richtmyer  in 

the  early  50' s,  and  in  connection  with  Glimm's  scheme  by  the 

author,  [21]  .   Chorin  has  successfully  introduced  other  types  of 

well  distributed  sequences. 
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Recently  Tai  Ping  Liu  succeeded  in  showing  the  convergence 
of  Glimm's  scheme  to  a  solution  for  equidistributed  sequences  when 
the  initial  data  are  arbitrary.   The  time  rate  of  convergence  is 
an  open  problem;  its  determination  will  have  to  be,  most  likely,  a 
combination  of  theory  and  numerical  experimentation. 

Godunov  has  successfully  applied  his  method  to  systems  of 
conservation  laws  in  several  space  variables  by  using  the  method 
of  fractional  steps.   Glimm's  method  has  been  applied  by  Chorin 
in  several  space  variables,  again  using  the  method  of  fractional 
steps.   No  analytical  results  are  available  in  this  case. 
A.  Harten  has  observed  that  when  Glimm's  method  is  used  in  frac- 
tional steps  to  calculate  the  propagation  of  a  contact  discontin- 
uity in  two  dimensions,  the  resulting  one  dimensional  problems  are 
resolved  in  terms  of  shocks.   This  introduces  a  certain  amount  of 
excess  entropy  production. 

7.  Entropy  and  viscosity 

In  Section  3  we  saw  that  several  solutions  in  the  integral 
sense  of  a  system  of  nonlinear  conservation  laws  could  have  the 
same  initial  values.   Since  the  initial  configuration  ought  to 
determine  the  flow  in  the  future,  only  one  of  these  several  solu- 
tions can  occur  in  nature,  and  all  others  have  to  be  excluded  on 
the  basis  of  some  physical  or  mathematical  principle.   In  Section 
5  we  have  formulated  two  such  principles: 

i)   stability,   ii)   the  characteristic  condition. 

In  this  section  we  formulate  two  further  principles,  and   show 
that,  in  sufficiently  simple  cases,  all  four  ar'^  --;•:' vi''"t. 
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We  start  with  the  following  question:   if  u  is  a  smooth  solu- 
tion of  the  system  of  conservation  laws  (5 •6): 

(7.1)  u^  +^(^)x  "  °  ' 

does  u  satisfy  some  other  conservation  law  that  is  not  merely  a 
linear  combination  of  the  equations  (7-1) •   To  answer  this  we  write 
(3.7)  in  the  differential  form  (3.7): 

(7.2)  u,  +A(u)u  =  0  ,    A  =  grad  f  . 

Let  U  =  U(u)  be  some  function  of  u;  multiplying  (7.2)   grad  U 

=  (U  -j^,  .  .  .,U  j^)  we  get 
u       u 

(7.3)  U^  +grad  UA  u^  =  0  . 
If  there  is  a  function  F(u)  such  that 

(7.4)  grad  UA  =  grad  F 
then  (7-3)  can  be  written  as  a  conservation  law: 

(7.5)  U^  +F^  =  0  . 

Since  in  our  derivation  we  used  the  differential  form  (7-2)  of  the 
equation,  we  cannot  conclude  that  a  solution  of  (7-1)  in  the 
integral  sense  satisfies  (7.5)  in  the  integral  sense;  in  fact,  as 
we  shall  see,  the  opposite  of  this  is  true. 

We  remark  that  (7.4)  is  a  system  of  N  linear  differential 
equations  for  the  two  functions  U  and  F.   For  N  j<  2  there  are 
plenty  of  solutions;  for  N  >  2  there  are  none  in  general,  except  in 
special  cases.   For  example,  Godunov  has  observed  that  when  A  is 
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symmetric,  i.e. 

(7.6)  ^=-4 

then 

.2  .  . 

(7.7)  U  =  5^  u"^    and   F  =  ^    u'^t^  -  g 

satisfies  (7.4),  where  g  is  defined  by 

(7.8)  .  M^  =  f J  ,    J  =  l,...,n  ; 

note  that  (7.6)  is  the  compatibility  relation  for  (7.8).   The 
equations  of  gas  dynamics,  discussed  in  Section  3,  have  an  extra 
conservation  law,  where  U  is  entropy  S.   Generalizing  this  case  we 
define  U  to  be  an  entropy  function  for  the  system  (7.1)  if  equation 
(7'4)  can  be  satisfied,  and  if  U  is  a  convex  function  of  u.   Note 
that  U  in  (7.7)  is  a  convex  function;  so  is  -S  in  gas  dynamics. 

According  to  the  laws  of  thermodynamics,  entropy  is  a  non- 
decreasing  function  along  a  particle  path;  we  shall  deduce  a 
similar  property  of  the  generalized  entropy  functions  defined 
above.   We  look  at  solutions  of  (7.1)  which  are  limits  of  viscous 
equations.   We  envisage  here  an  artificial  viscosity,  of  the  form 

(7.9)  u^  +f^  =  Xu^^  ,    X  >  0  . 

Suppose  that  as  X  -►  0,  solutions  u(x)  of  (7.9)  tend  boundedly,  a.e. 

to  a  limit  u.   Then  u. (x)  tends  to  u.,  f(u(A))  to  f(u)   and  the 

right  sidp  of  (7-9)  tends  to  0  in  the  sen::  Lributions; 
therefore  ^  satisfies  in  the  distrib'i'^  -^ 

u^+f^(u)  =  .  . 


47 


1-48 

Let's  rewrite  (7-9)  in  nonconservation  form: 

(7.9)'  u^  +  Au^  =  Au^^  . 

Suppose  U  is  an  entropy  function;  then  multiplying  (7-9)'  by 
grad  U  we  get,  using  (7-4), 

(7.10)  U^^^x  "  ^  S^^^  ^*  "xx  • 

Using  the  chain  rule  we  get,  differentiating  U  =  grad  U  •  u  ,  that 

(7.11)  U   =  grad  U-  u   +u  U  u   . 
^  '     '  XX    ^         XX    X  uu  X 

Since  U  is  an  entropy  function,  it  is  convex,  i.e.  the  matrix  of 
its  second  derivatives  is  positive  definite: 

(7.12)  U   >  0  . 
*■ '    -*  uu 

We  deduce  from  (7.11)  and  (7-12)  that 

grad  U  .  u^^  <  U^  . 
Substituting  this  into  (7. 10)  we  get 

(7.13)  U^+F^->^Uxx- 

Suppose  that  u(a)  is  a  sequence  of  solutions  of  (7.9)  that  tends 
as  A  -*  0  boundedly  and  a.e.  to  a  limit  u.   Then  U(a)  =  U(u(a))  and 
F(a)  =  F(u(a))  tend  to  U  and  F  in  the  sense  of  distributions, 
while  the  right  side  of  (7.15)  tends  to  zero  in  the  sense  of 
distributions.   So  we  have  proved  the 

Viscosity  Theorem:   Let  U  be  an  entropy  function  for  the  system 
(7.1).   Let  u  be  a  limit,  boundedly,  a.e.,  of  a  sequence  u(a)  _of 
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solutions  of  the  viscous  equations  (7.9).   Then  u  satisfies  the 
conservation  laws  (7.I),  and  the  Inequality 

(7.14)  U(u)^+F(u)^  <  0  . 

Suppose  u  Is  a  plecewlse  smooth  solution  with  discontinu- 
ities; then  U,  + F  =  0  In  the  smooth  regions,  while  on  a  discon- 
tlnulty  X  =  x(t) 

(7.15)  ■     U^  +  F^  =  5(x  -x(t))[s[U^-U^]  -[F^  -F^]]  . 
We  draw  two  conclusions  from  this: 

(7.15)'  s[U^  -U^]  -  [F^-  F^]  <  0  . 

Denote  by  U(t)  the  total  entropy  at  time  t: 

(7.16)  U(t)  ^  J  U(x,t)dx  ; 
then 

(7.16)'         ^=/v-=ZZs[U^-U^]-  [F^-F^]  . 

This  shows  that  the  left  side  of  (7.15)'  is  the  rate  at  which 

entropy  is  diminished  at  the  discontinuity.   (7.l4)  and  (7.I5)' 

are  called  entropy  conditions. 

The  viscosity  theorem  characterizes  solutioi      7.1)  that 

are  limits  of  viscous  solutions  without  carry ir    „„  „..„  _^;;._ ■-_;.„ 

^■■'   ■  ■  ;  '■    haracterization  is  in  terms 
now  t  ndition  to  the  stabili' 

Section  3 : 
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Entropy  Theorem;   Let  u  be  a  piecewise  continuous  solution  of  a 
single  conservation  law  that  satisfies  the  entropy  inequality 
( 7 • 15 ) '  for  all  entropy  functions .   Then  the  discontinuities  of  u 
are  stable  in  the  sense  of  condition  (5.25). 

Proof,  due  to  Hopf  [I6]  and  Kruzkov,  [19]: 

Let  (u^,u  )  be  a  discontinuity  of  u,  say  u   <  u  ;  let  v  be 
any  value  between  the  two: 


We  define  U  by 


u^  <  V  <  u^ 


/ 


U(u) 


0   for  u  <  V 


u-v   for  V  <  u 


Note  that  U  is  a  convex  function.   Set  U  into  the  differential 
equation  (7.4);  we  get 

f   0    for  u  <  V 


F  (u)  = 
u 


a(u)   for  V  <  u 


Integrating  gives 


0 


for  u  <  V 


F(u)  = 


f (u)  -  f  (v)   for  V  <  u 
V 


With  this  choice  of  U  and  F  we  have 

U„-U  =v-u   ,    F„-F   =fv-f   . 

Set  this,  together  with  definition  (3.21)  of  s,  into  (7.I5)';  after 
a  little  rearrangement  we  get 
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U  -  V  V  -u 

T        2,      "  r        i 

which  is  equivalent  with  condition  (3.25)  when  u  <  u  .   The  case 

JO  ^ 

u.  >  u  can  be  reduced  to  the  previous  case  by  using  the  conserva- 

Ju  J- 

tion  law,  entropy  and  stability  condition  satisfied  by  -u. 

If  we  combine  the  viscosity  and  entropy  theorems,  we  deduce 
that  the  following  statements  about  discontinuous  solutions  of 
single  conservation  laws  are  equivalent: 

(l)   u  is  the  limit  of  solutions  of  the  viscous  equation 

(7.9). 

(11)   u  satisfies  the  entropy  condition  (7-1^)  for  every 
entropy  function. 

(ill)   The  discontinuities  of  u  are  stable  in  the  sense  of 

(3.25). 

A  direct  derivation  of  (ill)  from  (l)  is  contained  in  [18]. 
As  remarked  in  Section  3  for  convex  f  (ill)  is  equivalent 
with 

(IV)   The  discontinuities  of  u  satisfy  the  characteristic 
condition  (3.26). 

Next  we  show  that  discontinuous  solutions  that  satisfy  the 
stability  condition  are  uniquely  determined  by  their  initial  data, 
f  is  based  on  the 

Contr- ,   ^    ^  L   J  ):   J :  v  both  \ . 

of 

"t  ^  ^;.. 

and  suppose  that  both  satisfy  the  stability  condition  (3.25);  then 
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00 

(7.18)         |u(t)  -v(t)|  =  /   |u(x,t)  -  v(x,  t)|dt 


-CD 


is  a  decreasing  function  of  t. 


Proof:   We  write 


(7.19) 


|u-v|  =^3^  E^J    (u-v)dx 


n 


where  the  intervals  I   are  chosen  so  that  (u-v)  is  of  sign  e   over 

I  .   Denote  the  endpoints  of  I  as  [a  ,b  1;  of  course  b  =  a  ,,. 
n  n    ■■  n  n-'  n    n+1 

Since  u  and  v  depend  on  t,  so  do  a  (t)  and  b  (t);  we  assume  the 


n 


n 


dependence  is  dif ferentiable .   Differentiate  (7. 19) 


(7.20)     -^    |u-v|  =  7 


dt 


n 


dx 


(u^-v^)dx  +  (u-v)  ^ 


n 


b  -1 

n 


n 


Replacing  u,  by  -f(u)  ,  v,  by  -f(v),  and  carrying  out  the  integra- 
tion we  get 


(7.20)'        ^  |u-v| 


n 


f (v)  -  f (u)  +  (u-v)s 


b 
1  n 


n 


where  s  abbreviates  dx/dt,  x  =  a  or  b  . 

If  a  or  b   is  a  point  of  continuity  for  both  u  and  v,  then 


u  =  V 


there  and  so  the  contribution  to  the  right  side  of  (7-20)'  is 


zero.   Suppose  on  the  contrary  that,  say,  b   is  a  discontinuity  of 
u  but  not  for  v,  with  say 

(7.21)  u^  =  u(b^-  0)  <  v(b^)  <  u(b^+  0)  =  u^  . 

In  this  case  u-v  <  0  in  I   so  e  =  -1.   Using  the  definition  (3.21) 
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of  s  and  the  abbreviations 


f^  =  f(u^)  ,    f^  =  f(u^)  ,    f  =  f(v) 


we  can  write  the  corresponding  terra  on  the  right  of  (7.20)'  as 
(7.22) 


f  -f 
f  -  f  .  +  (u,  -  v)   ^   ^ 


H      ^    H,         '    u.   -u^ 


According  to  condition  (3.25)' 


f ,  -f   f -  f 
-g    >  r 


u^-v-v-u^ 

This  and  (7.21)  readily  imply  that  (7.22)  is  nonpositive. 

Condition  (3.25)  is  invariant  when  u  is  replaced  by  -u,  f(u) 
by  -f(-u),  V  by  -v,  f  by  -f;  this  proves  that  when  the  inequality 
in  (7.21)  is  reversed,  the  contribution  to  the  right  side  of 
(7.20)'  is  still  nonpositive.   Similarly,  condition  (3.25)  is 
invariant  when  x  is  replaced  by  -x  and  f  by  -f;  this  proves  that 
the  contributions  to  the  right  side  of  (7.20)'  at  the  lower  end- 
points  are  likewise  nonpositive.   Finally,  since  u  and  v  enter  the 
inequality  symmetrically,  contributions  to  the  right  side  of 
(7.20)'  at  discontinuities  of  v  are  likewise  nonpositive,  as  long 
as  these  are  distinct  from  the  discontinuities  of  u.   If  the  dii;- 
continuities  of  u  and  v  intersect  only  at  discrete  times,  v. 
elude  from  (7.20)  that  |u-v|  is  a  nonincreasing  funct      '  t;  the 

:.'.i   be  reduced  t       by  char. 
initial  data  of  r--   '^  the  functicnr.   This  c     * -^r  th^  i.i\.of  of 
th'  :n. 
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It  follows  that  if  u  =  V  at  time  t  =  0,  then  u  =  v  for  all 
t;  this  proves  the 

Uniqueness  Theoi-em:   Two  solutions  of  a  single  r    ■    ■    ■■-hJ  "  n  law 
both  of  which  satisfy  the  stability  condition  and  which  are  equal 
at  t  =  0  are  equal  at  all  times  t  >  0. 

We  turn  now  to  the  question  of  existence  of  stable  solutions 
with  prescribed  initial  values;  we  content  ourselves  with  Riemann 
initial  values,  consisting  of  two  constant  states 


(7.25) 


u(x,0)  = 


w   for   X  <  0 


z   for   0  <  X 


We  have  remarked  earlier  that  for  u   <  u    (3.25)"  is  equivalent 
with  (7.17);  the  geometric  interpretation  of  this  is  that  f  lies 
above  the  secant  in  the  interval  (u  ,u  ).   When  u   >  u  ,  condition 
(3.25)  demands  that  f  lie  below  the  secant  in  (u  , u  ). 

To  solve  the  initial  value  problem  in  the  case,  say,  w  <  z 
we  construct  the  convex  envelope  g  of  f  between  z  and  w  defined  as 
the  largest  convex  function  g  which  is  <_   f,  see  Fig.  J.l,    where  g 
appears  as  a  dotted  line.   Denote  by  w  =  u  <  u-,  <  .  .  .  <  u,  =  z  the 


w 


Figure  7.I 


endpoints  of  intervals  where  g  =  f.   Then  the  solution  of  the 
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initial  value  problem  consists  of  k+1  constant  states  connected 
by  k  waves;  if  g  =  f  in  (u.,u.  .,),  u.  and  u.  ,  are  connected 
through  a  centered  rarefaction  wave;  if  g  <  i      -,  the  wave 
connecting  them  is  a  straight  shock.   In  t-  -  --ize   depicted  in  Fig. 
7.1,  k  =  2: 


Figure  7-2 
Clearly  u  <  u  for  each  shock,  and  f  lies  above  the  secant  g  in 

JO  -^ 

:  following  general  properties  of  solutions: 
i)   If  f  has  £   inflection  points  k  <_   £+1. 
ii)   If  k  =  2,  then  the  shock  is  sonic  on  one  side  but  not, 
in  ge;     .         ther. 

The  occurrence  of  shocks  which  are  sonic  on  one  si--  ..i.an   f 
has  V.  ■  n  waves  satisfying 


1  the 


have  al:    .  defin 
'  ■■  '-^ rem.   Next  we 


Entropy  ..■.   :  ..  :   Let  u  be  a  piecewi. 


. nuous 


system  of  conservation  laws  that  has  an  entropy  function  U. 
Suppose  further  that  the  Jumps  of  u  across  discontinuities  are 
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small.   Then  the  discontinuities  of  u  are  stable  iff  the  entropy 
condition  (7.I5)'  is  satisfied. 

Sketch  of  proof:   It  was  shown  in  Section  3  that  the  states  u  that 
satisfy  the  R-H  conditions  form  N  one  parameter  families  u  (e);  the 
states  that  satisfy  the  stability  condition  (5.25)  make  up  half  of 
this  family,  corresponding  to  e  <  0  under  the  normalizations  (5-33) 
and  u' (0)  =  r. 

Abbreviate  the  left  side  of  (7.I5)'  by  R: 

(7-24)  R  =  s[U^-  U^]  -[F^  -F^]  . 

Obviously  R(0)  =  0;  we  show  now  that  also  R'(0)  =  0.   For  differ- 
entiating (7.24)  we  get 

R'  (0)  =  -sU'  (0)  +F'  (0)  . 

Multiply  (7.4)  by  u'(0);  using  the  fact  that  u'(o)  =  r  and  there- 
fore Au' (0)  =  ar  we  get 

aU' (0)  =  F' (0)  . 

Since  a(0)  =  s(0),  we  deduce  from  the  last  two  relations  that 
R' (0)  =  0. 

A  straightforward  but  slightly  tedious  calculation  shows  that 
R" ( 0 )  =  0  and 


iii/^x    1   T, 

J 
uur 


r"'(0)  =  ^  r^U 


Since  the  entropy  U  is  assumed  to  be  a  convex  function  of  u,  it 
follows  that  r"'(0)  >  0.   This  shows  that  for  e  small  enough, 
R(e)  <  0  iff  e  <  0.   This  proves  that  for  small  discontinuities  the 
stability  and  entropy  conditions  are  equivalent,  as  asserted. 
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Notice  that  if  R"(0)  were  ^   0  then  R(e)  has  the  same  sign 
for  all  e  small,  regardless  of  the  sign  of  e.   Therefore  if  we 
assume  the  truth  of  the  entropy  theorem,  it  follows  %-ithout  any- 
tedious  calculation  that  R,  the  rate  of  entropy  production,  is  at 
most  cubic  in  the  shock  strength  e. 

The  contraction  theorem  is  most  likely  not  valid  for  systems. 
A  uniqueness  theorem  for  a  special  class  of  systems  of  2  conserva- 
tion laws  has  been  given  by  Oleinik  in  [27];  a  more  general  unique- 
ness theorem,  using  entropy,  has  been  given  by  Diperna,  [  7 ] . 

We  close  this  section  by  remarking  that  the  circle  of  ideas 
described  in  this  section  remains  an  active  area  of  research.   The 
concepts  of  entropy  and  stability  are  central  in  describing  solu- 
tions that  are  limits  of  solutions  of  equations  with  viscosity, 
real  or  artificial.   The  characteristic  condition,  always  necessary, 
is  not  always  sufficient  and  has  to  be  supplemented  by  the  first 
two. 
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ON  THE  MATHEMATICAL  THEORY  OF  DEFLAGRATIONS  AND  DETONATIONS 


K.  0.  Friedrichs 

Courant  Institute  of  Mathematical  Sciences 
New  York  University- 
New  York,  New  York   10012 


While  the  propagation  of  a  shock  wave  is  completely  deter- 
mined by  the  conservation  laws,  the  boundary  conditions  of  the 
problem,  and  the  additional  condition  that  the  entropy  increase  in 
the  process,  the  same  is  not  true  for  the  propagation  of  a  detona- 
tion wave  and  of  the  flame  front  in  an  ordinary  combustion  process. 
More  conditions  must  be  added  to  the  conservation  laws  in  order  to 
provide  sufficient  data  for  the  unique  determination  of  the  propa- 
gation process.   For  detonations  this  necessity  was  recognized  by 
Chapman  and  Jouguet  when  they  introduced  their  famous  hypothesis. 
For  combustion  processes  this  necessity  was  more  or  less  tacitly 
assumed  by  Jouguet  and  others  when  they  attacked  the  calculation 
of  the  flajne  speed  by  taking  heat  conduction  into  account  without 
even  trying  to  determine  the  flame  speed  from  the  conservation  laws 
and  boundary  conditions  alone. 

It  is  natural  to  expect  that  the  needed  additional  conditions 
could  be  derived  from  an  investigation  of  the  internal  mechanism 
of  the  combustion  or  detonation  process.   Thus  v.  Neumann  [1]  has 
arrived  at  a  Justification  of  the  Chapman- Jouguet  hypothesis  for 
detonations  by  taking  Intn  account  that  the  chemical  re-:      takes 
;-__--  ---.  _  __:;-  „:  :^:.^„.-  width;  his  argumi^:.:^  .-:  _ -.. 
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tion  processes,  which  do  not  involve  shocks,  no  unique  determina- 
tion can  be  achieved  without  taking  heat  conduction  into  account. 
It  is  the  intention  of  the  present  paper  to  offer  a  unified 
and  more  complete  discussion  of  the  question  of  determinacy  for 
detonations  and  deflagrations  .   In  order  to  be  able  to  point  out 
the  contrast  between  these  two  kinds  of  processes  we  shall  treat 
both  of  them  on  the  basis  of  the  same  assumptions:   We  shall  take 
viscosity  and  heat  conduction  into  account  and  assume  a  finite  rate 
of  chemical  reaction.   (Accordingly,  we  shall  not  postulate  that  a 
detonation  process  begins  with  a  shock. )   From  the  discussion  of 
the  internal  mechanism  of  the  detonation  and  deflagration  process 
on  this  basis  we  shall  obtain  the  desired  additional  conditions 
which  make  unique  determination  of  the  whole  process  possible  by 
excluding  certain  detonation  or  deflagration  processes  which  would 
be  compatible  with  the  conservation  laws.   In  particular  we  shall 
find  as  a  result  that  a  detonation  begins  with  a  shock  and  that  the 
Chapman- Jouguet  hypothesis  furnishes  the  correct  additional  condi- 
tion provided  that  for  a  given  value  of  the  reaction  rate  the  vis- 
cosity and  the  heat  conductivity  are  sufficiently  small.   If,  on 
the  other  hand,  the  reaction  rate  is  very  high,  for  given  viscosity 
and  heat  conductivity,  the  detonation  no  longer  begins  with  a 
shock;  and  if  the  reaction  rate  is  excessively  high,  the  Chapman- 


We  propose  to  use  the  term  deflagration  for  those  combustion 
processes  which  take  place  in  a  very  narrow  zone  of  constant  width 
and  which  therefore  in  good  approximation  can  be  described  by  a 
discontinuity.   For  detonation  and  deflagration  processes  we  shall 
employ  the  common  name  "reaction  process". 
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Jouguet  hypothesis  is  no  longer  correct;  (see  Appendix  II).   The 
additional  condition  for  deflagrations  is  such  that  it  prescribes 
the  flame  speed  dependent  on  heat  conduction  and  reaction  rate. 

To  fix  the  ideas  we  have  considered  the  problem  of  determin- 
ing the  flow  under  the  following  circumstances:   In  an  infinite 
tube  a  piston  moves  in  a  prescribed  manner  beginning  at  an  initial 
time  at  an  initial  cross-section.   At  the  same  time  a  reaction 
process  begins  at  thg  piston  and  travels  into  the  quiet  unburnt  gas. 
This  problem  includes  the  important  case  that  the  tube  is  closed 
at  the  initial  cross-section;  for,  this  case  results  when  the 
piston  remains  at  its  original  place.   The  case  of  an  open  end 
results  when  the  piston  is  withdrawn  with  sufficiently  large  speed. 
Also  the  case  is  included  that  in  a  doubly  infinite  tube  containing 
combustible  and'  non-combustible  gas,  not  separated  by  a  piston,  a 
reaction  begins  at  the  interface.   One  needs  only  force  the  piston 
to  move  in  the  same  manner  in  which  the  initial  cross-section  would 
move  anyhow  if  there  were  no  piston. 

Before  describing  the  results  in  greater  detail  we  formulate 
the  basic  assumption  underlying  our  investigations,  viz.  that  the 
reaction  process  in  question  may  approximately  be  considered  as  a 
sharp  discontinuity.   More  precisely  the  assumption  is  that  the 
"reaction  zone,"  across  which  chemical  composition,  pressure, 
temperature,  and  velocity  change  is  very  narrow  and  of  nearly 
constant  width;  (see  Appendix  I).   By  this  we  mean,  firstly,  that 
the  space  rates  of  change  of  the  pertinent  quantities  over  a  sec- 
tion in  the  field  of  flow  outside  of  the  reaction  ^.;._  -;  .  ...    - 
gibly  small  when  •  :■ ;  l'-  :  of  chang 
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quantities  inside  the  reaction  zone  and,  secondly,  that  the  time 
rate  of  change  of  the  width  of  the  reaction  zone  is  small  when 
compared  with  the  average  speed  with  which  the  gases  cross  the 
reaction  zone.   This  assumption  appears  to  be  justified  only  if  the 
coefficients  of  viscosity  and  heat  conduction  are  sufficiently 
small  and  the  rate  of  reaction  is  sufficiently  large.   (We  leave 
aside  the  question  whether  or  not  under  these  circumstances  the 
assumption  is  always  justified. )   The  pertinent  quantities  on  both 
sides  of  the  "reaction  front"  are  then  connected  by  the  saime  well- 
known  laws  of  conservation  of  mass,  momentum,  and  energy  that  hold 
for  the  quantities  at  both  sides  of  a  discontinuity  surface. 

Next  we  give  a  brief  account  of  the  indeterminacies  that  one 
encounters  when  one  tries  to  determine  a  flow  involving  a  reaction 
discontinuity  solely  by  using  the  conservation  laws  and  the  bound- 
ary conditions.   To  this  end  it  is  necessary  to  distinguish  various 
types  of  reaction  processes.   Among  the  detonations  there  is,  as  is 
well  known,  a  particular  one,  the  " Chapman- Jouguet"  detonation, 
which  is  singled  out  from  others  by  the  property  that  the  flow  of 
the  burnt  gas  is  sonic  when  observed  from  the  reaction  front.   We 
have  termed  "strong"  or  "weak"  a  detonation  if  it  involves  a 
pressure  rise  greater  or  less  than  for  a  Chapman- Jouguet  detona- 
tion.   Similarly,  we  have  termed  "strong"  or  "weak"  a  deflagration 
if  it  involves  a  pressure  drop  greater  or  less  than  for  a  Chapman- 
Jouguet  deflagration,  which  again  is  characterized  by  the  condition 
that  the  flow  burnt  gas  is  sonic  when  observed  from  the  reaction 

For  the  following  see  [2] . 
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front.   A  constant  volume  detonation  is  the  limiting  case  of  a 
weak  one,  producing  the  least  pressure  rise  (and  the  least  tempera- 
ture rise)  among  all  detonations  for  the  same  explosive;  a  constant 
pressure  deflagration  is  also  the  limiting  case  of  a  weak  one, 
producing  the  least  drop  in  density  (and  the  greatest  temperature 
rise)  among  all  deflagrations. 

We  now  consider  the  flow  of  gas  in  a  half-finite  tube  re- 
sulting, as  indicated  before,  when  a  reactioi,  front  starts  to  move 
from  the  finite  end  of  the  tube  into  the  unburnt  gas  under  the 
influence  of  a  piston  which  moves  in  a  prescribed  manner.   We  then 
ask  for  the  gas  motions  which  are  compatible  with  the  conservation 
laws  and  the  piston  motion.   Mathematically  speaking,  we  ask  for 
the  solutions  of  the  flow  differential  equations  compatible  with 
the  transition  conditions  at  the  discontinuity  front  and  with  the 
boundary  condition,  which  expresses  that  the  gas  adjacent  to  the 
piston  has  the  same  velocity  as  the  piston.   This  problem  will  be 
referred  to  as  the  "external  flow  problem."   The  answer, 

explained  in  detail  in  [2]  is  this:    Suppose  the  reaction 
process  is  a  detonation;  if  then  the  piston  moves  in  the  same 
direction  as  the  reaction  front,  and  if  the  velocity  Up  of  the 
piston  exceeds  the  gas  velocity  u_  which  would  be  produced  by  a 
Chapman- Jouguet  detonation,  then  there  is  just  one  flow  involving 
a  strong  detonation  in  which  the  burnt  gas  has  the  prescribed 


It  should  be  emphasized  that  the  theory  as  considered  in  this 
report,  based  on  the  assumption  that  the  reaction  front  be  a  sharp 
discontinuity,  does  not  offer  any  possibility  of  predictinp  w)->.^ther 
a  detonation  or  a  deflagration  will  occur  in  a  given  situa* 
(except  that  under  certain  circumstances  deflagration  flow  is  not 
possible). 


65 


2-6 


piston  velocity.   If,  however,  the  piston  velocity  u  is  less  than 
u„,  adjustment  of  the  velocity  of  the  burnt  gas  to  the  piston 
velocity  can  always  be  achieved  by  a  Chapman- Jouguet  detonation 
followed  by  an  appropriate  rarefaction  wave,  but  it  can  also  be 
achieved  by  a  set  of  weak  detonations  followed  either  by  a  shock 
or  a  rarefaction  wave.   Thus,  in  case  Up  <  u_,  the  solution  of  the 
mathematical  problem  is  not  unique;  there  is  a  one-parametric  set 
of  solutions. 

For  deflagration  processes  the  degree  of  indeterminacy  is 
still  higher.   To  any  piston  velocity  u  one  has  still  the  choice 
of  a  flame  velocity  arbitrary  within  certain  limits   and  can 
achieve  adjustment  of  the  gas  velocity  to  the  piston  velocity  by 
sending  ahead  of  the  flame  a  shock  of  appropriate  strength.   Again, 
there  is  a  one-parametric  set  of  solutions  as  long  as  the  deflagra- 
tion remains  weak.   If  the  resulting  deflagrations  become  strong 
ones,  the  possibilities  of  adjustment  become  still  greater  and  the 
set  of  solutions  is  two-parametric. 

To  express  these  determinacy  statements  in  a  simple  form  we 
introduce  as  "degree  of  under- determinacy"  of  the  external  flow 
problem  the  number  t  of  conditions  that  must  be  imposed  on  the  data 
of  the  flow  problem  in  order  to  make  the  solution  unique. 
Summarizing  we  then  have: 


The  limiting  case  is  the  one  in  which  the  flame  together  with 
the  pre-compression  shock  are  just  equivalent  to  a  detonation. 
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strong  detonations  t  =  0  , 

Weak  detonations  t  =  1  , 

Weak  deflagrations  t  =  1  , 

Strong  deflagrations  t  =  2  . 


Chapman- Jo uguet  detonations  and  deflagrations  are  here  classed  with 
strong  detonations  or  weak  deflagrations  respectively. 

These  peculiar  under-determinacies  are  a  consequence  of 
Jouguet ' s  important  rule  (of.  [2]);  concerning  the  properties  of 
the  gas  flow  observed  from  the  reaction  front: 
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The  flow  ahead  of  a  detonation  front  is  supersonic,  and  sub- 
sonic ahead  of  a  deflagration  front.   The  flow  is  subsonic  behind 
a  strong  detonation  and  a  weak  deflagration  front,  supersonic 
behind  a  weak  detonation  and  a  strong  deflagration  front.   The  flow 
is  here  always  understood  relative  to  the  reaction  front. 

We  now  proceed  to  discuss  the  chief  aim  of  the  present  paper, 
namely  to  decide  which  of  the  flow  processes,  still  permitted  by 
the  conservation  laws,  are  excluded  through  the  action  of  viscosity, 
heat  conduction,  and  chemical  reaction.   To  this  end  we  shall  take 
into  account  that  the  reaction  zone  has  a  finite  extension.   We 
then  shall  set  up  the  differential  equations  governing  the  transi- 
tion across  such  a  reaction  zone  and  investigate  under  which  cir- 
cumstances these  differential  equations  possess  solutions  satis- 
fying the  boundary  conditions  imposed  at  the  two  ends  of  the  re- 
action zone.   These  boundary  conditions  consist  in  prescribing  the 
chemical  composition,  pressure,  temperature,  and  velocity  of  the 
gases  at  both  ends  of  the  reaction  zone  in  such  a  way  that  the  laws 
of  conservation  of  mass,  momentum,  and  energy  are  satisfied  by 
these  quantities.   The  differential  equations  in  the  interior  of 
the  reaction  zone  express  the  same  conservation  laws,  but  take  into 
account  chemical  reaction,  viscosity,  and  heat  conduction. 

Investigations  of  this  kind  for  shocks  not  involving  a 
chemical  reaction  have  been  made  in  detail  by  various  authors  . 
The  result  was  that  a  transition  between  the  given  quantities  at 
both  sides  of  the  zone  is  always  possible  provided  that  the 


See  e.g.  Becker  [3]  and  Weyl  [4] 
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direction  of  the  flow  corresponds  to  increasing  entropy.   Our 
investigation  will  show  that  the  same  is  true  for  strong  detona- 
tions and  for  Chapman- Jougue t  detonations.   For  other  modes  of 
reaction,  however,  the  situation  is  completely  different.   Here  are 
the  results  of  our  analysis: 

Unless  the  rate  of  reaction  is  excessively  high,  weak  detona- 
tions, though  compatible  with  the  conservation  laws,  are  impossible, 
The  condition  that  the  detonation  be  strong  or  of  the  Chapman- 
Jouguet  type  is,  therefore,  the  desired  additional  condition  men- 
tioned in  the  beginning.   Consequently,  a  flow  involving  a  detona- 
tion is  uniquely  determined.   For,  if  the  piston  velocity  is  high. 
Up  >  u„,  there  is  a  unique  solution  involving  a  strong  detonation, 
as  mentioned  before;  for  lesser  piston  velocity,  however,  Up  <  u„, 
there  is  now  only  one  possible  flow  left  in  which  the  velocity  of 
the  burned  gas  equals  the  piston  velocity,  and  that  is  the  flow 
involving  a  Chapman- Jougue t  detonation.   In  particular  we  see  that 
for  a  tube  with  a  closed  end,  Up  =  0,  or  open  end,  Up  <<  0,  a 
Chapman- Jougue t  detonation  is  the  only  possible  one.   Thus  the 
occurrence  of  this  particular  detonation  is  here  deduced  and  no 
additional  hypothesis  is  required. 

If,  however,  the  reaction  rate  is  excessively  high,  the 
emalysis  yields  the  result  that  the  Chapman-Jouguet  detonation  is 
impossible.   Instead,  a  particular  weak  detonation  is  possible 
which  travels  with  a  well-determined  velocity  (depending  on 
pressure  and  temperature  in  the  unburnt  gas,  reaction  rate,  viscos- 
ity, and  heat  conductivity).   If  the  piston  velocity  is  large 
enough,  adjustment  still  requires  a  strong  detonation.   For  lesser 
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piston  velocities,  for  exeunple  for  closed  or  open  ends,  adjustment 
is  effected  by  the  particular  weak  detonation  followed  by  an 
appropriate  shock  or  an  appropriate  rarefaction  wave. 

As  to  deflagrations  the  results  of  the  analysis  are  that 
strong  deflagrations  are  impossible  altogether.    A  weak  deflagra- 
tion is  possible  only  with  a  well-determined  speed.   We  distinguish 
the  "flame  velocity,"  i.e.  the  velocity  of  the  reaction  front 
relative  to  the  tube,  from  the  "burning  speed,"  i.e.  the  speed  of 
the  reaction  front  relative  to  the  unburnt  gas  ahead  of  it.   While 
the  flame  velocity  depends  on  the  boundary  conditions  of  the 
problem  as  a  whole,  the  burning  speed  depends  only  on  pressure  and 
temperature  in  the  unburnt  gas,  and  also  on  reaction  rate,  heat 
conductivity  and  viscosity.   That  the  burning  speed  has  this  partic- 
ular value  is  the  desired  additional  condition  for  deflagrations. 
As  stated  before,  for  a  burning  speed  arbitrary  within  certain 
limits,  a  deflagration  flow  can  be  found  which  is  adapted  to  the 
piston  motion.   A  further  limitation  is  imposed  by  excluding  strong 
deflagrations.   Thus  we  see:   Within  certain  limits  for  the  data  of 
the  problem  there  exists  a  uniquely  determined  flow  involving  a 
deflagration  and  adapted  to  the  piston  motion. 

We  call  attention  to  a  number  of  detailed  investigations  of 
the  transition  process  in  reaction  zones.   Detonation  transitions 


This  result  could  also  be  established  by  v.  Neumann's  argument 
ignoring  viscosity  and  heat  conduction  and  taking  only  the  finite 
rate  of  chemical  reaction  into  account. 
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have  been  determined  in  detail  by  Eyring  and  his  collaborators  . 

Deflagration  flajne  speeds  have  been  calculated  by  Jouguet  and 

2 
others  ,  on  the  basis  of  various  assumptions  about  the  details  of 

the  transition  process.   The  aim  of  the  present  report  is  differ- 
ent:  it  is  not  intended  to  give  new  methods  for  calculating  such 
transition  processes.   The  intention  is  solely  to  decide  the  ques- 
tion of  determinacy  by  investigating  such  transition  processes 
systematically  on  the  basis  of  the  existing  theory. 


1.  The  internal  mechanism  of  the  reaction  process. 

We  assume  the  process  to  be  strictly  one -dimensional'^  and 
observe  the  process  from  a  frame  moving  with  instantaneous  flame  or 
detonation  speed.   We  assume  that  the  flow  so  observed  is  steady 
at  the  time  considered  in  the  neighborhood  of  the  reaction  zone  . 

See  [5]  for  an  excessively  high  reaction  rate,  [6]  for  actual 
reaction  rates.   The  latter  paper  contains  a  great  number  of 
detailed  investigations  concerning  detonations  primarily  of  solid 
explosives. 

2 

Cf.  Lewis  and  v.  Elbe  [7],  Jost  [8],  Semenov  [9]  ,  further  [  lo] 
and  [11];  the  latter  report  gives  a  survey  of  earlier  work. 

3 

This  assumption  is  no  serious  restriction  for  the  discussion  of 
the  internal  mechanism  since  the  flow  in  the  neighborhood  of  a 
point  of  a  reaction  front  may  be  considered  one-dimensional  to  the 
same  degree  of  accuracy  as  the  assumption  is  valid  that  the 
reaction  front  is  a  sharp  discontinuity. 

The  assumption  of  the  one-dimensional  character  of  the  flow  is, 
however,  a  serious  restriction  for  the  external  flow  n>--,hit.ni  since 
this  assumption  is  known  to  be  never  quite  satisfied       mbustion 
wave  s . 

/| 

The  assumption  of  "local  steadiness"  does  by  no  meanr       that 
we  consider  only  reaction  processes  that  proceed  witf. 
velocity  into  the  unburnt  gas.   See  the  discussion  in  t; 
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This  is  in  agreement  with  our  basic  assumption  (p.  3)  that  the 
reaction  zone  is  very  narrow  and  of  nearly  constant  width.   Con- 
sequently, all  quantities  depend  only  on  an  abscissa  x,  and  not  on 
the  time.   At  each  place  x,  there  is  a  mixture  of  burnt  and  unburnt 
gas;  we  denote  by  e   the  fraction  of  mass  of  burnt  gas  in  the  mix- 
ture.  We  denote  pressure  and  specific  volume  by  p  and  t  and  intro- 
duce the  "reduced  temperature"  9   =  pr,  a  quantity  which  has  the 
dimension  of  velocity  squared.   We  assume  burnt  and  unburnt  gas  to 
be  ideal.   Accordingly,  9   is  proportional  to  the  temperature  . 
The  internal  energy  e  per  unit  mass  of  the  burnt  and  of  the  unburnt 
gas  is  assumed  to  be  a  function  of  9   only,  (actually  e  depends  also 
somewhat  on  the  pressure  p,  see  also  footnote  :  denoting  by  g  the 
energy  of  formation  per  unit  mass  (at  absolute  zero  temperature), 
we  introduce  the  total  energy  per  unit  mass 

E  =  e  +  g  . 

Burnt  and  unburnt  gas  are  distinguished  by  the  superscripts  (1)  and 
(O).   The  total  energy  per  unit  mass  of  the  mixture  is  then 


e(^)(0)  =  (l-£)E^°^0)  +  eE^^^0) 


On  the  energy  functions  E(e)  we  require  that 

;^e(^^ 

2^ <  0 


or 


E^°Ue)  >  E^^Ue) 


The  absolute  temperature  is  given  by  RG/M  where  R  is  the  gas 
constant  and  M  the  molecular  weight.   We  disregard  the  dependence 
of  the  molecular  weight  on  the  mixture  ratio  e. 
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This  condition  implies  that  the  "liberated  energy" 

e(°^(o)-e(i)(o) 

is  positive.   (It  is  convenient  to  make  this  assumption  although 
most  of  our  conclusions  hold  without  it. )   Our  requirement  is 
satisfied  if  burnt  and  unburnt  gas  are  " poly tropic" ;  i.e.  if  the 
energies  are  given  by 

'O  '1 

with  constant  y   ,    7,,  g  ,  g-,,  provided  that  the  temperature  is 
below  a  certain  limit  . 

■   By  V  we  denote  the  velocity  of  the  steady  gas  flow  and  by 
m  =  T~  V  the  "mass  flux"  of  mixture  through  a  unit  cross-section 
per  unit  time.   By  S  we  denote  the  mass  of  burnt  gas  created  per 
unit  mass  of  unburnt  gas  per  unit  time.   We  assume  that  the 
"reaction  rate,"  S,  depends  on  9   and  p,  (cf.  footnote  1), 
and  that  S  vanishes  below  a  certain  "safety  temperature": 

S  =  0  for  9   <  9^    .      ^ 

T (7o-l)(7i-l) 

This  limit  corresponds  to  0  <  {&    -  &^)'      If  one 

-     ^o'^l 
assumes  y     =   1.4,  y,   ^v,  1.2,  the  molecular  weight  M  =  M-,  -v  30,  and 

the  "liberated  energy"  g  -  g,  ^  .7  kcal/gr,  then  the  limit  is  about 

3200  K.   This  case  is,  however,  unrealistic  since  for  such  tempera- 
tures the  value  of  -y  for  combustible  gases  will  hardly  ever  be  as 
high  as  1.4. 

2 

The  latter  assumption  is  made  only  to  achieve  mathematical  sim- 
plicity.  In  recent  papers  [6],  [10],  Til],  the  reaction  rate  is 
assumed  to  be  of  the  form 

(footnote  continued) 
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The  transition  between  the  two  states  on  both  sides  of  the 
reaction  front  is  effected  by  the  action  of  viscosity  and  heat 
conduction  .   We  introduce  corresponding  coefficients  \x   and  A  such 


that 


-H  ^  and   -A  ^ 


are  the  viscous  pressure  and  heat  per  unit  mass  conducted  through 

2 
a  unit  cross-section  per  unit  time  .   These  coefficients  depend  on 

p,  T,  and  e;  but  we  need  pay  only  little  attention  to  this  depen- 
dence of  our  general  discussion. 

We  now  formulate  the  laws  governing  the  process.   The  conti- 
nuity equation  simply  assumes  the  form 


(footnote  continued) 

S  =   S   e-Ve 

CD 

where  A,  proportional  to  the  activation  energy,  is  so  large  that  S 
is  negligible  when  9   assumes  values  corresponding  to  a  temperature 
of  300°K.   The  reduced  safety  temperature  0g  has  no  precise  signif- 
icance (as  the  ignition  temperature  has  in  the  older  literature); 
it  is  simply  a  value  below  which  S  can  be  set  equal  to  zero  for  all 
practical  purposes.   The  maximal  reaction  rate,  S^ ,  may  depend 
on  P. 

We  ignore  diffusion  and  radiation.   Diffusion  should  not  be 
neglected  in  the  actual  calculation  of  flame  speeds  according  to 
[11] .   We  felt  that  for  the  sake  of  simplicity  we  could  disregard 
diffusion  since  the  additional  terms  due  to  it  would  not  seem  to 
entail  any  essential  change  in  the  general  results. 

One  might  object  to  using  the  notions  viscosity,  heat  conduc- 
tion, and  diffusion  if  the  width  of  the  transition  zone  is  ex- 
tremely small.   It  seems  likely,  though,  that  nevertheless  our 
results  remain  correct  in  qualitative  respects,  in  particular  as 
far  as  determinacy  is  concerned. 

The  customary  coefficients  of  viscosity  and  heat  conduction  are, 
in  our  notation,  5/4m-  and  a/R,  R  being  the  gas  constant  such  that 
R0  is  the  temperature. 
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(O)  m  =  const. 


The  law  of  conservation  of  momentum  is 

(1)'  -M.-j^  +  p+mv  =  P=  const. 

Conservation  of  energy     is   expressed  by 

(2)>  -A  ^+m[E^^^(e)  +  ^  v^]  +v[p-n  ^]    =  mQ  =   const. 


The  balance  between  burnt  and  unburnt  gas   is   given  by 

(3)'  -v^  +  (l-£)S(9)  =  0  , 

2 

assuming  a  first  order  reaction  from  a  iinimolecular  mechanism  . 

The  problem  is  to  investigate  possible  solutions  of  these 
differential  equations  if  the  values  of  the  quantities  v,  p,  x, 
and  e  are  given  at  the  end  points  of  the  reaction  zone.   We  modify 
this  problem  by  prescribing  the  same  values  of  these  quantities  at 
X  =  00  and  x  =  -oo .   That  it  is  justified  with  good  approximation 
to  substitute  the  modified  problem  for  the  original  one  follows 


If  we  were  to  consider  diffusion  we  would  introduce  a  coefficient 
5  such  that  -5  de/dx  is  the  fraction  of  mass  of  burnt  gas  diffusing 
through  a  cross-section  per  unit  time.   Then  we  would  have  to  add 

the  term  Td(6  de/dx)dx  to  equation  (3)'  and  -5d[E^  ^^  (0) +i  v^]/dx 

to  equation  (2)'  in  order  to  express  the  diffusion  of  energy.   The 
resulting  modified  equation  (2)'  would  differ  somewhat  from  those 
in  the  literature  (see  [11]  where  only  the  diffusion  of  the  energy 
of  formation  is  taken  into  account. 

2 

If  a  different  mechanism  of  reaction  were  assumed  leading  to 

terms  (1-e)  S  or  (1-e)  (1+ne  )S,  cf.  [iq]  and  [ii],  no  change  in  the 

general  conclusions  would  result. 
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from  our  basic  assumption  (p.  3)  that  the  width  of  the  reaction 
zone  is  very  narrow.   More  specifically,  the  assumption  was  that 
the  rate  of  change  of  the  pertinent  quantities  outside  the  reaction 
zone  is  negligibly  small  as  compared  to  the  rates  of  change  of 
these  quantities  inside  the  reaction  zone.   Consequently,  these 
quantities  appear  to  be  nearly  constant  at  the  ends  of  the  reaction 
zone  over  a  region  whose  extension  is  large  compared  with  the  width 
of  the  reaction  zone.   It  is  then  natural  to  assume  that  the 
process  inside  the  reaction  zone  can  very  well  be  approximated  by  a 
process  that  extends  over  the  whole  field  from  x  =  -oo  to  x  =  +co 
and  in  which  the  pertinent  quantities  assume  at  ±00  those  values 
that  are  prescribed  for  the  proper  process  at  the  ends  of  the 
finite  reaction  zone. 

Accordingly  we  ask  for  solutions  of  the  equations  (1)',  (2)', 
and  (3)'  which  are  defined  for  -00  <  x  <  00  and  which  approach 
finite  limit  values  (with  t  7^  O)  as  x-^±oo;  then  the  derivatives 
approach  zero  as  seen  from  (1)',  (2)',  and  (5)'-   Solutions  which 
behave  in  that  way  at  x  =  oo  or  x  =  -00  will  be  called  "regular" 


This  procedure, typical  for  the  treatment  of  "boundary  layer 
phenomena"  is  always  employed  for  differential  equations  in  which 
the  terms  of  highest  order  are  multiplied  by  small  factors.   (In 

,-1 


ou 


r  case  these  factors  are  p..  A,  and  S   .  ) 


00 


No  accuracy  would  be  gained  by  trying  to  discuss  the  solutions 
for  a  finite  range  x   <  x  <  x-j^;  for,  the  conservation  laws  (1)^ 

and  (2)'   would  not  be  accurately  valid  unless  accidentally 

^     '  CD 

1^  =  5^=^=0  at  x  =  x   and  x  =  x.  . 
dx   dx   ax  o  i 

For  the  infinite  range  it  follows  from  regularity  (see  Section  2) 
that  these  derivatives  vanish  at  the  end  points. 
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there.   The  limit  values  for  x  — ►  -co  are  denoted  by  p  ,  x  ,  6   , 

^    ^o   o   o 

and  e  ;  those  for  x  -*•  oo  by  p,,  r,,  9-.,    and  e-,  .   The  boundary 
conditions  then  consist   in  prescribing  these  values;  in  particular 
we  prescribe 

Gq  =  0  ,    e-|_  =  1  , 

expressing  that  the  gas  consists  of  unburnt  gas  at  x  =  -co  and  of 
completely  burnt  gas  at  x  =  +co .   From  relation  (3)'  we  then  deduce 
that  the  flux  ra  is  positive: 

oo      oo 


J     de  =J   (T-l)(l-£)S(0)dx  >  0 


m  =  m 

-00        -00 

From  this  fact  it  follows  that  the  reaction  begins  in  the  unburnt 

gas  at  X  =  -00  and  ends  in  the  burnt  gas  at  x  =  oo  . 

The  values  p  ,  x  ,  0  ,  v  ,  and  p, ,  x,,  9-.,    v,  for  unburnt  and 
^o   o   o   o       1   1   1   1 

burnt  gas  are  those  that  are  prescribed  at  both  sides  of  the  dis- 
continuity front.   These  quantities  are  not  prescribed  arbitrarily, 
they  are  to  satisfy  the  conservation  laws:   (O)  and 

(1)'  p  +mv  =  Pt  +  mv,  =  P  , 

^  'CO  '^o     o     1     1 

through  which  at  the  same  time  the  values  of  the  constants  P  and  Q 
are  determined.   Here  we  have  set 

E^°^e„)  =  E^   and  E^^^eJ  =  E,  . 
^  o     o  ^1     1 

The  conservation  laws  follow  immediately  for  any  regular 
solution  from  the  differential  equations  (1)'  and  (2)',  since  these 
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equations  reduce  to  (l)'   and  (2)    for  x  =   co    and  x  =  -co. 
^  ^  'oo        oo 

A  further  assumption  which  we  impose  on  our  boundary  values 
is 

^o  ^  ^s  ^  ^1  ' 

expressing  that  no  reaction  can  take  place  in  the  unburnt  gas  at 
its  initial  temperature,  and  that  reaction  would  take  place  at  the 
final  temperature  if  unburnt  gas  were  still  left. 

For  the  following  arguments  it  is  convenient  to  eliminate  v 
and  p  by 

V  =  mr   and   P  =  t~  0  , 

and  to  consider  t,  9   and  e  as  the  only  dependent  variables;  the 
equations  then  become 

(1)  -  lim   |I+T~^0  +m^T  =  P  , 

(2)  -  A  ^+m[E(^^e)  -i  m^T^  +Pt]  =  mQ  , 

(3)  -  m  ^+T-^(l-e)S(e)  =  0  . 

The  constant  coefficients  m,  P,  Q,  and  the  boundary  values  t  ,  t-,, 

9    ,    6-, ,    e     =0,  and  e,  =  1  are  subject  to  the  conservation  laws 
o   1   o  1 

(1)^  T;\+m^^  =  T-^e^+m^^  =  P  , 

Relation  9      >   9     would  imply  S  >  0  for  9=9      and  would  hence  not 
OS  ''  o 

be  compatible  with  equation  (5)'  for  a  regular  solution. 
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We  now  consider  the  system  of  differential  equations  (1), 
(2),  (3)  and  ask  whether  or  not  it  possesses  regular  solutions 
assuming  the  prescribed  boimdary  values. 

2.  Regularity  and  determinacy. 

We  shall  introduce  as  "degree  of  regularity"  for  each  end- 
point  a  number  r  such  that  the  manifold  of  solutions  of  the  differ- 
ential equations  (1),  (2),  (3)  which  are  regular  at  that  endpoint 
and  assume  the  prescribed  boundary  values  there  depends  on  r 
parameters. 

Let  us  first  consider  the  endpoint  x  =  oo  .   To  determine  the 
degree  of  regularity  r-|^  at  the  end  x  =  oo  we  shall  introduce 
characteristic  exponents,  a,  by  the  following  formal  procedure.   We 
expand  the  differential  equations  (1),  (2),  (3)  with  respect  to 
powers  of  t-t-j^,  9-6^,    and  e-e-^   =  e-1.   The  terms  of  order  zero 
vanish  by  definition  of  P  and  Q.   The  terms  of  first  order  consti- 
tute a  system  of  linear  differential  equations  with  constant  coeffi- 
cients, the  "linearized"  differential  equations  for  x  =  oo  .   Upon 

inserting  into  these  equations  multiples  of  an  exponential  function 

ox 

e   for  T-T-,,  9-9-,,  and  e-1,  we  obtain  three  linear  equations  for 

the  three  coefficients  whose  determinant  is  a  cubic  equation  for  a. 
The  three  roots  of  this  cubic  equation  are  the  three  characteristic 
exponents.   We  anticipate  the  fact,  shown  later  on,  that  for  our 
equations  these  characteristic  exponents  are  always  real.   Suppose 
we  have  r,  negative  and  3-r-,  positive  characteristic  exponents, 
then  r-j^  is  the  degree  of  regularity.   This  fact  is  implied  by  the 
well-known  theory  of  singular  points  of  ordinary  differential 
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equations.   The  behavior  of  the  r,  parametric  set  of  regular  solu- 
tions can  be  characterized  by  the  regular  solutions  of  the 
linearized  equations;  the  latter  are  a  linear  combination  of  expo- 

nential  functions  e    if  the  characteristic  roots  are  different; 

ctx      2  ctx 
otherwise  terms  like  xe    or  x  e   enter.   In  case  one  character- 
istic exponent  is  zero,  one  cannot  say  off-hand  what  the  degree  of 
regularity  is;  a  special  consideration  is  needed. 

The  linearized  equations  at  x  =  co  for  the  quantities  r-x-^, 
9-9    e-l  are  immediately  found  to  be 


{3f 


mp,- 


d(T-T-^)     _2 


"35r 


+  T 


-1, 


^^0^(t-t^)  -m^(T-T-^)  -T^^(0-e-^)  =  0 


d(0-0^)   __(■---! 


dx 


m 


j^7pi-AEi(B-i)-T-  ei(T-Ti)j  =  0  , 

m  ilgll +  T-\fe-l)  =   0  , 


.(e) 


where  we  have  set  -i^-  =  ^^  \S^\    AE  =  E^^-*-  E^-^-^  and  the  sub- 

7-I      oQ 

script  (1)  indicates  that  these  quantities  and  also  \x,    A,  and  S 


are  to  be  taken  for 


T-j^,  e 


For  the  characteristic  exponent  a  one  then  obtains  the  equa- 


tion 


2         -2 
m(j.  -,  a  -  m    +  t  -, 

^1 

-1 
--^1 

0 

-mr"    d-^ 

-    a         ™ 

mAE-j^ 

-1        ^^-1 

0 

0 

ma  +  t7   S-, 

=  0 


or 
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2      2     2  2 

(4)       [mx-j^a +Sj^]  [inTj^A^U-i_a  -  (m  ^^i^i  -  ^i^^i 

The  first  bracket  has  evidently  one  negative  root.   As  to  the 

2 
second  bracket,  which  we  write  in  the  form  aa  -  ba  +  c  we  observe 

that  it  has  real  roots  since  the  discriminant 

2  2 
P  pp  pp^^ip     ^   '''I'^i^i  p  p 

b^-4ac  =  (m'^T^A^-  e^A^+m'^T^  7^^   ^  "^   ^  _i    (^iSi-ni  t^) 

2  2  2  2   '^l   2     2  2 

=  (m  T-,An  -  ©i^i  -m  T,  — -j)   +  4m  t-,  A-|_m.-[^0-]_ 

is  positive. 

Since  a  >  0  we  see  that  the  second  bracket  has  one  positive 
and  one  negative  root  if  c  <  0.   If  c  =  0,  we  have 

b  =  b   =  (7n-l)9iA-,  + r  QtM-t  >  0  and  hence  the  bracket  has  one 

o    ^ '1   '11  7i-l   11 

vanishing  and  one  positive  root.   If  c  >  0  we  have  b  >  b   >  0  and 
hence  the  bracket  has  two  positive  roots. 

In  case  c  <  0  we  have  r,  =  2  and  in  case  c  >  0  we  have  r,  = 1. 
A  detailed  investigation  of  the  vector  field  corresponding  to  the 
differential  equation  would  show  that  in  case  c  =  0  a  two  parajnetric 

set  of  regular  solutions  exists;  hence  r^  =  2  also  in  this  case. 

2  2 
Since  the  condition  c  <  0  is  equivalent  with  7,0,  ^  m  t,  we  have  to 

distinguish  the  following  two  cases 

2  2 
Case  (A, )     m  t,  >  7161  » 

2  2 
Case  (B,  )     ""  "^1  ^  '>'l^l  • 
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The  degree  of  regularity  in  these  cases  is: 
Case  (A-j^)     r-j^  =  1  , 
Case  (B-,  )     r-j^  =  2  . 


Employing  the  sound  speed  c-,  =  /7-,  0-,  for  the  burnt  gas  in 
state  (1)  we  can  write  the  condition  for  cases  {A-^)  and  (B-^)  in 
the  form 

Case  (A-,)     ^i  ^  ^1  ' 

Case  (B-,  )     ^i  ^  '^1  • 

Thus  the  flow  of  the  burnt  gas  in  state  (1)  is  supersonic  in 
case  (A-,)  and  subsonic  or  sonic  in  case  (B-,). 

For  the  state  (o)  at  the  end  x  =  -co  we  obtain  a  similar 
equation  for  a,  the  only  difference  being  that  S  =  0  in  state  (o) 
since  0   ^  9c  ^^^  assumed.   The  equation  for  a  then  becomes 

O  —   o 


(4)"  malmx^X  [i  a^  -  {m^r\^  -  0  A^  +m^T^  — ^)a 


^o 


— r    [y   0     -  m  T  ) 
-1  ^ 'o  o     o^ 


0  , 


where  A  ,  ix  ,  7   refer  to  0  =  0^,  t  =  x^,  e  =  0.   The  first  factor 

O     O    '  O  0  0 

here  has  the  root  a  =  0.   The  bracket  always  has  one  positive  root 

and  in  addition  one  positive,  vanishing,  or  negative  root  depending 

2  2 
on  whether  -y0  -mx   >0,  =0,  or<0. 
'00     o 

To  determine  the  degree  of  regularity  r  at  the  end  x  =  -00 
we  first  recall  that  0   <  0  was  assumed.   Hence  for  every  regular 

O      fa 

solution  assuming  the  prescribed  boundary  values  at  x  =  -co  we 
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have  9  <  0   if  X  is  sufficiently  negative,  for  -oo  <  x  <  x   say. 

s  -^  s 

By  virtue  of  S  =  0  for  9   <   9      equation  (5 )  entails  e  =  0  for 

-CD  <  X  j<  X  .   The  investigation  of  the  manifold  of  solutions 

regular  at  x  =  -oo  is  thus  reduced  to  the  investigation  of  the 

regular  solutions  of  equation  (l)  and  (2)  with  E^^'{e)   =  E^°'(e). 

The  characteristic  exponents  for  this  problem  are  the  roots  of  the 

bracket  in  relation  (4)~.   Hence  we  conclude:   If  both  roots  of  the 

bracket  are  positive  we  have  r  =2.   The  same  is  true  if  one  of 

o 

the  roots  is  zero,  as  a  detailed  investigation  of  the  vector  field 
corresponding  to  the  differential  equation  would  show.   If  one  of 
the  roots  is  negative,  however,  the  other  one  being  positive,  we 
have  r-,  =  1.   Accordingly,  we  distinguish  the  following  two  cases: 

2  2 
Case  (A^)     m  t^  >  7^0^  , 
^  o'        o  —  'o  o 

2  2 
Case  {B„)     m  T   <  y9      . 
^  o         o    '00 

The  degree  of  regularity  is 


^0  =  2 

in  Case    (A    )    , 

^0  =  1 

in  Case    (B    )    . 

Employing  the  sound  speed  c   in  the  unburnt  gas  we  write  the 

condition  for  cases  (A  )  and  (B  )  in  the  form 

^  o        o 

Case  (A^)     v„  >  c„  , 
o       o  —  o  ' 

■  O 

Thus,  the  fi„..  ._  ...e  unburnt  gj..  -;  x  =  -00  1..  ..^^  ........  ..  „..:.ic 

there  in      '     -lie  it  1:  -  . 
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We  see  that  four  different  cases  are  to  be  distinguished 
according  to  whether  case  A  or  case  B  obtains  at  x  =  oo  or  at 
X  =  -00  .   It  is  now  very  interesting  that  by  virtue  of  Jouguet ' s 
rule  (see  [2],  p.  215)  these  four  cases  just  correspond  to  the 
four  cases  of  strong  and  weak  detonations  and  deflagrations; 
the  Chapman-Jouguet  detonation  or  deflagration,  characterized  by 
V-,  =  c-|,  is  here  classed  with  the  strong  detonations  or  weak 
deflagrations  respectively. 

We  now  shall  determine  in  a  formal  way,  simply  by  counting 
the  number  of  parameters,  the  manifold  of  solutions  which  are  regu- 
lar at  both  endpoints.   The  set  of  solutions  which  are  regular  at 
X  =  00  is  r-, -parametric.   Among  these  solutions  those  are  to  be 
selected  which  are  regular  at  x  =  -oo  .   Since  all  solutions  regular 
at  X  =  -oo  form  a  r  -parametric  set  in  the  three-parametric  set  of 
all  solutions,  it  is  clear  that  the  condition  to  be  regular  at 
X  =  -co  is  expressed  by  J>-t     relations.   Thus  ^-r     conditions  are 
imposed  on  the  r-,  parajneters  characterizing  the  solutions  regular 
at  X  =  oo .   One  of  these  parameters  can  always  be  chosen  arbitrar- 
ily (within  limits),  since  from  every  solution  satisfying  the 
boundary  conditions  one  obtains  a  set  of  others  by  substituting 
x+ const,  for  x.   Thus  ^-r     conditions  are  imposed  on  r-j-l  paraime- 
ters.   If  I'n-l  >   3-r  }    an  (r  +  r,  -  4  )-parametric  set  of  solutions 

can  be  expected  to  exist.   If  r-,-1  =  3-r  »  one  solution  (or  else  a 

1        o 

finite  number  of  them)  can  be  expected  to  exist.   If  r.-l  <  3-r 
more  conditions  are  imposed  than  parameters  are  available.   These 
conditions  will  be  satisfied  only  if  the  coefficients  entering  the 
differential  equations  or  the  boundary  values  assume  appropriate 
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values.   In  other  words,  4  -  r  -  r,  conditions  are  imposed  on 
coefficients  and  bovindary  values.   We  term  the  number 

s  =  4  -  r  -  r, 
o   1 

the  "degree  of  over-determinacy ."   From  Jouguet's  rule  and  the 
determination  of  the  values  of  r  and  r,  given  before  we  find 

Strong  detonation.     Case  (A  B, )  ,    s  =  0 

Weak  detonation.      Case  (A  A, )  ,    s  =  1 

^  o  1 

Weak  deflagration,     Case  (B  B-,)  ,    s  =  1 
Strong  deflagration,   Case  (B  A-^^)  ,    s  =  2  . 

Upon  comparing  this  table  with  the  table  for  the  degree  of 
under- determinacy  given  in  the  Introduction  (p.  7)  we  realize  the 
fundamental  fact  that  the  degree  of  over-determinacy  resulting  from 
the  internal  mechanism  of  the  reaction  process  equals  the  degree  cf 
mider- determinacy  of  the  external  problem  flow.   The  number  of 
conditions  needed  to  make  the  flow  problem  unique  thus  equals  the 
number  of  conditions  imposed  by  the  mechanism  of  the  reaction 
process. 

This  result  may  be  interpreted  as  follows:   All  strong 
detonations  are  possible.   Weak  or  Chapman- Jouguet  detonations  are 
only  possible  if  one  of  the  parameters  of  the  process  satisfies  one 
condition.   As  such  a  parameter  we  may  consider  the  flux  m.   As 
we  shall  see  later,  weak  detonations  exist  just  for  such  values  of 
the  flux  that  lead  to  Chapman- Jouguet  detonations  exc^ . .  . _r 
sufficiently  high  values  of  the  reaction  rate,  for  which  a  larger 
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value  of  the  flux  leads  to  a  possible  weak  detonation.   Weak 
deflagrations  are  also  only  possible  if  one  of  the  parameters,  the 
flux  m  say,  satisfies  one  condition.   As  we  shall  see  later,  weak 
deflagrations  exist  indeed  for  only  a  particular  value  of  the  flux. 
Strong  deflagrations  should  exist  only  if  two  conditions  are  satis- 
fied by  the  parameters.   As  we  shall  see  later,  strong  deflagra- 
tions do  not  exist  at  all. 

It  must  be  emphasized  that  these  statements  are  so  far 
derived  in  a  purely  formal  manner.   They  are  obtained  by  balancing 
the  number  of  available  parameters  with  the  number  of  conditions 
imposed.   A  definite  statement  about  the  existence  and  uniqueness 
cannot  be  made  on  this  basis.   As  a  matter  of  fact  these  argixments 
are  not  sufficient  to  exclude  weak  detonations  and  strong  deflagra- 
tions.  More  detailed  considerations  are  needed  for  this  purpose. 
In  the  following  Sections  (3  and  4)  we  shall  first  investigate 
certain  limiting  cases  of  weak  deflagrations  and  strong  detonations, 
and  then  proceed  to  discuss  in  Section  5  the  problem  of  existence 
of  solutions  in  general. 

3 .  Weak  deflagrations. 

The  degree  of  over-determinacy  was  found  to  be  s  =  1  for 
weak  deflagrations.   As  indicated  above,  such  deflagrations  can 
therefore  be  expected  to  exist  only  if  the  coefficients  of  the 
differential  equations  satisfy  one  condition.   This  condition  may 
be  considered  a  condition  for  the  constant  m,  the  flux,  or  for  the 
burning  velocity  v  =  x  m.   The  question  arises  whether  or  not  to 
given  values  of  t^,  9  ,  and  given  functions  S(e)  and  E^  ' (O)    there 
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really  is  a  value  of  the  flux  m  for  which  the  problem  has  a  solu- 
tion.  We  shall  deal  with  this  question  in  Section  5. 

Here  we  shall  consider  only  the  limiting  case  of  a  constant 
pressure  deflagration  in  which  this  question  can  easily  be 
answered.   This  limit  case  results  if  either  heat  conductivity  A 
and  viscosity  (i  approach  zero,  if  the  reaction  rate  S  approaches 
zero  ,  or  if  the  pressure  p   increases  indefinitely  while  the 
temperature  0   remains  fixed.   This  limit  case,  to  which  actual 
situations  frequently  come  very  near,  has  always  been  assumed  for 
numerical  determinations  of  the  flame  speed  (see  [10],  [11]). 

To  describe  the  limiting  "constant  pressure  problem"  we  first 
introduce  dimensionless  quantities 

u  =  llS  /p  m   ,    A  =  S_/p  m   , 
CO   o  00   o 

"^  =  p/Pq  ,       ■^  =  Q/^o  ' 
and  introduce  the  new  variables 

X  =  xS^/mx^ 

T  =  t/t^  ,     0  =  9/9^     . 


^   For  example  by  letting  S^  -♦  0,  (cf.  footnote  on  p.  15). 

The  objection  may  be  raised  that  for  small  values  of  the 
reaction  rate  the  basic  assumption  (pp.  3  and   12)  cannot  be  satis- 
fied.  Nevertheless  it  is  necessary  to  consider  the  limit  r   — 
for  the  discussion  of  the  mathematical  implications  of  1 
formulated  in  Section  1. 
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The  equations  (1),  (2),  (3)  then  become 

-  (J.  m  dx/dx  +  e/T  +  m  T  =  P  , 
-Ade/dx  +  E^^'{e^e)/e^  -  ±  m  r  +Pt  =  Q, 

-  de/dx  +  T  -  l[l-e)S{e^9)/e^  =   0  . 

This  system  of  differential  equations  depends  on  the  parame- 
ters m.  A,  Z,    P,    Qj  and  9^.   We  obtain  the  limiting  problem  by 
considering  a  set  of  such  systems  for  which  m  approaches  zero  while 
the  other  parameters  are  kept  fixed.   In  other  words:   The  differ- 
ential equations  of  the  limiting  problem  are  simply  obtained  by 
omitting  the  three  terms  involving  the  factor  m  . 

The  fact  that  A  and  \x   are  fixed  while  m  approaches  zero 
evidently  implies  AS  /p^  -<■   0  and  M-S^ /p^  —  0.   The  limiting  equa- 
tions will  therefore  represent  a  good  approximation  if  ^S^/p^, 
uS  /p  ,  and  m  are  small.   In  that  case  we  can  re- introduce  the 
original  quantities.   Thus  we  obtain  the  equations  of  the  constant 
pressure  problem  in  the  following  form: 

(1)  P   =   P   =   Pq   , 

(2)  -^  §1  +  m[E(^^(0)  +e]  =  mQ  , 

(3)  -m  —  +  p0"^(l-e)S(e)  =  0   , 

where  we  have  eliminated  x  from  (2)  and  (3),  using  (1). 

Relation  (1)  expresses  the  fact  that  under  the  conditions  of 
the  limiting  problem  the  pressure  does  not  vary  across  the  flame 
front:   we  have  constant  pressure  combustion.   Further  we  see  that 


88 


2-29 


the  term  representing  the  kinetic  energy  has  dropped  out  from  (2). 

The  boundary  conditions  are  9  =  9-.,    e  =  1  at  x  =  od  ,  and 
e  =  0  at  X  =  -cx)  .   The  constant  Q  is  given  by  Q  =  E,  +  0,  .   The 
relation  E^  +  9^  =   Q,  which  holds  for  regular  solutions  determines 
the  value  9  =  0   at  x  =  -od  . 

To  investigate  possible  solutions  of  this  problem  one  may 
consider  9   as  independent  variable  running  from  9     to  9-,    and  com- 
bine the  equations  to 

/c)  de  PA  S(e)  l-£  

'^^  m^      ^       Ej_+  e^-E^^^(0)  -9    ' 

It  is  immediately  seen  that  this  equation  has  a  saddle- singularity 
at  the  point  0  =  0-,,  e  =  1.  There  is  just  one  solution  curve  that 
enters  this  point  from  the  region  e  <  1,  0  <  9-,  .  If  this  curve  is 
followed  backwards  it  will  enter  the  axis  e  =  0  at  a  point  with 

0  >  0   provided  p^A/m   is  sufficiently  large;  if  p  A/m   is  suffi- 

o  o  o 

ciently  small  the  curve  will  enter  the  line  0=0  at  a  point  with 

e  >  0.   It  is  thus  clear  that  there  is  j   '   ne  value 

which  the  curve  enters  the  line  0  =  0„  with  e  =  0.   Since 

de/d0  =  0  for  0  _<  0  ,  the  curve  will  enter  the  line  0  = 

with  the  value  e  =  0.   That  for  this  solution  the  quantity  x 

approaches  co  as  0  -♦  0-,  and  -od  as  0  -♦  ; 

(^)  and  (3"). 

Thus  it  is  shown  that  .      limit,  -^      , 

wit  ■  .  n.  v. :  .  .  . 

•nd  of  Section  5),  l  'rue  for 
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of  these  quantities,  in  other  words,  for  sufficiently  small  values 

of  AS  /p   and  u.S„/p   a  deflagration  exists  which  is  nearly  a 
—   00   o  oo   o  — 

constant  pressure  combustion  and  which  is  characterized  by  a 
uniquely  defined  burning  speed  v  . 

Computations  of  the  burning  speed  can  be  carried  out  by 
solving  equations  (2)  and  (5)  or  (5)  through  interactions,  (see 
[9],  and  [ lo]  ,  in  the  latter  report  the  term  d(5  de/dx)dx  was 
added  to  equation  (5)  in  order  to  take  diffusion  into  account);  it 
was  found  in  the  quoted  reports  that  for  the  actual  situations 
considered  the  approximation  involved  in  (2)  and  (3)  was  rather 
accurate  since  the  omitted  terms  turned  out  to  be  very  small  for 
the  calculated  solution. 

It  is  interesting  that  essentially  only  the  combination 

o 
pX/m   or  the  dimensionless  combination 

(6)  "^^e^pAS^  =  (v2/0^)/(AS^/p) 

enters  the  constant  pressure  problem,  as  seen  from  equation  (5)' 

(More  precisely,  the  problem  depends  only  on  the  dimensionless 

( e ) 
quantity  (6)  in  addition  to  the  functions  S(0)/S   and  E^  io)/9^; 

00  o 

note  E  +  0   =  E-,  +  9-,  .  )   The  quantity  (6)  approaches  a  finite  limit 

value  as  AS  /p  approaches  zero.   Therefore,  for  small  values  of 
oo   o 

AS_, /p  ,  the  flux  m  is  proportional  to  /p  AS  /9      and  the  burning 
CD   o  '^  ^o   oo   o 

speed  V   to  /aS  9   /p  .   If  in  particular  A,  S_^ ,  and  the  reduced 

O^OOOO  CO' 

initial  temperature  9      are  kept  fixed,  the  flux  increases  like 
/s~~7p~  and  the  burning  speed  decreases  like  Js     /p   as  p 

"   CO    O  o   i-  V  cC'^o  o 

increases.   If  S   were  independent  of  p  or  increased  with  p   of 
less  than  first  order,  the  latter  result  would  mean  that  the 
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burning  speed  should  decrease  with  increasing  pressure.   This  does 
not  seem  to  be  confirmed  experimentally  .   It  is  thus  indicated 
that  S   increases  with  p   of  higher  chan  first  order.   What 
happens  when  p  decreases  cannot  be  derived  by  considering  expres- 
sion (6),  since  the  approximation  made  is  no  longer  valid  if 
pVaS   is  small.   Whether  or  not  deflagrations  are  then  possible 
will  be  discussed  later  on,  in  Section  5. 


4.  Strong  detonations  and  Chapman- Jouguet  detonations. 

We  next  consider  strong  detonations,  including  Chapman- 
Jouguet  detonation;  according  to  Jouguet 's  rule  they  have  it  in 
common  with  weak  deflagrations  that  the  flow  of  the  burnt  gas  is 
subsonic.   The  flow  of  the  unburnt  gas,  however,  is  supersonic  (or 
sonic).   The  degree  of  over-determinacy  was  found  to  be  s  =  0. 

Hence  no  conditions  need  be  imposed  on  the  data  other  than  the 

2  2 
inequality  m  t,  ^  7-i0-|>  or  v-,  _<  c,  .   Whether  or  not  it  is  true 

under  this  condition  that  a  unique  solution  exists  will  be  dis- 
cussed in  the  next  Section,  5. 

In  the  present  section  we  shall  consider  a  limiting  case 
obtained  by  letting  |j,S  /p  and  AS  /p  approach  zero.   We  imagine, 
in  particular  that  viscosity  p.  and  heat  conductivity  A  approach 

zero  while  S^    and  p  are  kept  fixed.   This  limitir.  -  ■—  '-^-m 
00      o 

presents  an  analogy       •  limitir 

5;  the  limitin,        r  of  the  present  li:  .  how- 

ever, qui  :rora  that 


[8],  p.  146,  Table  27 
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Consider  a  sequence  of  solutions.   There  are  two  possibili- 

dx       df9 
ties:   either  the  terms  p.  -3—  and  A  -g-  in  equations  (2)  drop  out  in 

dx      dfl 
the  limit,  or  4-  and  -^   become  infinite.   For  those  values  of  x  for 

which  the  first  case  occurs,  the  equations 
(1)  T""'"e  +m^T  =  P  , 


(2)_  E^^he)  -^   m^T^+  Pt  =  Q  , 


'00  -    v-/   2 

(3)  -m  ■||+T"^(l-e)S(e)  =  0  , 

are  satisfied  in  the  limit.   If  the  second  case  occurs  at  a  place 

X,  a  discontinuity  of  t  and  9   occurs  in  the  limit  while  e  remains 

continuous.   Such  a  discontinuity  would  simply  be  a  shock  not 

involving  a  reaction. 

A  more  detailed  investigation  (see  Section  5)  of  the  limit 

process  AS  /p  ,  aS  /p  — *•  0  will  yield  that  a  strong  detonation 
000000 

can  in  the  limit  be  described  as  a  shock,  not  involving  a  reaction, 

immediately  followed  by  a  reaction  process  governed  by  equations 

(1)   ,  (2)   ,  (3).   This  confirms  the  accepted  idea  about  a  detona- 
^   OD      00 

tion  process,  which  was  formulated  more  specifically  by  G.l.  Taylor 

and  V.  Neumann  (see  [1],  e.g.). 

The  question  arises  whether  to  given  values  of  x^,  Q ^,    i-^, 

9-,,    and  m  with  x"  c   <  m  <  x7  c,  satisfying  the  conservation  laws, 
1  o   o     —  1   1 

a  transition  process  exists  which  consists  of  a  shock  followed  by 
a  reaction.   We  assume  that  the  temperature  to  which  the  shock 
raises  the  unburnt  gas  is  above  safety  temperature.   Otherwise  the 
reaction  process  would  simply  be  a  deflagration  process,  which 
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cannot  exist  in  the  present  limiting  case  .   Denoting  the  quanti- 
ties past  the  shock  front  by  an  asterisk  we  require 

9„    <   9„    < 


o  s 


'*  • 


To  find  out  whether  the  equations  (1)   ,  (2)   ,  (3)  possess  a  solu- 
tion we  determine  t  and  6   as  functions  of  e  from  (1)    and  (2)   , 

oo         00 

and  insert  in  (3).   This  is  possible  if  the  Jacobian 


J  =  ^§0—  (i"^-T-^e)-T-2e 


of  (1)    and  (2)    does  not  vanish.   Introducing  quantities  y 


(e) 


and  c^^^  by 


we  find 


dE^^Vde  =  1/(7^^^-  1)  , 
J  =  (m2-T-V)/(7-l)  , 


where  t,  c,  and  y   depend  on  e.   Since  the  flow  is  subsonic  in  the 
state  (*)  past  the  shock  we  have  J^  <  0.   In  the  neighborhood  of 
the  state  (* )  we  may  therefore  express  r  and  9   in  terms  of  e  and 
the  solution  of  the  equation  resulting  from  (3)  is  uniquely  deter- 
mined through  the  initial  condition  e  =  0  at  x  =  0,  say,  where  we 
may  place  the  shock  front.   The  question  then  is  whether     ^n- 
tinuing  the  solution  one  would  obtain  a  value  for  which  J  cha: 


Expr'^nsing  t  a: 

■I   dlffer-^nt 
e  =  0  si' 


differen'  Lshing  for  x  =  -oo  is  Iherel 
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sign.   The  final  state  is  also  subsonic,  J,  <  0,  and  the  transi- 
tions from  the  state  (*)  to  any  of  the  intermediate  states  between 
(*)  and  (l)  correspond,  as  regards  the  conservation  laws,  to  a  set 
of  weak  deflagrations.   All  the  intermediate  states  are  thus  sub- 
sonic.  Consequently,  J  remains  negative  throughout  . 

The  differential  equation  for  e  resulting  from  (3)  possesses, 
therefore,  a  solution  with  e  =  0  for  x  =  0.   Since  for  this  solu- 
tion, de/dx  — ►  0  as  e  — »■  1,  the  final  state  (1)  is  approached  as 
X  — ►  CO  .   Thus  it  is  seen  that  a  limiting  type  detonation  consisting 

of  a  shock  followed  by  a  reaction  in  possible  for  arbitrary  values 

-1  -1     2 

of  the  flux  m,  satisfying  t   c   <  m  <  t,  c-,  . 

'  "^   °   o   o      —   1   1 

The  reaction  process  in  a  strong  (limit  type)  detonation 
following  the  shock  has  it  in  common  with  a  weak  deflagration  that 
unburnt  gas  in  a  subsonic  state  is  transformed  into  burnt  gas  in  a 
subsonic  state.   The  two  processes  differ,  however,  in  other 
respects.   The  initial  temperature  in  a  deflagration  is  below 
safety  temperature  while  the  reaction  in  a  detonation  begins  with 
a  higher  temperature.   Also  in  a  deflagration  the  rates  of  change 
dx/dx,  de/dx,  de/dx  are  zero  initially  while  there  is  no  such 
restriction  for  the  reaction  process  following  a  shock;  for  small 
values  of  A  and  u  the  rates  of  change  undergo  such  great  changes 


Whether  or  not  SE^^V^e  changes  sign  during  this  process  is 
immaterial,  cf.  however,  v.  Neumann's  report  [1],  in  which  transi- 
tion process  are  discussed  on  the  basis  of  equations  (1)„  ^^^    ^^^oo* 

2 

For  numerical  determination  of  such  processes  and  various  de- 
tailed discussions  see  the  reports  by  Eyring  and  his  collaborators, 
[5]  (where  an  excessively  high  reaction  rate  was  assumed)  and  [6]. 
(The  case  shown  in  Fig.  10a,  p.  44  in  [6]  and  labeled  "steady 
deflagration"  there  is  a  "weak  detonation"  in  our  terminology. ) 
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in  the  narrow  shock  zone  that  a        t  to  a        3  of  these 
rates  at  the  beginning  of  tl.  ■  .      :an 

thus  be  understood  that  for  the  r-i  :.„_..  ,______3  in  a  -_ „,_^:. 

no  definite  value  of  the  flux  is  requir^  '     "     ■  ■    ■  :'"lagra- 

tions . 

5 •  Discussion  of  possible  processes  with  the  aid  of  the  .     r 
field. 


It  is  very  helpful  for  the  further  d'      '  n  to  refer  ■"  ''■    ■ 
vector  field  in  the  (x, 0, e )-space  generated  by  the  differey 
equations  (1),  (2),  and  (3 )  •   It  is  convenient  for  our  c; '  .       n 
to  consider  as  positive  the  direction  of  decreasing  x;  when  we 
speak  of  folic,.'    a  solution  curve   ■'  we  always  n:  :2 

travel  in  d '        of  decreasing  x.   All  1 

point  to  smaller  values  of  e  except  on  the  si         =1  and  in 
the  region  9   <  9   ,    where  they  lie  in  the  surfaces  e  =  const.   Every 
so]   ■         that  hits  the  surface        ..'ill  stay 
e  ^      •  • 

.^i..;.-.-  _..,._.  „^..„  J       ^-3  of  t;.^„  .-^■..'     ._ --   :e: 

'  ■  '  ■    I  Hi  r~  =  Pt  ••  '  '   -  ~     '      '    C 


gi 


E^^^e)  =  ^   n.  I  -  Pt+Qq 


.;...3  of  inters      :S  of  the  surface  f  with  the  cylinder 
0  +m  T     "    nd  the  p  '  ^noted  by  A  and  B  . 

The  conservation  laws  (1)    am;        tre  obviously  satisfied  at 

00  I 

such  points.   A:.y  two  such  points  on  the  plane  e  =  const,  with 
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e  >  0  and  T  >  0  evidently  represent  the  two  states  on  both  sides 

of  a  possible  shock  transition  in  the  gas  mixture  characterized  by 

the  values  of  e  considered.   Therefore,  one  of  these  two  points, 

A  ,  corresponds  to  a  supersonic,  the  other,  B  ,  to  a  subsonic  flow. 

We  assume  the  values  of  the  constants  P  and  Q  such  that  the  surface 

F    intersects  the  initial  plane  e  =  0  at  two  points  A  and  B  with 
*-  -^       o      o 

0  >  0,  T  >  0.   From  the  discussion  on  p.  33  it  follows  that  for 

every  e  >  0  two  points  of  intersection  A  and  B  exist  as  long  as 

A  or  B  do  not  become  sonic,  or,  what  is  equivalent,  do  not 

coalesce.   We  assume  that  this  is  not  the  case  for  0  <  e  <  1;  this 

assumption  is  primarily  a  condition  on  the  flux  m.   We  also  assume 

that  9  >  0,  T  >  0  at  these  points  for  0  j<  e  _<  1.   We  then  have  two 

curves  ■-t  and  Jj  of  points  A  and  B  along  which  Q   and  x  are  con- 

£      e 

tinuous  functions  of  the  parameter  e.   (The  last  assumption  made 
here  is  somewhat  stronger  than  necessary.   For  the  discussion  of 
weak  deflagrations,  for  example,  only  the  existence  of  the  curve  j? 
is  needed.   Incidentally,  the  existence  of  the  supersonic  state  A 
with  0  >  0,  T  >  0  always  implies  the  existence  of  the  subsonic 
state  B  ,  but  the  converse  is  not  true.) 

At  the  points  A  ,  B  we  have  dr  =  de  =  0,  de/dx  >  0  except 
for  e=lor9<0;  hence  the  field  vector  points  in  the  negative 
e-direction  at  these  points.   The  projections  of  the  field  vectors 
on  the  planes  e  =  const,  have  singularities  at  the  points  A 
and  B  .   At  a  point  A   the  projected  field  has  a  nodal  point  and 


the  solution  curves  of  the  projected  field  lead  from  the  neighbor- 
hood of  this  point  into  it.   At  the  point  B   the  projected  field 
has  a  saddle-singularity;  (see  Figures  2  to  5 ) .   At  the  points  A 
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Figure  2 

Detonation 

the  proj 
on  the  plane  e  =  1  for  a 
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Figure  3 

Detonation 

(Integral  curves  of  the  projected  vector  field  on 
the  plane  e  =  const,  for  a  detonation) 
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D"*-'  1 -ration 


(integral  cur\ 

the  p  1.^.1. 


iected 
def^- 


3n 
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Figure  5 

Deflagration 

(integral  curves  of  the  projected  vector  field  on 
the  plane  e  =  const,  for  a  deflagration) 
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and  B  on  the  surface  e  =  1  and  in  the  region  9   <  9      the  three- 
e  °      —  s 

dimensional  vector  field  has  singularities. 

If  we  are  interested  in  a  deflagration  we  must  assume  thax 

9   <  9      for  the  initial  point  B  ,  (see  p.  31);  if  we  are  interested 

in  a  detonation  we  must  assume,  (see  p.  33  and  Figs.  2,    J> ) ,    that 

9    >  9      at  the  point  B  ,  which  in  this  case  is  connected  with  the 
s  o 

initial  point  A  through  a  curve  representing  a  shock.   We  require 
somewhat  more  for  detonations,  viz.  that  0  >  0   on  the  whole 
line  ^")  .   We  first  investigate  which  strong  deflagrations  and  weak 
detonations  are  possible.   Both  processes  have  it  in  common  that 
the  flow  in  the  burnt  gas  is  supersonic.   The  state  (1)  thus 
belongs  to  the  case  (A),  and  corresponds  to  a  point  A-,  .   As  was 
shown  earlier  there  exists  in  case  (A-,)  only  a  one-parametric  set 
of  solutions  which  are  regular  at  x  =  oo,  and  the  values  of  the 
parameter  may  be  chosen  arbitrarily  provided  it  is  so  chosen  that 
e  decreases  as  x  decreases.   Thus  there  exists  only  one  solution 
curve,  c  ,  starting  at  A^  which  could  represent  one  of  the 
processes  mentioned.   If  this  solution  curve  C    reaches  the  point 
B  it  represents  a  strong  deflagration,  if  it  reaches  the  point  A^ 
it  represents  a  weak  detonation. 

In  the  following  we  shall  consider  problems  differi: 
reaction  rate  S,  all  other  parameters  being  unaltered;  we  may,  for 

example,  assi:       "   '       (cf.  1  on  p.  13)  t-  ■ ■  -^    0 

-.   The  curves  .1  and    I'y     :.        ntly  '  : 

curvp  f  ,  .      .Js  on  S.   If  v.  .   Ize  this 

^.^-^..^  ..--  we  write  ^(S). 
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If  the  reaction  rate  S  is  very  high  compared  with  p  /a  and 

p  /n,  all  vectors  point  nearly  in  negative  e-direction  except  near 

e  =  1  and  9    <   9    •      In  this  case,  therefore,  any  solution  curve  is 

approximately  a  straight  line  in  the  negative  e-direction  until  it 

meets  the  surface  9=9.      Therefore,  the  curve  6    that  begins  at 

s 

the  point  A-,,  i.e.  at  e  =  1,  0  =  9-.,    x   =   t-,,  ends  up  on  e  =  0 
nearly  with  the  values  0  =  0-,,  t  =  t-,,  hence  with  nearly  0  =0-,  >0  . 
Thus  we  see  that  C    ends  up  on  s  =  0  at  a  point  with  0  >  0   if  S 
is  sufficiently  high.   At  such  a  point  de/dx  >  0  and  hence  there  is 
no  continuation  of  the  curve  on  the  plane  e  =  0  and  hence  none  of 
the  desired  initial  states  is  reached. 

Let  us  consider  the  opposite  extreme  that  the  reaction  rate 
S  is  very  small;  then  the  direction  of  the  field  vector  lies  every- 
where  nearly  in  the  plane  e  =  const,  except  near  the  curves  '1 
and  j,")  .   Consider  any  "cylindrical"  neighborhood  of  the  line  li.  and 
exclude  from  it  an  arbitrarily  small  neighborhood  of  the  point  A-,  . 
If  S  is  small  enough  then  clearly  the  vector  field  on  the  lateral 
surface  of  the  "cylinder"  points  into  its  interior.   The  curve  6  , 
beginning  at  A-,,  can  therefore  never  lead  far  away  from  the  curve 
L^t  ;  for,  as  soon  as  moved  away  from  l  ,  the  rate  of  change  de/dx 
would  become  much  smaller  than  |dT/dx|+  | d0/dx |  and  therefore  the 
curve  C   would  again  be  drawn  nearer  into  the  neighborhood  of  iX . 
Consequently,  the  curve  C    meets  the  surface  0  =  0„  not  far  from 
the  intersection  A^  of  this  surface  with  the  curve  >-t  ,  remains 
from  there  on  the  plane  e  =  const,  and  soon  enters  the  point  A  . 

In  general  the  course  of  the  curve  C    can  be  delimited  as 

follows:  Let  (x  ,0  )  be  the  coordinates  of  the  point  A^.   From  the 
e   e  -^      e 
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assumption  SE^  ' /"be   >   0   made  earlier  (p.  23)  it  follows  that  t 

increases  and  9      decreases  with  decreasing  e.    The  statement  then 
e 

is  that  the  curve  ^'  remains  in  the  cell 

T,  <T<T   ,    9      <   9    <   9-,    ,         0<e<l. 
1—  —     e  e—   —  1       —   — 

This  follows  from  the  fact  that  the  field  vector  at  the  boundary 
of  this  cell  points  into  its  interior  except  on  e  =  0. 

This  statement  implies  that  the  curve  e  never  ends  up  at  the 
point  B  ,  since  B  is  evidently  not  contained  in  the  cell  Just 
described.   In  other  words,  strong  deflagrations  are  impossible. 

Let  us  denote  the  points  at  which  th^  curve  C    enters  either 
the  surface  e  =  0  or  the  surface  9  =  e   as  "terminal  points"  T^- . 
They  form  a  "terminal  line"   7  which  connects  the  point  t  =  x,, 

9=9.,    e  =  0  (for  finite  S)  with  the  point  A^  (for  S  =  0). 

2 
The  terminal  point  T^  depends  continuously   on  the  reaction 

rate  S.   Therefore,  if  we  let  S  vary  from  co  to  0,  the  terminal 


From  (1)  and  (2)  we  have 


de_    ;^T?(e) 

+  ^ de  =  -T'^e^dT^  , 


7 


X,  .  iE^  ds  =  -T-^e  ^. 

^    de         e   e   e 

de  =  -(m^T  -  x'^^e  )dT 

-1     2 
=  T  0  +m  T  has  been  used.   Eliminati- 
e  e     e 

(^  -1)  ^ de  =  (m^T  -7  t"^ 


sine 


-  '  ■:  e 


2 


s' 


de/dx  }i  •      s'  ^^'  "   ^8' 


This  r  .       =  0^,  e 

/dx  ^  .      g;  th 

showi;      more         onsideralioi^. 
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point  will  move  continuously  along  the  terminal  line  from  the  plane 

e  =  0  into  the  surface  0=0.   Consequently  there  is  a  particular 

s 

value  of  S  of  S   for  which  the  terminal  point  lies  on  the  inter- 
00  ^ 

section  of  the  plane  e  =  0  and  the  surface  9=9.      We  then  speak 

of  the  "extreme"  situation  and  the  "extreme"  terminal  point  t' . 

Otherwise,  if  the  terminal  point  lies  on  the  surface  0  =  0  we 

speak  of  a  "normal"  situation,  if  it  lies  on  e  =  0,  of  an 

"  abnormal"  one . 

In  the  extreme  situation  a  weak  detonation  exists;  for, 

since  0  =  9   at  the  extreme  terminal  point,  the  solution  curve 

starting  at  this  point  remains  on  the  surface  e  =  0.   That  this 

solution  curve  ends  up  at  A  follows  from  the  fact  that  the  field 

has  an  attractive  singularity  at  A  and  that  the  terminal  point 

T  =  (t',0')  lies  in  the  cell  t-,  <  t'  <  x  ,  p   <  p*  <  p-,  and  hence 
^      '  1  —    —  o   o  —    —  -^1 

belongs  to  those  points  that  are  attracted  by  A  .   It  is  clear  that 
a  solution  curve  can  reach  A  only  if  its  terminal  point  lies  on 
£  =  0  and  0=0.   Hence,  a  weak  detonation  exists  only  in  the 
extreme  situation,  i.e.  if  the  reaction  rate  S  assumes  a  particular 

•x- 

high  value  S  . 

The  discussion  of  the  terminal  line   T  will  also  be  useful 
for  the  investigation  of  strong  detonations.   Before  we  enter  the 
discussion  of  strong  detonations  and  weak  deflagrations  we  must 
investigate  the  possible  continuations  of  solution  curves  after 
they  have  entered  the  region  0  <  0  . 

In  the  region  0  _^  0„  the  actual  vector  field  agrees  with  the 
projected  vector  field.   Suppose  the  point  B  =  ( x  , 0  , e )  on  the 
curve  i)  lies  below  0=0,  i.e.  suppose  0   <  0  .   Then  the  vector 

S  £      S 
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field  has  a  saddle  singularity  at  B  ,  (see  p.  36).   Conse- 
quently, two  solution  curves,  Sj      and  J|j~,  leave  B   (see 
Fig.  3);  and  two  solution  curves,  'Cf'  and  "?",  enter  B  ;  (the 

curves  with  Q    >   Q      are  \-'      and  t  ~ >    the  one  with  e   <  e     are  J"; 

e       e       6  e     '^  e 

and  -f  ~ )  •   We  see  from  the  vector  field  (Fig.  3  and  Fig.  5) 
that  .'i'~   ends  up  at  the  point  A  on  .^  . 

A  solution  curve  ;^    can  enter  the  region  Q   <   d      only  at  a 
point  where  ds/dx  <_   0,  hence  only  on  the  section  X  of  the  sur- 
face 9  =  0   cut  out  by  the  surface  ^.      (see  p.  35).   The  inter- 
section  of  v'  with  a  plane  e  =  const,  will  be  denoted  by  ^    , 
(see  Fig.  3  and  Fig.  5)-   We  consider  the  continuation  of  the 
solution  curve  •*/  after  its  entry  into  9  <  9   on  the  segment 
7  .   There  are  two  cases.   Either,  the  point  B  =  (t  ,9  ,e) 

lies  above  the  plane  9=9,  i.e.  9  >   Q    .      Then  the  continua- 
^         s'       e    s 

tion  of   •/  from  <*  on,  ends  up  in  the  point  A  ,  as  seen  from 
the  vector  field  (Fig.  3)-   Or,  the  point  B  lies  in  the  region 
B   <  9      (see  Fig.  5)-   Then  the  curve  ''f      entering  B  with  de- 
creasing  9  intersects  the  segment  -^  in  a  point  G  .   If  .:f 
enters  /  on  one  side  of  G   (on  the  side  with  larger  t),   its 
continuation  ends  up  at  A  as  before.   If  J  enters  -Z ^    —  ''he 
other  side  its  continuation  ends  up  on  t  =  0  unless  it  has  left 
the  region  0   <  d„   before  reaching  t  =  0.  If    c^   enters  <^  at  G 
:.-  jontinuation  of  ;/  leads  along  J-  to  B  and  frc:;  .   :  -  .:. 


'  i  nued  along  V   ur  •   "   ir  along  / 


T  =  u  unless  X' 


We  now  enter  ^ns .   St; 

ajid  Chapraan-Jr^'i'T^M'^^  'i^+^'-'nations  imply  subsonic  or  sonic  flow  in 
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the  burnt  gas  at  x  =  cc  .   Hence  case  (B-,  )  obtains,  or  the  state  (l) 
corresponds  to  a  point  B-,.   Consequently,  according  to  the  state- 
ments made  earlier,  (see  Section  5)  P*  21)  there  is  a  two-parametric 
set  of  solutions  regular  at  x  =  oo  •   Hence  there  is  a  one-para- 
metric set  of  solution  curves  C  leaving  the  point  B-,  .   We  want  to 
show  that  among  the  curves  ^  there  is  a  one  .-,.    ,    which  ends  up  at 
A  ,  and  thus  represents  a  strong  (or  Chapman- Jouguet )  detonation. 

The  set  of  curves  i     is  limited  by  two  curves  remaining  on 
the  plane  e  =  1.   One  of  these  two  curves,  /,.-,,  leads  to  larger 
values  of  9,  and  ends  up  on  the  plane  t  =  0  at  a  point  H-,  (see 
Fig.  2).   The  other  curve,  a.  T,  leads  to  smaller  values  of  Q   and 
ends  up  in  the  point  A^ ;  it  represents  the  possible  shock  transi- 
tion from  state  A-,  to  state  B-,  .   The  set  of  curves  <[   may  be 
characterized  by  a  parameter  p,  which  for  P  =  0  yields  ,^   ,  and  for 
P  =  1  yields  /C  7 . 

On  the  basis  of  the  assumption  made  earlier  (p.  4l)  that  the 

curve  Id    lies  above  the  plane  9   =  Q     we  see  from  the  remarks  made 

s 

before  that  all  curves  a,  that  enter  the  plane  9   =   0      end  up  on  ,1  ; 
none  therefore  meet  /  ^  below  9   =   9      or  end  up  on  0  =  0.   Therefore 
the  curves  /C  end  up  either  on  t  =  0,  e  =  0,  or  on  ■.\  .   The  so 
defined  end  points  will  be  called  "ultimate"  points  and  denoted  by 
U  (S)  or  Up(S). 

We  investigate  whether  or  not  the  point  Ug  depends  continu- 
ously on  the  pareaneter  p.   The  continuity  of  Ug  could  be  inter- 
rupted only  in  three  cases.   The  first  case  would  be  that  Ug  were 
the  ultimate  point  of  a  curve  fj   which  passes  through  a  saddle 
singularity  of  the  differential  equation.   This  possibility  is 
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excluded;  for  there  is  no  saddle  singularity  except  on  e  =  1  since 

/■)  was  assumed  to  lie  above  9  =   e    .      The  s^--'"'  -^--^    --'uld  be  that 

dx/dx  =  0  at  a  point  Ug  on  t  =  0;  this  is  excluded  for  9  <  0  as 

seen  from  the  differential  equation  (1).   The  third  case  would  be 

that  de/dx  =  0  at  a  point  Ug  on  e  =  0.   This  case  can  arise  at 

points  on  e  =  0  with  9=6. 

s 

Let  p^  be  a  value  of  P  such  that  the  coordinates  e  and  9   of 
Ug  approach  0  and  9      respectively  as  P t  P*  (i«e.  3  approaches  P^ 

from  below).   A  more  detailed  investigation  would  show  that  then 

* 
;^'q„  ends  up  at  a  point  U  =  Uq   with  e  =  0  and  9   =  9„. 

If,  for  values  of  p  somewhat  greater  than  p^,  the  curve  /t^ 

ends  up  on  £  =  0  with  9  >  9   ,    the  point  Ug  is  continuous  at  p^ . 

If,  however,  such  a  curve  I  „  does  not  reach  e  =  0  it  will  meet 

"  P 

9=9^    for  a  value  e  >  0  and  end  up  on  it.   Thus  Uq  =  A  for  such 
values  of  g,  and  as  pi  P*  (i.e.  as  p  approaches  p*  from  above), 
Ug  -♦  A  .   Thus  Ug  is  not  continuous  at  P  =  P^ . 

These  considerations  make  it  evident  ^'  ;^  ^'.   /^  *  •   • 


Ug  vary       .uously  from  the  position  U  =  H 

reach  '-„  for  which  U  is  on  e  =   .        or  until  for 

^  s 

P  =  1  a  point  U-,  on  e  =  0  with  0  >  9  is  i\  ..- w.d  without  pass!:- 
thr  dnt  U^ .   We  maintal  •  y 

cannot  arise  in  the  normal  situat 

irves  /L'  for  values  of  p 
slightly  lor—  * '?an  1.   They  remain  near  the  curve  JjiZ   until  they 
come  near  to  the  point  A,;  from  ti     .  they  will  rer      ^ar  the 
curve  C  ,    which  leaves  the  point  A,.   In  the  limit,  P  -»  1,  we  have 
a  curve  /^i  which  coincides  with  /;/'T  up  to  the  point  Aj^  and  then 
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coincides  with  the  curve  <^  .   The  ultimate  point  U-,,  therefore, 
lies  on  e  =  0  with  6    <   9      only  if  this  is  the  case  for  the  terminal 


po 


int  of  C,    viz.  in  the  "abnormal"  situation.   In  the  normal 


situation  no  terminal  point  on  e  =  0  with  0    >   6      exists.   Conse- 

quently,  in  the  normal  situation  there  exists  an  ultimate  point  U^, 

e  =  0  with  e  =  e^. 

The  curve  h=    IC^^   whose  ultimate  point  is  U^  remains  on  the 

plane  e  =  0  after  having  passed  through  U^,  and  enters  the  point 

A  .   It  is  evident  that  the  curve  ■.  „  represents  a  strong  detona- 
o  * 

tion.   Thus  we  have  established  that  in  normal  situations  a  strong 
detonation  is  possible.   It  is  not  so  easily  seen  whether  or  not 
strong  detonations  are  possible  in  the  abnormal  case  since  it  is 
not  obvious  whether  or  not  there  are  ultimate  points  on  e  =  0  with 
9   =  Q      from  which  the  continuation  leads  into  A  . 

Suppose  the  value  of  the  reaction  rate  S  is  such  that  we  are 
in  a  normal  situation  but  near  to  the  extreme  situation.   Then  the 

•X-  A 

ultimate  point  U  is  near  to  the  terminal  point  T^-  of  the  curve  >-■  . 
Hence  the  curve  t'     ending  up  at  U*  will  first  lie  near  to  the 
curve  Jj~    leading  from  B-,  to  A-,  and  then  near  to  the  curve  c 
leading  from  A-,  to  T/^.   Thus  we  see:   in  the  extreme  case,  in  which 
the  point  T,;  falls  on  T^,  the  strong  detonation  is  represented  by 
a  curve  consisting  of  the  curve  /  ~  in  the  plane  e  =  0  from  B^  to 
A-,,  then  by  ^   leading  from  A-j^  to  T^   and  finally  by  a  section 
leading  from  T..  to  A  .   In  other  words:   in  the  extreme  situation 
not  only  a  weak  detonation  exists  but  also  a  strong  detonation 
which  consists  of  the  weak  detonation  followed  by  a  shock.   In  a 
normal  but  nearly  extreme  situation  the  strong  detonation  will  be 
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approximately  a  weak  detonation  followed  by  a  shock.   The  extreme 

situation,  however,  will  occur  only  for  extremely  high  reaction 

rates . 

Let  us  consider  how  a  detonation  looks  in  the  limiting  case 

when  the  reaction  rate  approaches  zero;  as  far  as  the  curves  in 

the  (t, 9, e )-space  are  concerned  this  is  equivalent  to  assuming  that 

'K   and  LL  approach  zero  since  AS  /p   and  iiS  /p   are  the  essential 

oo   o        00   o 

dimensionless  parameters.   The  field  vectors  in  this  case  lie 

almost  in  the  plemes  e  =  const,  except  on  the  lines  A  and  ij  .   As 

was  stated  earlier,  the  projection  of  the  vector  field  in  the 

planes  e  =  const,  has  a  saddle  singularity  at  the  points  B  .   Hence 

there  are  two  lines  k.      and  L'   depending  on  e,  which  lead  out  of 

B  .   For  e  =  1  they  coincide  with  C-,  and  L -.  .      The  curve  ^ 

leads  to  larger  values  of  9,    while  /  ~  leads  to  smaller  values 

of  9.   In  the  limit  S  -►  0,  or,  in  dimensionless  form,  u-S  /p  -►  0 

and  AS  /p  — ►  0,  the  solution  curves  '.'  leaving  the  point  B, 

consist  of  sections  of  the  curve  ,';  followed  by  the  curves  H:      or 

l^~   until  these  meet  the  plane  t  =  0  or  the  line  ct.   From  this 

remark  it  is  clear  that  the  ultimate  points  Uq  =  Uq(0)  on  the  plane 

P    P 

e  =  0  consist  of  the  curve  >,        on  e  =  0  from  the  point  H  on  the 

O  "^  n 

plane  t  =  0  to  the  point  B  ,  then  of  the  curve  /(,  ~  up  .  ^  the  point 
A  .   It  is  clear  from  this  description  that  the  curve  a  (^   in- 
sists of  the  curve  .'. '  from  B,  to  B  followed  by  >(  " 
to  A  .   In  the  limit  case  nS/p,  —  0,  xs/p  -►  0,  t;      re,  the 
sir  ... ,  ^  i-jnation  consists  of  u  .  :.   ..  .  ^^  .ved  by  a  r  -  „.  ;. 
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process,  as  expected. 

Finally  we  are  going  to  show  that  weak  deflagrations  exist 
unless  the  reaction  rate  exceeds  a  certain  bound.   To  this  end  we 
should  find  out  whether  or  not  any  of  the  curves  JCj   starting  at 
the  point  B-,  can  end  up  at  the  point  B  .   The  situation  differs 
from  that  for  detonations  in  that  it  must  now  be  assumed  that 
e    <  9      at  B  ,  (see  p.  4l  and  Fig.  5).   As  a  consequence  the  line 
"^((S)  of  ultimate  points  Ug(S)  is  modified  for  small  values  of  S. 
For  large  values  of  S,    the  situation  is  as  before.   For  S  =  oo  ,  the 
initial  part  of  the  ultimate  line  '[({s)    leads  from  the  point  H-,  on 
T  =  0  straight  over  to  the  projection  of  H-,  on  e  =  0.   For  large 
values  of  S,  therefore,  the  ultimate  line  '1(.{S)    also  begins  at  H-, 
and  leads  on  the  plane  t  =  0  over  to  the  plane  e  =  0.   From  there 
on  U  leads  on  e  =  0  to  the  point  J /.^  if  0  >  0   at  A-,,  or  to  a 

point  U*  if  9  <  e   at  A, . 

•^  si 

For  small  values  of  S,  however,  the  situation  is  quite 
different.   We  can  no  longer  assert  that  the  ultimate  line  leads 
over  from  H-,  on  the  plane  t  =  0  to  the  plane  e  =  0.   As  a  matter 
of  fact,  for  small  values  of  S  the  ultimate  line  stops  on  t  =  0  at 
a  point  with  e  >  0  and  jumps  discontinuously  over  to  the  line  ^1.  ; 
the  reason  being  that  a  curve  /^  exists  which  enters  the  line 
below  e  =   e    :    (this  possibility  was  excluded  for  detonations,  (see 
pp.  4l,42).   We  first  consider  the  case  S  =  0.   In  that  case  the 
curves  /6'  consist  of  sections  of  the  curve  Jj   followed  by  sections 


If  this  picture  of  a  detonation  is  accepted,  then  v.  Neijimann's 
result  that,^no  weak  detonations  exist  is  implied  by  the  fact  that 
the  curve  j.)  connects  the  point  B  with  B-,  and  not  with  A-,  . 
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of  the  curves  /:)      or  J^       (see  Fig.  4).   Since  the  curve  ^   now 


meets  the  plane  e  =  e  before  e  =  0  is  reached  it  is  clear  that 
none  of  the  curves  /J   will  reach  the  plane  e  =  0. 

The  ultimate  line  i((0)  in  this  case  consists  of  the  inter- 
sections of  the  lines  /)'   with  t  =  0  from  H-,  on  up  to  a  value  e  =  e 
for  which  /^  intersects  6   =   e„,  from  there  on  of  the  part  of  the 
curve  i/l  with  e  >  e^.   The  ultimate  line  thus  suffers  a  discontinu- 
ity.  Evidently  we  have  e  <  e   on  the  line  "i/Co).   This  confirms 
the  statement  that  i^io)   does  not  reach  the  plane  e  =  0. 

It  is  now  clear  that  for  sufficiently  small  values  of  S  the 

ultimate  line  "?^(S)  will  also  not  reach  the  plane  e  =  0.   As  for 

S  =  0,  the  ultimate  line  will  consist  of  one  part  on  the  plane 

T  =  0  and  another  part  which  is  a  section  of  the  curve  <^  .   The 

values  of  the  parameter  P  referring  to  these  two  parts  are 

separated  by  a  value  $  (s)  such  that  the  solution  curve  i>'£  enters 

the  point  G/s  for  a  certain  value  e(S)  of  e  and  then  enters  the 

point  B/s.   (We  recall  that  G  is  the  point  at  which  the  solution 
e  e 

curve  ^   through  B  intersects  the  plane  0  =  e   ,    see  p.  4o. )  For 
sufficiently  large  values  of  S  no  such  value  t  of  e  3 

then  the  ultimate  line  remains  above  0  =  0  until  it         'J^ 
or  U* .   Therefore,  there  is  a  largest  value  S°  of  S  for  . 
—■-'■■     ^       -'-'3.   It  is  then  that  this  v-^  :   -  "   -".   Conse- 
quently, t;        -i   valu-  ich  tl  jC'  '   =  J[y 
for  L        -ts  the  p]a' 

'  —  -Q-   -;---  -.v^r.-  I       „..„..  .„^:       _  ...™.  ,-.:_;.ion. 

Thus  v.   '      •  iwn  that  for  every  value  of  the  f3      -nd  for  an 
appropriate  reaction  rate  a  weak  de :     ;.tion  exists. 
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The  argument  presented  holds  just  as  well  if  the  points  A, 
and  B-|  coalesce  so  that  the  flow  corresponding  to  this  point  is 
sonic.   Thus  we  see  that  for  an  appropriate  reaction  rate  Chapman- 
Jouguet  deflagrations  are  possible. 

In  the  limiting  case  where  m  and  S    approach  zero  in  such  a 

o 
way  that  s  =  S  /m  approaches  a  finite  value,  a  deflagration  is 

always  possible  for  an  appropriate  value  of  S  /m  ,  as  was  shown 
in  Section  3-   In  this  limiting  case  d©  =  0  and  de  =  o  for  the 
vector  field  except  on  the  plane  9   =   Pt,  on  which  the  vector  field 
is  given  by  (2),  (3);  (see  p.  28).   The  points  B  and  B-,  lie  on 
this  plane  9   =  px .   The  line  /L -,  is  the  line  0  =  0-,  on  e  =  1  with 
decreasing  t.   The  line  ,/   is  the  line  0  =  Px  on  e  =  0  with  in- 
creasing X.   The  point  G   is  then  the  intersection  of  0  =  Px  with 
0  =  0.   As  is  easily  seen  there  is  only  one  line  ■'  on  the  plane 

0  =  Px  and  this  line  meets  the  point  G   only  for  a  special  value 

p 

s   of  s  =  S/m  . 
o         ' 

Suppose  we  let  m  Increase  holding  the  initial  state  (x  }0^) 
fixed.   Let  S(m)  be  the  value  of  S  for  which  a  deflagration  exists. 
We  have  not  proved  that  S  depends  continuously  on  m,  but  we  can  be 
sure  that  a  continuous  curve  of  points  (m,S)  in  a  (m,S)-plane 
exists  representing  pairs  of  values  of  m  and  S  for  which  deflagra- 
tions are  possible.   Eventually  the  flux  m  will  reach  a  value  m_, 
for  which  the  points  A-,  and  B-,  coalesce  and  a  Chapman- Jouguet 
situation  arises.   Let  S_  be  the  corresponding  value  of  the  re- 
action  rate  S.   Then  we  can  at  least  say  that  for  every  value  of 
the  reaction  rate  S  _<  S_,  deflagrations  are  possible  with  an 


appropriate  value  of  the  flux  m. 
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APPENDIX  I 

On  The  Assumption  About  The  Discontinuous  Character 
Of  The  Reaction  Process 

The  considerations  of  this  report  rest  on  the  "basic" 
assumption  (see  p.  3)  that  the  reaction  process  may  be  considered 
approximately  a  sharp  discontinuity;  more  specifically,  that, 
firstly,  the  rates  of  change  of  the  pertinent  quantities  in  the 
field  of  flow  outside  of  the  reaction  zone  are  negligibly  small 
when  compared  to  the  rates  of  change  of  the  same  quantities  inside 
the  reaction  zone  and,  secondly,  that  the  rate  of  change  of  the 
width  of  the  reaction  zone  is  small  when  compared  with  the  average 
speed  with  which  the  gases  cross  the  reaction  zone.   It  was  further 
assumed  (p.  21)  that  the  flow,  when  observed  from  a  frame  moving 
with  the  instajitaneous  velocity  of  the  reaction  front,  is  steady 
in  the  neighborhood  of  the  reaction  front  at  the  time  considered. 

We  first  want  to  show  that  this  latter  assumption  is  con- 
sistent with  the  assumption  of  the  discontinuous  character  of  the 
reaction.   Suppose  we  define  the  velocity  x  of  a  border  of  the  re- 
action zone  u.  +  xu  =  0,  and  suppose  we  choose  the  velocity  of  our 
frame  such  that  x  =  0  at  one  point  inside  the  reaction  zone.   Then 
the  assumption  that  the  rate  of  change  of  the  width  of  the  re- 
action zone  is  small  compared  with  the  average  gas  velocity  in  the 
zone  can  then  be  formulated  as  |x|  <<  u  everywhere  in  the  zone. 
Consequently,  |u.|  «  |uu  |  everywhere  in  the  zone.   "'   'em  u., 
can,  therefore,  be  omitted  from  the  differential  equation  which 
expresses  the  fact  that  the  acceleration  u.  +  uu^  equals  the  total 
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applied  force  per  unit  mass.   For  similar  reasons  one  can  omit  the 
terms  x,,  9.,    and  e,  from  the  differential  equations  expressing  the 
balance  of  mass  flow,  energy,  and  chemical  reaction.   In  other 
words,  to  the  degree  of  accuracy  implied  by  our  basic  assumption, 
the  equations  characterizing  non-steady  flow  reduce  to  the  equa- 
tions (l)',  (2)',  (3)'  in  addition  to  m  =  const.   Thus  our  assump- 
tion of  "local  steadiness"  is  in  agreement  with  our  "basic" 
assumption. 

Secondly  we  want  to  mention  that  frequently  reaction  flow 
processes  occur  in  which  our  basic  assumption  is  not  satisfied. 
Detonations,  consisting  of  a  chemical  reaction  process  initiated 
by  a  shock,  are  frequently  followed  by  rarefaction  waves.   It  is 
clear  that  this  rarefaction  wave  interferes  with  the  reaction 
process,  but  the  interference  can  be  ignored  if  our  basic  assump- 
tion is  satisfied  and  the  changes  which  the  rarefaction  wave  pro- 
duces in  a  section  of  the  width  of  the  reaction  zone  are  signifi- 
cant.  If,  however,  the  reaction  zone  is  so  wide  that  this  inter- 
ference can  no  longer  be  ignored,  then  pressure  and  temperature  in 
the  reaction  zone  are  diminished  and  the  strength  of  the  initiating 
shock  is  reduced.   In  particular,  the  speed  of  the  detonation  wave 
is  then  less  than  that  calculated  without  interference  and  could 
thus  be  less  than  that  of  a  Chapman- Jouguet  detonation.   If  the 
interaction  is  strong  the  detonation  may  eventually  cease. 

The  occurrence  of  a  lower  detonation  limit  may  be  explained 
in  this  way,  since  the  reaction  rate  is  low,  and  hence  the  reaction 
zone  is  wide,  if  the  concentration  of  the  combustible  component  in 
the  unburnt  explosive  mixture  is  low.   (See  Wendlandt  [12].) 
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Spherical  detonation  waves  maintaining  the  Chapman- Jouguet 
condition  are  possible  inasmuch  as  the  detonation  process  can  be 
considered  a  discontinuity,  as  Taylor  has  shown  [13].   The  rare- 
faction wave  following  the  detonation  front  begins,  however,  with 
an  infinite  rate  of  change  of  the  significant  quantities,  (see 
[13]).   Consequently,  this  rarefaction  wave  always  interferes  with 
the  detonation  wave  noticeably  and  diminishes  its  strength  and 
speed.   It  can  thus  be  understood  why  the  speed  of  spherical 
detonation  waves  is  less  than  required  by  the  Chapman- Jouguet 
hypothesis.   Calculations  of  such  spherical  detonation  waves  with 
sub-Chapman-Jouguet  speed  were  carried  out  by  Eyring  and  his 
collaborators  [5],  [6]. 

The  gradual  building  up  of  a  detonation  wave  ignited  at  the 
closed  end  of  a  tube  may  also  be  explained  as  due  to  the  inter- 
ference of  a  rarefaction  wave  with  the  reaction  process.   The 
condition  that  the  flow  velocity  vanish  at  the  closed  end  requires 
that  a  simple  rarefaction  wave  follow  the  detonation  wave.   This 
rarefaction  wave,  when  it  begins,  involves  an  infinite  drop  of 
pressure,  temperature  and  velocity;  thus  a  noticeable  interference 
is  clearly  indicated.   (For  numerical  calculations  of  the  gradual 
building  up  of  a  detonation  see  [6].) 

As  regards  deflagration  processes  it  would  seem  probab] 
combustion  processes  occur  in  which  the  width  of  the  react : 
widens  noticeably.   Otherwise  it  would  seem  impose  .lain 

how  a  flame  could  ever  overtake  a  shock  fron"^  r-^ ''-""  '  *' ■      '^"'^h 

combustion  processes  would  then  be  ana'.  action  waves 
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and  not  to  shock  discontinuities.   No  theoretical  treatment  of  such 
processes  seems  to  exist. 

These  remarks  are  intended  to  show  that  the  frequently- 
observed  deviations  from  the  predictions  of  the  discontinuity 
theory  are  not  due  to  the  unsteadiness  of  the  process  as  such  but 
rather  to  the  occurrence  of  a  relatively  wide  reaction  zone  which 
permits  the  interference  of  the  outside  flow  with  the  reaction 
process. 


APPENDIX  II 

It  was  shown  in  the  text  that  for  an  "excessively"  high 
reaction  rate  S  =  S(p,0)  a  weak  detonation  occurs  instead  of  the 
Chapman- Jouguet  detonation  (see  p.  44).   It  is  of  interest  to  know 
how  high  a  reaction  rate  must  be  in  order  to  be  "excessive"  in  this 
sense.   The  excessive  cases  are  separated  from  the  regular  ones  by 
"maximal"  cases  in  which  a  Chapman- Jouguet  detonation  is  just 
possible,  while  such  a  detonation  is  impossible  for  a  reaction  rate 
higher  than  a  maximal  one.   We  shall  present  some  such  maximal  re- 
action rates  numerically.   From  these  results  it  will  appear  that 
for  maximal  reaction  rates  the  transition  zone  becomes  extremely 
small,  of  the  order  of  magnitude  of  one  mean  free  path,  if  viscos- 
ity and  heat  conduction  are  those  of  air  at  300°K  and  atmospheric 
pressure.   Under  these  circumstances  the  notions  of  viscosity  and 
heat  conduction  in  the  transition  zone  become  meaningless.   If, 
however,  viscosity  and  heat  conduction  are  ten  times  as  large  as 
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for  atmospheric  air  at  300°K,  excessive  reaction  rates  may  well  be 
possible.   For  exajnple,  S  would  then  be  excessive  if  it  vanishes 
up  to  900°K  and  equals  16.IO   sec"   or  more  for  higher  tempera- 
tures.  The  width  of  the  transition  zone  would  then  be  about  ten 
times  as  long  as  a  mean  free  path. 

We  assume  that  unburnt  and  burnt  gas  are  polytropic  with 
exponents  7  =  1.4  and  7,  =  1.2.   For  the  mixture  consisting  of  the 
fraction  e  of  burnt  gas  and  1-e  of  unburnt  gas  we  define  7  by 

1      e    ,   e 


Then  we  have  for  the  energy  per  unit  mass  of  the  mixture  the 
expression 


^'^(9)  =^  +  (l-^)F 


E 

7 

in  which  the  liberated  energy  per  unit  mass  F  is  assumed  to  be 

F  =  52.5  Sq 

which  corresponds  to  a  value  665  cal/gm  if  the  initial  temperature 

is  M  0  /R  =  300°K  and  the  molecular  weight  of  the  unburnt  gas  is 
000 

Mo  =  29. 

About  the  heat  conductivity  A  and  viscosity  u  we  have  made 

the  assumption 

u   -v-1 


which  was  proposed  by  Becker  [3] .   We  shall  in  particular  consider 
as  reference  value  for  \i   the  value 
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2-58 
=  2-44«10~  gm/cm  sec 


w 


ith  7=7   =  1.^,  the  corresponding  value  of  A  is  then 


o 


A   =  8- 5^* 10"  gm/cm  sec  . 

We  recall  that  the  customary  coefficients  of  viscosity  and  heat 
conductivity  are  ^[i  ,    and  RA  in  our  notation;  (see  footnote  2  on 

p.  1^). 

The  reaction  rate  S  was  assumed  to  be  zero  up  to  a  safety 

temperature  0  =  0:  for  0  >  0  we  have  assi:imed 
^  s  s 

IJ.S  =  const.  ; 

thus,  if  |j,  is  independent  of  temperature  and  pressure  the  same  is 
then  assumed  of  the  reaction  rate  for  0  >  0  .   This  assumption  is 
rather  unrealistic  because  both  the  reaction  rate  and  the  viscos- 
ity will  increase  with  the  pressure;  but  this  assumption  should  be 
sufficient  to  given  information  about  the  order  of  magnitude  of 
maximal  reaction  rates.   In  Fig.  6  we  have  plotted  such  maximal 

reaction  rates,  or  rather  the  values  —  S  ,  in  which  ll   is  the 

^^o  ° 

reference  viscosity  given  above.   For  a  safety  temperature  of 

900  K  or  0   =  39   ,    for  excLmple,  we  find  as  maximal  value  of  the 

Q  ^       1 
reaction  rate  S  =  16-10  —  sec"   for  0  >  0  .   The  velocity  v  with 

IJ.  s  "^   o 

which  the  detonation  wave  travels  into  the  unburnt  gas  at  rest, 

solely  determined  by  the  Chapman- Jouguet  condition,  equals 

v^  =  15'7msec"  .   The  width  of  the  reaction  zone  is  roughly  given 

by 

5  =  V  S"-"-  . 

o 
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u 

(U 


I 


^\S 


3X  10^° 


2  X  10^"  - 


1  X  10 


Fig.  6 

MgLximal  reaction  rates  S  as  functions  of  the  temperature  T. 

(if  the  reaction  rate  exceeds  a  maximal  one,  a  Chapman- 
Jouguet  detonation  is  not  possible.  '  \i/\i.     is  the  ratio 
of  actual  viscosity  to  that  for  atmospheric  air  at  room 
temperature . ) 

In  the  case  0  =  30  ,  S  =  16*  10-^  —  sec"  ,  we  therefore  have 
so  \i. 

5  =  98  •10'"'''  ^  cm  , 


+  U  o  ♦    +  V-, 


a  length  which  for  \i  =  \i     would  be  about  equal  to  one  fr^ 
path  in  air. 

To  determine  maximal  reaction  rates  v;^   '  " '^ 

Chapman- Jouguet  condition  cannot  be  satisfied  if  it  w 
a  situation  called  "abnormal"  in  £"        .   ■    • 
situations,  the  curve  C  starting  at  -..-  r-_:-t  ..x^* 
plane  e  =  0  with  a  value  e    >   ••  • 


^a 
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A  maximal  situation,  in  which  the  Chapman- Jouguet  condition 
can  just  be  satisfied,  therefore  corresponds  to  what  was  called 
an  "extreme"  situation,  in  which  the  curve    ends  up  on  e  =  0 
.just  with  9  =  9'      To  obtain  a  maximal  reaction  rate  we  then  pro- 
ceed  as  follows.   To  a  given  initial  state  (x  ,p  ,0  )  corresponding 
to  the  point    ,  we  determine  the  end  state  (t-,  ,  p-, ,  0-,  )  from  the 
Chapman- Jouguet  condition.   The  flux  m  is  then  also  determined. 
We  now  assume  any  value  for  the  reaction  rate  S,  or  rather  for  (j.S 
and  determine  the  curve    .   The  value  of  9   with  which    ends 
upon  e  =  0  is  then  taken  as  safety  temperature  9  .   We  finally 
select  those  values  for  the  reaction  rate  S  for  which  the  safety 
temperature  turns  out  to  be  between  600  K  and  900  K. 

The  curve  i-  was  characterized  as  the  graph  of  that  solution 
of  the  differential  equation  which  leaves  the  point   --,  with  de- 
creasing X.   All  other  solution  curves  entering  --,    lie  on  e  =  1. 
Consequently,  .  can  also  be  characterized  as  the  only  solution 
curve  leaving  the  point  -  - -,  without  de  =  0.   Hence  e  can  be  intro- 
duced as  parameter.   The  differential  equations  then  become,  after 
introducing  t  =  m  t: 

(l-e)M.S  II  =  t(p+t  -Pi-t-^)  , 
(l-e)7HS  ^  =  t[pt-^  t2+(^-l)tt^ 

+  (^-i)(i_e)fp^t-L-p^t-^-^  t^]  . 


The  desired  solution  t  =  t(e),  p  =  p(e)  is  then  the  one  that 
assumes  the  values  (t-,,p,  )  for  e  =  1  and  permits  expansion  with 
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respect  to  powers  of  (1-e).   It  is  easily  obtained  from  this  power 
series  for  small  values  of  (1-e)  and  by  finite  differences  for 
larger  values  of  1-e  up  to  e=0. 

This  is  a  reproduction  of  a  NAVORD  Report  79-^6,  dated  June 
25,  19^6. 
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Chemical   Kinetics 


Peter  D.    Lax 
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The  propagation  of  chemical  reactions  in  combustion  is 
governed  by  the  rate  at  which  energy  is  transported  in  and  out  of 
the  reaction  zone,  and  on  the  rate  at  which  the  chemical  reactions 
proceed-    In  the  simplest  models  the  reaction  is  assumed  to  pro- 
ceed at  an  exponential  rate  exp[kt],  k  being  a  function  of  tempera- 
ture, changing  from  0  to  some  high  value  beyond  the  so-called 
ignition  temperature.   In  reality  chemical  reactions  are  more 
complex,  astonishingly  complex;  a  good  understanding  of  them  is 
necessary  to  gauge  the  limitations  of  simple  models  and  to  develop 
more  realistic  ones.   The  purpose  of  this  lecture  is  to  present 
the  elements  of  chemical  kinetics.   For  a  more  thorough  treatment 
we  recommend  a  text  on  Physical  Chemistry  such  as  [5];  for  the 
state  of  the  art  the  Symposium  Proceedings  contained  in  [6]  should 
be  consulted. 

A  chemical  reaction  is  the  formation  of  one  or  several  com- 
pounds, called  products  of  the  reaction,  out  of  one  or  several 
compounds  or  elements  called  reactants.   Household  examples  are 


or 


2H2  +02"^  ^"2° 


H2  +  I2  -*  2HI 


Generally,  denoting  reactants  by  M .  and  products  by  N., 
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(1)  5    [I  M.   —5    V  .N.  . 

The  coefficients  v  .  and  |i  .,  such  as  the  factors  2  in  the  oxidation 

J  J 

of  hydrogen,  are  called  stoichiometric  coefficients. 

The  products  of  a  chemical  reaction  are  built  out  of  the  same 
ingredients  as  the  reactants,  i.e.  the  same  nuclei  and  electrons, 
but  their  arrangement  is  different.   The  chemical  reaction  accom- 
plishes the  rearrangement  as  a  continuous  process  starting  with 
the  reactants  and  ending  up  with  the  products.   With  each  point  in 
configuration  space  along  this  path  of  deformation  one  can  associ- 
ate a  potential  energy,  also  called  energy  of  formation,  defined 
as  the  energy  needed  to  put  the  configuration  together  out  of  its 
widely  separated  ingredients. 

The  initial  and  final  states  consist  of  the  reactants  and 
products,  respectively;  these  are  stable  elements  and  therefore  are 
local  minima  for  the  potential  energy  function.   This  shows  that 
along  a  path  of  deformation  the  potential  energy  passes  thr  ■:-'  a 
peak.   There  are  many  possible  paths  of  deformation;  the  actual 
reaction  is  channelled  overwhelmingly  along  the  path  where  tl.     /. 
value  of  energy  is  a  minimum.   The  difference  between  tli_  :.._;iiinuin 
peak  value  and  the  initial  energy  is  called  the  activation  energy; 
it  is  the  minimum  energy  required  for  ' 

iescription  of  a  chemical 
ment  in  one  step  is  an  overr  -  "-tt  ■'■■•"*'  -  •^'  only 

:■  ■  •  i  '••.•  '■  actions.   M  cuiiiplex,  i:onsist  ' 

network  -r-y  reaction, 

to  th'  a,  of      „     uer  of 
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intermediate  products-atoms,  free  radical,  activated  states.   This 
network  of  elementary  reactions  is  called  the  reaction  mechanism. 
In  order  to  analyze  a  chemical  reaction,  one  has  to  perform 
three  tasks: 

a)  Find  all  relevant  reaction  mechanisms. 

b)  Determine  the  rates  at  which  the  elementary  reactions 
entering  a  mechanism  proceed. 

c )  Determine  the  overall  rate  at  which  the  reaction 
mechanism  proceeds. 

Typical  reaction  mechanisms  may  involve  upward  of  80  species; 
finding  all  the  relevant  ones  is  an  art.   We  call  the  readers 
attention  to  the  on-going  controversy  about  the  rate  at  which 
f luorocarbons  released  by  spray  cans  are  removed  from  the  upper 
atmosphere;  the  controversy  is  about  possible  reaction  mechanisms 
involving  ozone  and  f luorocarbons .   The  most  intriguing  aspect  of 
reaction  mechanisms  is  catalysis,  where  the  presence  of  a  small 
amount  of  catalyst  makes  possible  a  reaction  mechanism  which  pro- 
ceeds extremely  fast,  at  the  end  of  which  the  catalyst  is  restored. 
We  remark  that  since  elementary  reaction  rates  are  rapidly  varying 
functions  of  temperature,  a  reaction  mechanism  that  is  the  relevant 
one,  i.e.  the  fastest,  at  one  temperature  may  be  irrelevant  at  a 
higher  temperature. 

The  determination  of  rates  of  elementary  reactions  is  a 
collaborative  effort  between  experimenters  and  theorists.   We  shall 
say  a  few  words  about  the  theory,  a  combination  of  statistical 
mechanics  and  quantum  chemistry.   As  remarked  earlier,  an  elemen- 
tary reaction  can  take  place  only  if  energy,  exceeding  the 
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activation  energy,  is  supplied.   The  source  of  that  energy  is  the 
translational  energy  of  sufficiently  energetic  molecules;  upon 
collision  translational  energy  is  converted  into  internal  energy. 
Assuming  that  particles  are  statistically  independent  of  each 
other,  the  familiar  Stosszahl  Ansatz,  the  number  of  collisions  will 
be  proportional  to  the  product  of  the  concentration  of  reactions. 
Suppose  the  reaction  is  given  by  equation  (l);  let's  denote  the 
concentration  of  species  M.  by  [M.],  of  N.  by  [N.]>  measured  in 

J  J  J  J 

moles/cm-^.   Then  the  rate  at  which  these  concentrations  change  is 

,  [I  . 

_5_  tm  T  _  _,,  ir  1     r  rw  1  J 


It  ["j'  -  -'^/f  T~r  ["ji  '  ■ 


This  is  called  the  law  of  mass  action,  and  k„  is  called  the  forward 
reaction  rate.   Many,  theoretically  all,  reactions  go  both  forward 
and  backward;  the  forward  reaction  rate  is  denoted  by  k.„,  the  back- 
ward rate  as  k,  ,  and  the  reaction  (1)  is  written  as 


k^ 
0  0^' 


'^ —  ^.l"\i  vtt—  ^ —  'j"j 


Equilibrium  is  established  at  such  concentrations  where  the  forward 
and  backward  reaction  rates  are  equal.   Since  the  law  of  mass 
action  for  the  backward  reaction  is 

V 


m  ["jl  =  --ATT  [Nj/J  , 


at  equilibrium 
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M-  .       V  . 

J  -  V  1  r  ri\T  1  J 


kf  IT  [M.]  J  =  k^  1^  [N  ] 


J^       D  ■  '  ^  J- 

These  relations  lead  to  an  easy  determination  of  the  ratio  kVk  , 
and  only  one  of  the  two  rate  constants  k^  or  k,  need  to  be 
measured. 

As  we  shall  show  below,  the  reaction  rate  is  an  exponentially 
decreasing  function  of  the  activation  energy.   Since  the  activation 
energy  for  the  backward  reaction  equals  the  activation  energy  of 
the  forward  reaction  plus  the  energy  released  in  the  forward  re- 
action, it  follows  that  for  reaction  in  which  a  great  deal  of 
energy  is  released,  the  backward  reaction  is  negligibly  slow. 

Since  the  number  of  energetic  particles  whose  collision  leads 
to  possible  chemical  reaction  is  a  rapidly  increasing  function  of 
temperature,  so  is  the  reaction  rate.   Arrhenius '  law  states  that 

„  -E/RT 
k  =  Be  ' 

where  E  is  the  activation  energy,  R  the  gas  constant  and  B  a 
constant.   A  more  elaborate  statistical  collision  theory,  taking 
internal  degrees  of  freedom  into  account,  gives 

k  =  B(T)e-^/«T  , 

where  B  is  a  function  of  temperature,  typically  a  power  of  T.   Rates 
calculated  this  way  are  much  higher  than  experimentally  observed 
values.   The  reason  is  that  not  all  collisions  lead  to  a  reaction, 
only  those  where  the  colliding  molecules  are  properly  oriented. 
This  can  be  corrected  empirically  by  cutting  down  k  by  a  fudge 
factor  called  a  steric  factor.  A  more  satisfactory  calculation  can 
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be  based  on  a  statistical  theory  involving  reactants,  products  and 
the  so-called  activated  complex,  defined  as  the  configuration  at 
the  min-max  point  along  the  optimal  path  deformating  the  reactants 
into  products.   Note  that  the  activated  complex  is  in  equilibrium, 
although  an  unstable  one.   This  method  yields  good  results  when  the 
structure  of  the  activated  complex  is  well  known;  this  is  a  task 
for  quantum  chemistry,  which  has  been  carried  out  only  for  the 
simplest  molecules. 

Once  a  reaction  mechanism  has  been  proposed  and  the  rates  of 
the  elementary  reactions  occurring  therein  have  been  determined, 
the  law  of  mass  action  tells  the  rate  at  which  species  are  created 
or  consumed  in  each  elementary  reaction.   The  rate  of  change  of 
concentration  of  any  specie   is  the  sum  of  the  rates  of  its  crea- 
tion minus  the  sum  of  the  rates  of  its  destruction.   The  resulting 
system  of  ODE's  together  with  the  specification  of  all  initial 
concentrations,  completely  determine  the  time  history  of  the  re- 
action mechanism.   In  some  simple  cases  solutions  can  be  expressed 
in  terms  of  special  functions;  but  the  only  general  way  of  solving 
systems  of  ODE's  is  by  numerical  methods. 

Rates  of  elementary  reactions  within  a  single  mechsinism  can, 
and  typically  do,  differ  by  many  orders  of  msignitude;  this  has  the 
effect,  called  stiffness,  that  various  components  grow  or  decay  at 
vastly  different  rates,  which  creates  special  difficult' 
finding  solutions  numerically.   We  illustrate  the  difficul 
simple  linear  •■-.<•■»  i-n 

^  X  =  -kx  ,    x(0)  =  1  , 
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-kt 
k  large  positive,  whose  exact  solution  is  e    .   The  crude  forward 

scheme 

^(^+5^-^(^)  =  -kx(t)  , 
whose  solution  is 

x(t+5)  =  (1  -k5)x(t)  , 
leads  to 

(5)  x(n6)  =  (1-  Kb)""    . 

When  k  is  large,  say  ©'(10  ),  the  solution  (3)  is  exponentially 
unstable,  unless  5  <  t-  =  ^(lO   ),  a  prohibitively  small  time  step. 
A  remedy  is  to  use  instead  the  implicit  backward  scheme 

^^^+^^  -^(^)  =  -kx(t+6)  , 
whose  solution  is 

x(t+5)  =  ^^  x(t)  , 
so  that 

^(■^^^   =  ^TTkSr)''  • 

-kt 

This  is  stable  and  approximates  well  e    ,  t=n5,  regardless  of 

the  size  of  k. 

We  now  try  the  implicit  second  order  scheme 


whose  solution  is 


so  that 


x(t+5)  -x(t)  _  ,  x(t)+x(t+5) 
5 ^  2 ' 


^('^^>=i^^<''' 
^(-)  =  (^^)"- 
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This  is  stable,  i.e.  uniformly  bounded,  for  all  k  and  5,  but  for 

-kt 
k  large  is  not  a  good  approximation  to  e    ,  t = n5 .   What  is  true 

for  this  simple  example  is  true  for  systems,  and  shows  that  to 

obtain  accurate  solutions  of  stiff  systems  one  must  use  a  specially 

designed  numerical  scheme.   The  most  versatile  and  best  knovm 

method  is  due  to  W.  Gear,  see  [2].   Gear's  method  is  available  as 

a  user-oriented  packaged  program,  see  [3]- 

At  the  end  of  this  talk  we  will  show  how  to  exploit  stiffness 
by  making  use  of  asymptotic  methods. 

We  now  give  some  examples: 

(I)   Reaction:   H^  +  Ig  "^  2HI 

Reaction  mechanism 

Elementary  reactions  Rate  constants 

^f  ^b 
k^ 

^3 
H  +  I  —  HI  k^^ 

Differential   equation: 


^2 

^ 

21 

I+H^ 

- 

HI  +  H 

H  +I2 

- 

HI  +1 

^   [Igl    =  -kfLlg]  +k^[I]^  -k^[H][l2] 


^  [Hg]  =  -k2[I][H2]  , 


^    [H]      =  k2[I][H2]  -k^[H][l2]    , 

^    [I]      =   2k^[l2]  -2k^[l]2-k2[l][H./   ^ '^    ^ 


r  .  •  1    r   T  1 
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(ll)   Reaction:   A  -►  B  +  C 

Reaction  mechanism 

Elementary  reactionb  Rate  constants 

(4)      A  +A  ^  A*H  A  k^,  k^ 


(5)         A*  -^  B+  C 


,* 


A  Is  a  so-called  activated  molecule,  formed  by  collision  of 
energetic  molecules  A;  the  activated  molecule  A*  decays  spontane- 
ously into  the  fragments  B  and  C. 

Differential  equations: 

(6)  A  [A]   =  -k^[A]2+k^[A][A*]  , 

(7)  ^  t^*^  =   k^[A]2-k^[A][A*]  -  s[A*] 


(111)   Reaction:   20^  -*  50„ 

Reaction  mechanism 

Elementary  reactions  Rates 

(8)  0^71  0^+0  ^f    H 

(9)  0+  0^  ^  2O2  s 
Differential   equations: 

(10)  ^    [0^]    =   -    k^[0^]  +k^[02][0]   -s[0][0^]    , 

(11)  ^   [0^]    =      k^[0^]  -k^[02][0]  +  2s    [0][0^]    , 

(12)  A    [0]       =      k^[0^]    -k^[02][0]    -s[0][0^]     . 
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Examples  (ll)  and  (ill)  are  stiff  systems  in  the  sense  that  in  both 
systems  the  first  reaction,  (4)  respectively  (8),  is  much  faster 
than  the  second,  (5)  and  (9)  respectively.   Of  course,  since  they 
are  of  modest  size,  there  is  no  difficulty  in  solving  these  systems 
numerically;  we  shall  show  now  how  to  exploit  the  stiffness  to  give 
an  asymptotic  analysis  of  the  last  stages  of  these  reactions. 

Assume  in  case  (ll)  that  k„  and  k,  are  very  much  larger  than 

s;  then  the  third  term  on  the  right  in  equation  (7),  s[A*],  is  very 

o 
much  smaller  than  the  first  two,  k„[A]   and  k,  [A][A*].   As  a  con- 
sequence the  effect  of  the  third  term  is  negligible  until  the  first 
two  terms  become  very  nearly  equal.   The  points  where  the  first  two 
terms  are  equal: 

(13)  k^[A]2  =  k^[A][A*]  , 

are  called  equilibrium  states  for  the  reaction  (4),   for  at  such 
points  the  forward  and  backward  reactions  exactly  cancel  each  other. 
Once  a  neighborhood  of  equilibrium  is  reached,  the  third  term  in 
(7)  becomes  important.   We  add  (6)  and  (7)  and  obtain 

(14)  ^in  =  -s[A*] 
where  m   denotes  the  sum 

(15)  m  =  [A]  +  [A*]  . 
Since  equilibrium  (l?)  h      ipproximately, 

(16)  kj.[A]  ^  k^[A*] 
which  implies  that 
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(16)'  [A*]  -^JTY^^   • 

Substituting  this  into  (l4)  we  obtain  an  equation  of  simple 
exponential  decay  for  m,  giving 

/--sk^t  \ 

(17)  in  '^.  const  exp  f  -t- —  ,   i  . 

'v^f  ^  ^b .  •■■ 

Using  (15)  and  (I6)  we  deduce  from  (17)  that 
(17)'  [A]  2:  const  exp  L     ^  ^   tj   . 

We  now  turn  to  case  (ill);  here  too  k„  and  k-,  are  very  much 
larger  than  s;   here  too  this  fact  can  be  exploited  to  give  an 
asymptotic  analysis  of  the  last  stage  of  the  reaction.   As  before, 
the  third  term  in  all  three  equations  (10)-(12),  s[0][(X],  is  small 
compared  to  the  first  and  second  terms,  k^[0^]  and  k,  [Op][0]; 
therefore  the  effect  of  this  third  term  is  negligible  until  the 
first  two  terms  become  very  nearly  equal,  i.e.  until  we  come  near 
equilibrium  for  reaction  (8): 

(18)  k^[0^]  =  k^[02][0]  . 

We  also  assume  that  ozone  and  oxygen  atom  concentrations  are  small 
compared  to  that  of  oxygen  molecules.   If  so,  we  can  calculate  the 
value  of  [Oo]  since  3  [0-,  ]  +  2[  Op]  +  [0]  is  a  constant  in  time. 
Denote  this  value  of  [Op]  by  Y;  from  (18), 

(19)  [Oj]  ^  KY[0]  ,    K  =  k^k^  . 
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To  calculate  the  time  histories  of  [0^]  and  [0]  add  equations  (lO) 
and  (12);  we  get 

(20)  Tt  ""  =  -2s[0^][0]  , 
where 

(21)  m  =    [0^]  +[0]  . 

Using  (19)  and  (21)  we  get 

Substituting  this  into  (20)  gives 

d  „       2KYS     2 
^^       (1+KY)^ 


whose  solution  is 


(22)  ^i^)    =   Ht4-const  '         "  ^  (l^l^f    ' 

We  now  turn  to  an  asymptotic  method  developed  by  chemists, 
called  the  quasi-steady  state  approximation;  it  is  applicable  in 
situations  where  one  of  the  components  is  very  nearly  in  steady 
state,  i.e.  its  concentration  hardly  changes  with  time.   This  is 
the  case  e.g.  in  (ll),  where  the  value  of  [A*]  is  determined  mainly 
by  the  equilibrium  of  the  reactions  in  (4);  although  A*  decays 
spontaneously,  the  rate  of  decay  s  is  assumed  to  be  small,  so  that 
equilibrium  is  reestablished.   The  method  consists  in  ass      that 
gv„,.4-  --(i^eady  state  has  been  reached,  i.e.  that  the  time  ...  .^.-.^-- 
of  I:      ponent  i:        n  is  zer  .    he  resulting  algel 
r  atrations  from  the 
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system  of  differential  equations;  the  remaining  diminished  system 

of  ode's  is  free  of  stiffness. 

d    * 

We  now  apply  this  method  to  system  (ll);  setting  -gr  t^  ^  ^  '^ 

in  (7)  gives 


(23)  k^[Ar-k^[A][A*]  -  s[A*]  =  0  , 

from  which 

(2M  [A^  =^^^j-^:,^    [A]  , 

i.e.   A  and  A*  are  very  nearly  in  equilibrium.   Now  add  (23)  to 
(6);  we  get  using  (24) 

^  (Al  =  -s[A'l  =  -  ^  [Al  , 

whose  solution  is 

(25)  [A]  =  const  exp 

This  result  agrees  with  (1?)'  when  k^  is  very  much  larger  than  k^, 
but  disagrees  otherwise.   Which  is  correct?   nimerical  integration 
of  the  system   (6),  (7)  gives  the  nod  to  (17)';  this  is  not  sur- 
prising since  one  can  prove  rigorously  that  (17)'  is  true.   In 
their  interesting  article  [1],  "The  Steady  State  Approximation: 
Fact  or  Fiction?",  Farrow  and  Edelson  analyse  a  reaction  mechanism 
involving  81  elementary  reactions;  the  ODE  system  describing  the 
reaction  is  stiff.   They  solve  this  system  by  Gear's  method;  this 
solution  differs  significantly  from  previously  obtained  solutions 
using  the  steady  state  approximation.   Since  Gear's  method  is  reli- 
able, this  shows  that  the  steady  state  method  is  not.   Nevertheless 
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we  feel  that  <'     '   need  for        *  ic  metho'     ■  rovid'      .t 
they  are  valid  —  such  as  the  ot  ;er,  or  the  one 

expounded  in  [  ., is  rea ,  whe  ! 

centrations  are  functions  of  space  as  well  as  of  time.   '^  -  v  •;- '  •  -v~ 

3ses,  such  as  in  fuel  inj      internal  combusti      -lines, 
are  t,,      ly  inhomog(      ;  the  del      solution  of  c      ated 
ODE'S       ^  i  _     ::  -i  ::  ,  r  :-_uitively  ex^.  _.._. .  t: . 

The  T  -  '■    '  -  ■  ns  in  ■   '  -''  v  "       ^  '       '    r] 

indeed.      In    [6],    We.  .  uss    the    react 

r>arbon  n  ,         ;f  vapor;    the    reaction 

]..- .w:^;,. ..,.,    •-.-^y   establish   includes   20   chemical   sp  . : .  ...    a.,..^   j6 
reactions.      For  other  ■■   the    reader  ne   litera- 

isms   for  tl  f  hydrocarbon  fuels,    see  e.g. 

[7]    and    I.    Glassii  ..    .  in. 
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RANDOM  CHOICE  METHODS  WITH  APPLICATIONS  TO  REACTING  GAS  FLOW 

Alexandre  Joel  Chorin 
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University  of  California 
Berkeley,  California  9^720 


Abstract 

THe  random  choice  method  is  analyzed;  appropriate  boundary 
conditions  are  described,  and  applications  to  reacting  gas  flow  in 
one  dimension  are  carried  out.   These  applications  illustrate  the 
advantages  of  the  method. 


Introduction 

The  random  choice  method  for  solving  hyperbolic  systems  was 
introduced  as  a  numerical  tool  in  [2] .   It  grew  from  a  construc- 
tive existence  proof  due  to  Glimm  [5] .   In  this  method,  the  solu- 
tion of  the  equations  is  constructed  as  a  superposition  of  locally 
exact  elementary  similarity  solutions;  the  superposition  is  carried 
out  through  a  sampling  procedure.   The  computing  effort  per  mesh 
point  is  relatively  large,  but  the  global  efficiency  is  high  when 
the  solutions  sought  contain  components  of  widely  differing  time 
scales.   This  efficiency  is  due  to  the  fact  that  the  appr 
interactions  can  be  properly  taken  into  account  when  tli^  ^^....  ...„:-y 

similarity  solutions  are  computed.   The  aim  of  the  present  1 

further  analysis  of  the  met; 
.;3  in  the  analysis  of  reacting  gas  flow. 

^*.\"^n   of  detonation  and  ^  •• ' -■ •-[    n   waves,  with  ini'^..^;   >^..d 

f ini ■  rates  . 
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¥e  begin  by  describing  the  method  briefly.   Consider  the 
hyperbolic  system  of  equations 

(1)  v^  =  (f(v))^,  v(x,0)   given  , 

when  V  is  the  solution  vector,  and  subscripts  denote  differentia- 
tion.  The  time  t  is  divided  into  intervals  of  length  k.   Let  h  be 
a  spatial  increment.   The  solution  is  to  be  evaluated  at  the  points 

(ih,nk)  and  ( ( i  +  ^)h,  (n  +  ^)k) ,  i  =  0,±l,+2,...,  n  =  1,2,...  .   Let 

n  /      \       n+l/2  .  ,    1 ,   ,    1 N  X 

u.  approximate  v(ih,nkj,  and  u.,-|/p  approximate  v(  (  i  + -^  jh,  (n +7jjk  ) . 

The  algorithm  is  defined  if  u-  .-i/o  can  be  found  when  u. ,  u.  -,  are 
known.   Consider  the  following  Riemann  problem: 

It  "  (^^I^^x  '   t  >  0  ,   -co  <  X  <  +00  , 


v(x,0)  = 


u.  ,  ,   for  X  >  0  , 
—1+1         — 


for  X  <  0  . 


Let  w(x, t)  denote  the  solution  of  this  problem.   Let  9.  be  a  value 

of  a  random  variable  9,    -  ^r  <  9  <  7^.   Let  P.  be  the  point   (e.h,-^), 

}         2—   —  2         1         -^       ^    X      2' 

and  let 

%  =  w(P^)  =  w(e.h,|) 


be  the  value  of  the  solution  w  of  the  Riemann  problem  at  P. .   We 


set 


n+l/2 
^i+1/2  =  ^  • 
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In  other  words,  at  each  time  step,  the  solution  is  first  approxima- 
ted by  a  piecewise  constant  function;  it  is  then  advanced  in  time 
exactly,  and  new  values  on  the  mesh  are  obtained  by  sampling.   The 
usefulness  of  the  method  depends  on  the  possibility  of  solving 
Riemann  problems  efficiently. 

Simple  Exajnples  and  Partial  Error  Estimates 

In  order  to  explain  the  method  further  and  analyze  its  limita- 
tions, we  consider  in  this  section  simple  examples  of  its  use;  the 
first  one  was  already  discussed  in  [7] •   Consider  the  equation 


(2) 


V,  =  V 
t      X 


in  -co  <  X  <  +00,  t  >  0,  with  v(x,0)  =  g(x)  given.  One  can  readily 
see  that  if  a  single  Q  is  picked  per  half  time  step,  Glimm's  method 
reduces  to 


It  follows  that 


n+1/2 
^i+1/2  =  ' 


^  u}^^      if  eh  >  -k/2 
1+1         — 


n 
u. 

V  1 


if  eh  <   -k/2  . 


u^  =  v(ih+Ti,t)  , 


W; 

i 

ti. 

p- 

„  .1 

_   *-         ^ 

C 

r 
i) 

[- 

1 

In. 

lule  whic'  ; 

.  .  shift  ind- 

or  picki 
m   from  the  uniform  distribution  on 
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ii)   n  is  assumed  known  in  advance;  the  interval  [-  -^ ,  ■^]    is 

divided  into  n  subintervals  of  equal  lengths  and  6.    is  picked  in 

th 
the  middle  of  the  i    subinterval; 

1   1 
iii)   (A  compromise  between  i)  and  ii)):  [-   n  ,  -^]    is  divided 

into  m  subintervals,  m  <<  n,  and  9-,  is  picked  at  random  in  the 

first  subinterval,  Q^   in  the  second  subinterval,  0jj,+-i  in  the  first 

subinterval,  etc. 

A  fourth  strategy  which  relies  on  the  well-equipartitioned 
sequences  studied  by  Richtmyer  and  Ostrowski  was  suggested  by  Lax 
f6],  but  is  not  useful  in  the  present  context. 

If  strategy  i)  is  used,  we  have 

x+T]  =  displacement  of  the  initial  value 
2n 


where 


ii 


r  I  "  -^^i  < 


-k/2 


\ 


-  I  if  he^  >_  -k/2 


The  variance  of  -q.  is  readily  evaluated: 

var  (ri.)  =^  (l-^)(i+k)  . 


the  variance  of  -q  is  thus 


TT  ^    h^^^  h^  ' 


and  the  standard  deviation  of  t\,    which  measures  its  magnitude  is 
v^  [(l-^)(l+^)^l/2  ^  ^  (^^^^ 


h'^    h' 
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If  the  second  strategy  is  used, 

u}  =   v(x+Ti,  t)  ,   It^I  <  ^  , 

if  n  =  0(h"^),  T]  =  0(h).   If  the  third  strategy  is  used,  and  n  is 
a  multiple  of  m,  r]   =   0(h/n/m),  since  only  in  every  m   half  step 
is  the  outcome  of  the  sampling  in  doubt. 

Assume  v  is  of  compact  support.   Following  a  suggestion  by 
Lax,  we  define  the  resolution  of  the  scheme  by 

Q"-"-  =  min  ||u^  -  v(ih+q,  t)|| 

q 

where  ||   ||  denotes  the  maximum  norm.   The  scheme  has  resolution  of 
order  m  if  Q  =  0(h~"^).   The  displacement  d  of  the  scheme  is  defined 
by 

Q-1  =  llu^^-  v(ih+d,t)|| 

=  min  ||u.  -v(ih+q,  t)||  . 

q   ^ 

The  method  applied  to  the  present  problem  has  almost  f i : 
accuracy,  almost  first  order  displacement,  but  infin: 
There  is  no  smoothing  and  no  numerical  diffusion  or  cix^.  ..o^^n. 
For  any  k/h,  •      nnain  of  dependenc        ^int  is  always  a  single 
The  a'           always  bounded. 
_             ,       luation  bein^ 
V.  =  (h/k)v  .   C  --'V,  since  '■'• -  .-.~..w„  „  „ ,  ,•  .,^...,.,.,-.,.^-  -^f  ^/h, 

o  X 

th  erali:  i   com  oef f icients . 

der  now  the   equation 

v^.   =  a(x,  t)v^  , 
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in  -OD  <  X  <  +00,  t  >  0,  v(x,0)  =  g(x)  given,  and  a(x,t)  a 
Lipschitz  continuous  function  of  both  x  and  t.   The  method  is  not 
well  suited  to  the  solution  of  such  an  equation,  both  because  the 
solution  of  the  Riemann  problem  requires  a  possibly  laborious  inte- 
gration of  a  characteristic  equation,  and  because  the  errors  will 
turn  out  to  be  large  compared  with  those  incurred  in  other  available 
methods.   The  analysis  is  nevertheless  illuminating. 

Let  C   be  the  characteristic 
^0 

^  =  -a(x,t)  ,    x(0)  =  Xq  . 

For  each  i,  we  have 

/u^  if  P  =  (eh,§)  lies  to  the  right  of  C    -, 
n+1/2   J   '  ^  (l+|)h 

^+1/2  -  ^ 

u^,-,  if   P  lies  to  the  left  of  C    -, 

^-"^  (i4-|)h 


As  before 


u.  =  v(x+Ti,t)  ,   X  =  ih  ,   t  =  nk  ; 


where  t^  is  a  random  variable  which  now  depends  on  both  x  and  t. 
If  0  is  picked  at  random  from  the  uniform  distribution  on 
[-  ■^ '  n]       (strategy  i))  we  have  as  before  t\   =   0(h/n).   Strategy  ii ) 
clearly  yields  an  error  0(l).   Strategy  iii)  is  more  advantageous; 
the  standard  deviation  of  ri  is  again  bounded  by  0(h/n/m) .   However, 
the  mean  of  r)  is  no  longer  zero.   Assume  k  =  0(h).   Note  that 
a(x,t)  may  vary  by  0(mh)  before  this  change  affects  the  values  of  tj. 
Thus,  r\  =   mean  of  t]  =  0(mh),  and  t]  =  0(mh)  +  0(h/n/m) .   If 
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n  =  0(h~"'")  and  m  =  0(n  ^^  ) ,    then  t\  =   0(h  ^^  ) .   We  have  less  than 
first  order  accuracy  and  more  than  first  order  displacement. 

We  now  try  to  assess  the  relative  displacement  of  two  points. 
Let  us  assume  that  the  first  sampling  strategy  is  used,  i.e.,  6   is 
picked  at  each  step  from  the  uniform  distribution  on  [-  -g  '  p-^  * 
Consider  first  the  quantity 

Ari(h,k)  =  (ti(x,  t+k)  -  Ti(x+h,  t+k))  -  (ti(x,  t)  -  Ti(x+h,  t))  , 

i.e.,  the  difference  between  the  numerically  induced  translations 
experienced  by  two  neighboring  points  during  one  time  step.   If 
ATi(h,k)  >  0,  information  is  lost:   one  value  of  v(x,  O)  disappears. 
If  ATi(h,k)  <  0,  a  false  constant  state  is  created.   ATi(h,k)  can 
take  on  the  values  0,  ±h.   ATi(h,  k)  ?^  0  if  P  =  (eh,^)  falls  to  the 
left  of  the  characteristic  through  one  of  the  points  (ih,nk), 
((i+l)h, nk)  and  to  the  right  of  the  other.   This  happens  with 
probability  0(h),  i.e.,  the  variance  of  ATi(h,k)  is  oCh"^).   There- 
fore,  the  variance  of  ATi(h)  =  T]{x,t)  -  T\{x+h,  t)    is  nO(h-^)  =  0(h  )  if 
n  =  0(h"  ),  and  the  standard  deviation  of  ATi(h)  is  0(h),  i.e., 
neighboring  values  in  the  range  of  v  do  not  fly  far  apart.   The 
sajne  estimate  holds  for  the  other  sampling  strategies. 

Consider  now  the  relative  displacement  At]  of  two  values  far 
apart.   Let  t],  =  n(x,  t),  ^g  =  ti(x+X,  t),  and  An  =  ',  -  ,  ■ 

u"  =  v(x+tjj^,  t)  =       ,   ih  =  X  ,   nk  =  t  , 
v(x+X+Ti2,  t)  =  ^(xg)  ,   i^h  =  X  , 


n 
u, 


where   g(x)   =  v(x,0).      Let  C        be    the   c;.... 

^1 
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and  similarly  for  C   .   x„-x-,  has  increased  by  ±h  each  time 

Xp      d.         X 

P  =  (eh,-^)  fell  between  the  two  characteristics.   Assume  the  first 
sampling  strategy  is  used.   There  are  two  sources  of  error  which 
make  At)  ^   0.   There  is  the  standard  deviation  of  the  sum  of  the 
random  variables  which  equal  ±h  when  P  is  between  the  characteris- 
tics, and  are  zero  otherwise,  (this  is  clearly  0(h/n)),  and  there 
is  the  uncertainty  in  the  slope  of  the  characteristics  due  to  the 
lateral  displacement  of  the  solution;  this  is  again  0(h/n)  and 
induces  an  error  0(h  ''^  r? '     )    =  Q)[[\\/xi)'     );  if  n  =  0(h~  ),  this  is 
0(h  ''^  ).   Thus  At)  =  0(h/n),  and  the  resolution  is  not  of  higher 
order  than  the  accuracy.   Similar  results  hold  for  the  other 
sampling  strategies. 

We  now  turn  to  the  nonlinear  problem 

It  =  ^^(l))x  ' 

where  f  is  a  function  of  v  but  not  explicitly  a  function  of  x 
and  t.   The  method  of  analysis  we  have  used  here  is  not  applicable, 
since  values  of  v  are  not  merely  propagated  along  characteristics. 
Furthermore,  we  have  here  no  way  of  taking  into  account  properly 
the  fact  that  rarefaction  or  loss  of  information  incurred  in  the 
numerical  process  correspond  to  genuine  properties  of  the  differen- 
tial equations.   All  we  can  provide  here  is  a  heuristic  analysis. 
Consider  the  third  sampling  strategy.   Since  the  slope  of  the 
characteristic  depends  on  the  values  of  v  and  not  on  x,  the  values 
of  V  at  neighborhing  points  remain  attached  to  neighboring  points, 
we  expect  the  term  0(mh)  in  t]  to  disappear,  and  have  x\   =   0 (h/n/m ) . 
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Thus,  the  resolution  should  be  at  least  0(h/n/m).   Note  that  if 

n  =  0(h~  )  and  m  =  0(n),  the  random  element  in  the  method  loses  its 

significance . 

In  the  case  of  a  shock  separating  two  constant  states,  one 


can  readily  see  that  d  =  0(h/n/m)  but  the  resolution  is  infinite. 
One  can  trivially  define  resolution  in  a  neighborhood.   Thus,  what 
we  have  is  a  rather  awkward  first  order  method,  which  resolves 
shocks  very  sharply.   We  also  know  that  it  keeps  fluid  interfaces 
perfectly  sharp  [2] .   It  is  useful  for  the  analysis  of  problems  in 
cartesian  coordinates  in  which  the  dynamics  of  the  discontinuities 
are  of  paramount  significance.   We  shall  provide  examples  of  such 
problems  in  later  sections.   Recent  results  (see,  e.g.,  [8])  show 
that  in  such  problems  substantially  higher  accuracy  cannot  be 
achieved. 

Boundary  Conditions 

The  correct  imposition  of  boundary  conditions  in  our  method 
requires  careful  thought,  and  was  not  adequately  discussed  in  [2]. 
It  is  clear  that  even  in  the  case  of  equation  (2)  the  presence  of 
a  boundary  can  detract  from  both  accuracy  and  resolution, 
lateral  displacement  of  the  solution  may  maJce  some  func     alues 
disappear  across  the  boundary  and  care  must  be  taken  he 

possibility  of  their  retrieval.   Additional  stora    ..i.^^  ^;.e 
boundary  and  careful  accounting  of  the  la 
a  rem^'fiy. 

The  ! 
the  ]"• — «'  ':••■-; ^  -^  '-u^    _.i..^j —  /^-j  ♦■hus  reduce  the  a.^o^ 
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of  information  at  walls),  when  the  third  sampling  strategy  is  used. 
The  goal  is  to  obtain  as  fast  as  possible  solution  values  on  both 
sides  of  whatever  wave  pattern  emerges  in  the  solution  of  the 
Riemann  problem,  and  thus  rapidly  offset  a  displacement  to  right 
by  a  displacement  to  the  left  (or  vice  versa).   ¥e  pick  an  integer 
m'  <  m,  and  m  and  m'  mutually  prime,  and  n„  integer,  n-^  <  m,  and 
construct  the  sequence  of  integers 

(3)  n^^^  =    (n^+m')(niod  m)  . 

The  subintervals  of  [-  -p  j -p]  are  then  sampled  in  the  order 
n„, n, , n„, . . .  rather  than  in  the  natural  succession.   One  can 
further  modify  the  sampling  so  that  of  two  successive  values  of  6, 
one  lies  in  [-  -p,  0]  and  one  in  [0,p].   These  procedures  do  not 
increase  the  error  far  from  the  wall,  and  are  quite  effective, 
although  no  analytical  assessment  of  their  efficiency  is  available. 

Suppose  we  are  solving  the  equations  of  gas  dynamics  (equa- 
tions (4)  below),  and  using  the  third  sampling  strategy,  modified 
by  (3)  or  not.   Assume  the  velocity  v  is  given  at  the  boundary. 
One  can  find  a  state  (i.e.,  a  set  of  values  for  the  gas  variables) 
which  has  the  given  velocity  and  which  can  be  connected  to  the 
state  one  mesh  point  into  the  fluid  by  a  simple  wave  (see,  e.g., 
[4]).   This  is  equivalent  to  solving  half  a  Riemann  problem,  and 
provides  an  appropriate  solution  field  which  can  be  sampled.   The 
same  result  can  be  obtained  by  symmetry  considerations.   Consider 
a  boundary  point  to  the  right  on  the  region  of  flow;  let  the 
boundary  conditions  be  imposed  at  a  point  i^h.   A  fake  right  state 
at  (i  +---)h  is  created,  with 
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PiQ+1/2    -   PiQ-1/2    ' 


^io^l/2 


2V-  V 


X0-V2    ' 


Pio+1/2  =  Pio-1/2  ' 

where  p,  v,  p  are  respectively  the  gas  density,  velocity  and 
pressure,  and  V  is  the  velocity  of  the  wall.   The  constant  state  in 

the  middle  of  the  Riemann  solution  is  the  wall  state,  and  it  is 

dx 
sampled  to  the  left  of  the  slip  line  -^-p  =  V. 

This  procedure  contains  a  pitfall,  not  noticed  in  [2];  let  9 

be  chosen  in  accordance  with  our  usual  sampling  strategy;  let  9-,, 

0p  be  the  values  of  Q   at  two  successive  time  steps  (0-.  a:__:    are 

not  independent).   0',  e'   the  values  used  at  the  wall,  differ  from 

9-]  and  9p  since  only  part  of  the  interval  [-  73- ^  tj]  is  sajnpled  (or 


else  one  does  not  remain  to  the  left  of  the  wall  line 


dx 
dl 


=  V). 


6,    and  q\   can  presumably  be  obtained  by  a  linear  chatnge  of 

variables.   Consider  a  specific  part  of  the  wave  pattern  a- 

wall.   o'     ■)[,    ol   are  not  independent,       ssibilit; 

that  whenever  9!  picks  up  the  specific  part  .. 

is  such  that  this  information  is  lost  to  the  wall.   T'*""  r  ----ri- 


bi 

description  i' 
obtained  in  [2] . 

Lbles  ; 
distribution  on  [-  ^ ,  ^] 


!  in  [2],  and  its  removal 


of  the  r 


independently  iTom  the  unii'omj 
iverage  no  informatic: 
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lost  to  the  wall,  but  the  variance  of  the  solution  will  he 
increased.   Better  strategies  can  be  devised,  but  require  thought 
in  each  special  case.   If  the  walls  are  at  rest,  V  =  0,  one  can 
proceed  as  follows:   impose  the  boundary  condition  on  the  right  at 
time  nk  and  a  point  i-,h,  and  on  the  left  at  time  (n  +  -^)k  at  a  point 
(ip+p-)h,  i-,,  ip  integers.   One  can  see  that  if  0-,,  0„  are  so 
chosen  that  0-,  <  0  at  time  nk,  and  0p  ^  0  at  time  (n  +  -^)k,  then  6-, 
and  0p  can  be  used  at  the  boundary  as  well  as  in  interior  without 
loss  of  resolution. 


Detonations  and  Deflagrations  in  a  One  Dimensional  Ideal  Gas 

Our  goal  in  this  section  is  to  present  a  quick  summary  of  the 
elementary  theory  of  one  dimensional  detonation  and  deflagration 
waves,  (for  more  detail,  see,  e.g.,  [4]  and  [10],  and  then  derive 
some  relations  between  the  hydrodynamical  variables  on  the  two 
sides  of  such  waves  for  later  use. 

The  equations  of  gas  dynamics  are 


(4a)  p^+  (pv)^  =  0  , 

(4b)  (pv)t+  (P^^+P)x  =  °  ' 

(4c)  e^+  ((e+p)v)^  =  0  , 

where  the  subscripts  denote  differentiation,  p  is  the  density  of 
the  gas,  V  is  the  velocity,  pv  is  the  momentum,  e  is  the  energy  per 
unit  volume  and  p  is  the  pressure.   We  have 
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(4d)  e  =  pe  +  ^  pv^  , 

where  e  =  e.  +  q,  e.  is  the  internal  energy  per  lonit  mass, 

where  -y  is  a  constant,  7  >  1,  and  q  is  the  energy  of  formation 
which  can  be  released  through  chemical  reaction  (see  [4]).   In  the 
present  section  it  will  be  assumed  that  part  of  q  is  released 
instantaneously  in  an  infinitely  thin  reaction  zone.   Let  the  sub- 
script 0  refer  to  unburned  gas  (i.e.,  gas  which  has  not  yet  under- 
gone the  chemical  reaction)  and  let  the  subscript  1  refer  to  burned 
gas.   The  unburned  gas  is  on  the  right.   We  have 

1   Po  ^ 

For  the  sake  of  simplicity,  we  shall  make  here  the  lonrealistic 
assumption  7,  =7=7.   (The  case  7,  ^   7   is  more  difficult  only 
because  of  additional  algebra.  )  When  y-,    =  yr.  =  y   the  reaction  can 
be  exothermic  (i.e.,  release  energy)  only  if  q,  >  q„. 
Let  U  be  the  velocity  of  the  reaction  zone.   Let 

w^  =  v^  -  U 

Wq  =  Vq  -  U  . 

Conservation  of  mass  and  momentum  is  expressed  by 
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(5)  P^w-^  =  PqWq  =  -M 


(6)  PqWq  +Pq  =  p^w^  +p^ 


(see  [4]).   From  these  relations  one  readily  deduces 

M  =  -  :,  where   t  =  1/p  . 

^0"^1 

Define  the  function  H  by 


H  =  s-^-e^  +  ^  (p^+Pq) 


Conservation  of  energy  is  expressed  by 

H  =  H(t^,p^,Tq,Pq)  =  0  . 

Define  A   =   q_^-q-,,     {l\    <   0   for   an  exothermic   process),    and  \i      =  -^^rrr; 
we    find 

2n^H   =   0   =    (I-U^)t^P^  -  (I-h^)TqPq  -2[i^A  +  h^(t^-Tq)(p^+Pq) 

(7) 

=   -Pq(Tq-h    t-j_)  +P-|^(t-j_-h    Tq)  -2\i  a    . 

In  the  (t-,,P-|)  plane  the  locus  of  points  which  can  be  connected  to 
(t  ,p  )  by  an  infinitely  thin  combustion  wave  is  a  curve  which 
reduces  to  a  hyperbola  when  A  is  independent  of  p  and  t.   (See 
Figure  1.)   The  lines  through  (t  ,p  )  tangent  to  H  =  0  are  called 
the  Rayleigh  lines.   Their  points  of  tangency,  S-j^  and  82^  are 
called  the  Chapman- Jouguet  (CJ)  points.   The  portion,  p-j^  >  p^  and 
T-,  >  T„,  of  the  curve  is  omitted  because  it  corresponds  to 
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Strong 


Detonation 
branch 


Deflagration 
branch 


CJ  point 


Figure  1.   The  Hv'  "iot  curve  for  exothermic  gas  flow. 
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2 

unphysical  events  in  which  M  <  0.   The  upper  portion  of  the  curve 

corresponds  to  detonations;  the  portion  above  S-,  to  strong  detona- 
tions and  the  portion  below  to  weak  detonations.   The  lower  part 
of  the  curve  corresponds  to  deflagrations. 

The  velocity  and  strength  of  a  strong  detonation  are  entirely 
determined  by  the  state  of  the  unburned  gas  in  front  of  the  detona- 
tion and  one  quantity  behind  the  detonation,  just  as  in  the  case 
with  shocks.   Let  p„,  p^^,  t„,  e^   and  v  be  given,  as  well  as  p^, 
and  assume  the  unburned  gas  lies  to  the  right  of  the  detonation. 
We  have  from  (7 ) 


^   Pq+Pi  /  ^   Po+Pl 


and  thus 


2     Pq-Pi  _  Pp-Pj 

0  1     /Po+^  Pi  ,  2^  apq    \ 

^0  ——T-  ^   -2-— 1 

\  p^+n  Pq   ^L  Pq+Pj   / 

Let  [p]  =  p-|-p„;  some  algebra  yields 

(9)    ■    m2  =  pQpQ(l5i  +  4i  (^))/(l-  (^-1)PqA/[p])  . 

If  A  =  0  this  formula  reduces  to  the  expression  for  M  in  a  shock, 
as  given  in  [2]  or  [9].  M  is  real  if  [p]  -  (7-l)p„A  >_  0;  this  can 
be  readily  seen  to  hold  in  a  strong  detonation. 

The  states  on  the  curve  H  =  0  located  between  the  CJ  point  S^^ 
and  the  line  t  =  t^  correspond  to  weak  detonations.   As  described 
in  [4],  the  state  behind  a  weak  detonation  is  entirely  determined 
by  the  velocity  U  of  the  detonation  and  the  state  in  front  of  it. 
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In  fact,  a  weak  detonation  cannot  occur  and  what  does  happen  is  a 
CJ  detonation  followed  by  a  rarefaction  wave.   Our  next  objective 
is  to  derive  an  explicit  criterion  for  determining  whether  a 
detonation  will  be  a  strong  detonation  or  a  CJ  detonation. 

It  is  shown  in  [4]  that  at  S-,,  |w-,  |  =  c,  where  c-,  =  /tpTTpT 
is  the  sound  speed,  i.e.,  a  CJ  detonation  moves  with  respect  to  the 
burned  gas  with  a  velocity  equal  to  the  velocity  of  sound  in  the 
burned  gas.   We  now  use  this  fact  to  determine  the  density  Pp j, 
velocity  v^  ,  and  pressure  p- ^  behind  a  CJ  detonation. 

From  equations  (4)  and  (5)  one  finds 

Pi'Pq      2  2      2  2     ,,2 
T-^   =  -PiW^  =  -PoWq  =  -M   , 

and  thus  in  a  CJ  detonation 

Pi-Pq     2  ^Pl     ^  .  ,  / 

or 
(10)  t-,^(P^(1+7)-Pq)  =  7TqP^  . 

Equating  t-,  obtained  from  (8)  to  t-,  in  (10),  we  find 


T 


^^Pi^Pq^  ,    2u^A         ^-^oPl 

°l^^^y  (PiV%) "  Pi^^^>^-Po 


Some  algebra  reduces  this  equation  to 


2 

Pi  '*'  ^Pi^"*"  c  =  0  , 


where 
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(11a)  b   =   -Pq-A(7-1)pq 

(lib)  .  c    =   Pq  +2ii^PqPqA      ; 

2 
a   trivial   calculation   shows    that   b   -c    >   0   if  7    >   1   and  A    <   0.      Thus 


(lie)  p^j  =  p^  =   -b  +  / 


Cj  -   .. b^ 


where  the  +  sign  is  mandatory  since  a  detonation  is  compressive. 
Given  p^_  =  p-,,  p„-|.  =  p-,  =  t-,   can  be  obtained  from  equation  (lO) 
Since  M  =  -p,w,,  and  w-,  =  -c-,,  we  find 

M  =  /7P1P1  =  APcjPcj  • 


The  velocity  Up,  of  the  detonation  is  found  from 


which  yields  U^j  =  (Pq^q  "*"  "^^^CjPcj^/Pc J'  ^'^^  ^^^"^ 


(12)  ^CJ="CJ-^CJ 


v_, -J.  depends  only  on  the  state  of  the  unburned  gas. 

Suppose  V-,,  the  velocity  of  the  burned  gas,  is  given.   If 
V-,  j<  v.,   a  CJ  detonation  will  appear,  followed  by  a  rarefaction 
wave.   If  V-,  =  Vp -J.  a  CJ  detonation  will  appear  alone,  and  if 
v.  >  Vp -J.  a  strong  detonation  will  take  place. 

If  the  unburned  gas  lies  to  the  left  of  the  burned  gas 
analogous  relations  are  found;  the  only  difference  lies  in  the 
signs  of  V,  in  particular. 
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+Pl(v^-U)  =  +Pq(Vq-U) 


The  velocity  of  a  possible  deflagration  cannot  be  determined 
within  the  context  of  a  theory  which  assumes  the  gas  to  be  non- 
conducting; this  point  will  be  further  discussed  below.   It  will 
turn  out  that  for  a  nonconducting  gas  the  only  possible  deflagra- 
tion is  a  constant  pressure  deflagration,  p-,  =  p_,  which  moves  with 
zero  velocity  with  respect  to  the  gas;  i.e.,  it  is  indistinguish- 
able from  a  slip  line. 

Application  of  the  Method  to  Reacting  Gas  Flow 

One  interesting  feature  of  our  method  is  its  applicability  to 
the  analysis  of  gas  flow  in  which  exothermic  chemical  reactions  are 
taking  place  and  producing  substantial  dynamical  effects.   A 
Riemann  problem  is  solved  at  each  time  step  and  at  each  point  in 
time;  this  solution  is  then  sampled.   The  advantage  of  this  pro- 
cedure is  that  the  interaction  of  the  flow  and  the  chemical  re- 
action can  be  taken  into  account  when  the  Riemann  problem  is  solved, 
even  when  the  time  scales  of  the  chemistry  and  the  fluid  flow  are 
very  different.   As  a  result,  the  basic  conservation  laws  are 
satisfied  at  the  end  of  each  time  step.   It  can  be  readily  seen 
that  if  the  chemical  reactions  ajid  the  gas  flow  were  to  be  taken 
into  account  in  separate  fractional  steps,  the  basi 
laws  may  be  violated  at  the  end  of  each  hydrodynami^j^i^  ^i^'t^,    i:...^ 

—  usu 
iy.   It  is  intere.    _  .  u- 
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tions  with  energy  deposition  in  the  flow  field  are  equivalent  to 
the  exothermic  centers  introduced  by  Oppenheim  [3]  and  serve  the 
same  purpose  of  accounting  for  the  dynamical  effects  of  the  exo- 
thermic reactions.  These  discrete  exothermic  centers  correspond 
to  a  physical  reality  whose  origin  can  be  ascribed  to  the  fluctua- 
tions to  the  levels  of  chemical  species  [1]. 

We  consider  here  the  simplest  possible  description  of  a  re- 
acting gas  (see  e.g.  [9]): 

(13a)  p^+  (pv)^  =  0 

(13h)  (pv)^  +  (pv^  +  p)^  =  0 

(15c)  ^t^  ^^^^P^^^x'^^xx  =  ° 

where,  as  before,  p  is  the  density,  v  is  the  velocity,  e  the  energy 
per  unit  volume, 

(13d)  e  =  pe  +  2  pv  , 

e  is  the  internal  energy.   In  this  section, 
(13e)  s=^l+Zq 

where  7  is  a  constant,  7  >  1,  q  is  the  total  available  bonding 
energy  (q  <  O),  and  Z  is  a  progress  parameter  for  the  reaction. 
T  =  p/p  is  the  temperature,  and  A  is  the  coefficient  of  heat  con- 
duction.  Z  is  assumed  to  satisfy  the  rate  equation 

(I3f)  ^  =  -KZ  ,   Z(0)  =  1 

where 
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K  =  0   if   T  =  p/p  <  Tq  , 

(I3g) 

K  =  Kq   if   T  =  p/p  >  Tq  . 

1     is  the  ignition  temperature  and  Kq  is  the  reaction  rate.   The 
equations  of  the  preceding  section  are  recovered  if  we  set  A  =  0, 
q  =  A,  and  K  =  oo  .   Equation  (13f )  is  a  reasonable  prototype  of  the 
vastly  more  complex  equations  which  describe  real  chemical 
kinetics.   Viscous  effects  have  been  omitted  here;  their  inclusion 
in  the  present  context  has  little  effect  and  presents  little 
difficulty.   (Thus,  we  assume  here  a  zero  Prandtl  number. ) 

The  approximation  of  the  dissipation  term  will  be  relegated 
to  a  separate  fractional  step,  where  it  is  to  be  handled  by 
straightforward  finite  differences.   In  view  of  (13e),  and  the 
perfect  gas  law  T  =  p/p  (in  appropriate  units),  this  fractional 
step  requires  merely  the  approximation  of 


(14)  \T=    (^-1)T^^  . 

The  differencing  of  a  heat  conduction  term  alone  introduces 
negligible  numerical  dissipation.   Several  more  sophisticated 
approximation  methods  were  tried,  but  did  not  seem  to  be  worth 
pursuing. 

All  that  remains  to  be  done  is  to  describe  the  soluti 
the  Riemann  problem  for  equations  (13)  with  A  =  0.   This  wi 
done  with  the  following  simplifying  assumption:   whatever  energy 
may  be  reV-\!--d  during  the  time  k/?  in  a  portion  of  the  fluid  is 
released  instanteuieously .   This  approximation  is  well  in  th- 
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of  our  method  (since  it  approximates  Z  by  a  piecewise  constant 
function);  it  also  has  some  physical  justification  [1] . 

Solution  of  a  Riemann  Problem  With  Chemistry 
Our  goal  is  to  solve  equations  (15)  and  the  following  data: 

s^(p  =  Pp^>  p  =  p^^.  ""  =  ""r   ^  ^  ^i^    ^""^  ""  -  ° 

and 

S^(p  =  p^,  P  =  P^,  V  =  v^,  Z  =  Z^)     for  X  >  0 

with  A  =  0.  We  begin  by  a  partial  review  of  the  case  K„  =  0  (no 
chemistry;  see  [2],  [6],  [9])-  The  solution  consists  of  a  right 
state  S  ,    a  left  state  S  ,  a  middle  state  S^(p  =  p^,  v  =  v^), 

separated  by  waves  which  are  either  rarefactions  or  shocks.   S^  is 

dx 
divided  by  the  slip  line  -r-p  =  v^  into  two  parts  with  possibly 

differing  values  of  p,  p^   to  the  right  of  the  slip  line  and  p^   tc 

its  left.   To  determine  v^  and  p^  we  proceed  as  follows:   define 

the  quantity 


(15)  M^  = 


P^-P* 


r   v^-v^ 


If  the  right  wave  is  a  shock, 

(16)  M^  =  -p  (v  -U^)  =  -p^  (v^-U^) 


r '  r   r  ■ 


where  U  is  the  velocity  of  the  right  shock.   From  the  Rankine- 
Hugoniot  conditions  one  obtains 

(17a)  M^  =  /pTp^Mp*/?^)  y         P*/Pr  1   1  > 

where 
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(17b)  <t>i(a)  =/^a+  1^  . 

If  the  right  wave  is  a  rarefaction,  we  find 

(18a)  M^  =  /p^  ct2^P*/Pr)  '         P*/Pr  -  ^  ' 

where 

(IBM  ,,(„,.  ^^_-^. 

(18b)  is  derived  through  the  use  of  the  isentropic  law  pp~"^  = 
constant  and  the  constancy  of  the  right  Riemann  invariant 
r   =  2/7p/p/(7-l)  -  V.   The  function 

A-^(a)  ,    a  >  1  , 

(19)  <t)  =\ 

I  (t)2(a)  ,    a  <  1  , 

is  continuous  at  a  =  1,  with  ^{1)    =   4*1  (l)  =  ^n^^^   ^  ^'      Similarly, 
we  define 

if  the  left  wave  is  a  shock, 

(21)  M^  =  P^(v^-U^)  =  p»/v^-U^)  , 

where  U.  is  the  velocity  of  the  left  shock,  k?   on  the  right, 

M  =  /p  p~  4'(P»/P;)>  Where  ^{a.)    is  defined  as  in  equations  (1?)  and 

(18).   From  (15)  and  (20), 

(22)  p^  =  (u^-u^+p^/M^  +  p^/M^)/((l/M^)  +  (1/M^ 
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Pick  a  starting  value  p^  (or  values  M  ,  M  ),  and  then  compute  p^      , 
M^^-*-,  M^"^^,  q  >  0  using 

(23a)  p^    =    (u^-u^+p/M;  +  pyMp/((l/Mp  +(l/Mp)    , 

(25b)  pi        =  max    (£,p^  )    , 

(23c)  m;+1   =/?;^  MPrVPr)    . 

(25d)  m;^^^  =vp77  Mp^Vp^)  . 

Equation  (23b)  is  needed  because  there  is  no  guarantee  that  in  the 

-ft 

course  of  iteration  p  remains  ^  0.   We  usually  set  e-,  =  10   .   The 

iteration  is  stopped  when 

max  (|M;+^-M;uiM;;+^-M;;i)  <  e^  , 

(we  usually  picked  e   =  10"  );  one  then  sets  M  =  M^"*"  ,  M.  =  M^"""  , 

v+l 
and  p^  =  P^ 

To  start  this  procedure  one  needs  initial  values  of  either  M 

and  M.  (or  p^ ) .   The  starting  procedure  suggested  by  Godunov 

appears  to  be  ineffective,  and  better  results  were  obtained  by 

setting 

Pj  =  (Pr+Pp/2  . 

We  also  ensured  that  the  iteration  was  carried  out  at  least  twice, 
to  avoid  spurious  convergence  when  p  =  P  ,0  • 

As  noted  by  Godunov,  the  iteration  may  fail  to  converge  in 
the  pr-esence  of  a  strong  rarefaction.   This  problem  can  be  oveicome 
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by  the  following  variant  of  Godimov's  procedure:   If  the  iteration 
has  not  converged  after  L  iterations  (we  usually  set  L  =  20), 
equation  (23b)  is  replaced  by 

(23b)'  pI^^  =  a   max  (e^,?^)  +  il-a)vl 

with  a  =  a-,  =  ■^.   If  further  L  iterations  occur  without  convergence, 
we  reset  Op  =  a-,/2.   More  generally,  the  program  was  written  in 
such  a  way  that  if  the  iteration  fails  to  converge  after  IL   itera- 
tions (£  integer),  a  is  reset  to 

In  practice,  the  cases  H,    >  2   were  never  encountered.   The  number  of 
iterations  required  oscillated  between  2  and  10,  except  at  a  very 
few  points. 

Once  p^,  M  ,  M.  are  known,  we  have 

(24)  v^  =  (P£-Pr  +  M^U^  +  M^U^)/(M^+M^) 

he  defii;        :'  M  and  M.. 

r      ?, 

Cons i J     ,.  Lhe  case  Kq  ^  0,  (A  =  O);  the  r. 
V,-  ..   '       CJ  or  str  -  ■  ^  "  —:'-■--.'    "-  ■.:-^^  --  -'-—'-"  -"'■ 

1  i  s  t  o  i  ■ 
ties  int         ution  :. 

^...  ^■^:^'^-^   J  will  remain  a  constant  state;  v^  and  p^.  lir- 

fixed.   The        in  S  :  ^     '   "  ^' 

r 

no  work).  BZ   in        be  foun 

equations  (13f),  (I3fc;),  with        ^.  -  .   .k/2)  =  Z^  +  dZ^., 

6Z„  <  0.   The  new  pressure  is 
r  — 
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(25)  Pj.  +  5p^  =  p^+  (7-l)5Z  qp^ 

(see  equation  (?))•   We  write  p    =  p  +6p  ,  and  drop  the  super- 
script new.   (We  shall  need  the  old  Z  again  and  thus  refrain  from 
renaming  Z  +  5Z  .)   Similarly,  Z.  changes  to  Z.  +  5Z  ,  and  a  new  p 
is  found  using  the  obvious  analogue  of  equation  (25). 

In  S„  the  values  of  Z  differ  from  the  values  Z  +  5Z  ,  Z„  +  5Z„. 
Let  Z^f. ,  be  the  value  of  Z  to  the  left  of  the  slip  line  and  let  Z^ 
be  the  value  of  Z  to  the  right  of  the  slip  line.   The  difference  in 

energy  of  formation  across  the  right  wave  is  A   =  (Z„  -  (Z  +6Z  ))q, 

r     *  r    r    r 

and  across  the  left  wave  it  is  A^  =  (Z^.-  (Z+5Z))q.   We  shall 

JU  L  Kj  X/ 

iterate  on  the  values  Z«.  .,  Z„  ,  A  ,  A  ^ .   In  the  first  iteration,  we 

set  Z„   =Z  +5Z,  Z„.  =  Z.+5Z.,  and  thus  A   =  A  „  =  0,  and  carry 

out  the  iterations  (23).   When  (23)  has  converged,  a  new  pressure 

p*  is  given,  and  new  densities  p^^  ,  p^  „  can  be  found  from  equations 

(l6),  (21)  or  the  isentropic  law.   New  temperatures  T^   =  P*/p*  > 

T^  ^  =  P«/p* /;  9-^6  evaluated,  equations  (13f),  (13g)  are  solved,  and 

new  values  Z„  ,  Z_  .,  A^,  A.  are  found.   If  A^  <  0  the  right  wave  is 
■"■r^ijrjj  r  — 

either  a  shock  or  a  rarefaction,  and  if  A   >  0  the  right  wave  is 

either  a  CJ  detonation  followed  by  a  rarefaction  or  a  strong 

detonation. 

Let  v^  be  the  velocity  in  S^ .   Given  A  ,  A.,  we  can  find  the 

velocities  v.,   ,  v    behind  possible  CJ  detonations  on  the  right 

and  left  (equation  (12)).   If  v^  ^  v    the  right  wave  is  a  CJ 

detonation  followed  by  rarefaction,  and  if  v^  >  v^ ^  the  right  wave 

*  —  CJr 

is  a  strong  detonation.   The  CJ  state  is  unaffected  by  S^  (since  it 
depends  only  on  S  )  and  as  far  as  the  Riemann  solution  is  concerned 
it  is  a  fixed  state.   If  the  right  wave  is  a  CJ  detonation,  we  re- 
define M  . 
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^r  =  V  -V  ' 
(p-,-  from  equation  (lie)).   Then 

(26)  M^  =  /PJTCJ  <t'2(P*/Pcj)  '   P*/PCJ  -  ^  ' 

If  the  right  wave  is  a  strong  detonation,  we  find  from  (9) 

M^  =  /P^p^  <l>3(p^A^,p^,p^)  , 

where  -,     ,  t  ou 

2   ^    2   a2 


(=^3^V"2'°^))   =  (^_l)  ct^^ 


1  - 


o^-a^ 


Similar  expressions  occur  on  the  left.   The  iteration  starts  with 
M  ,  M.  from  the  previous  iteration,  and  written  out  in  full, 
appears  as  follows: 

P"  =  (v^-Vr  +  P/^r+P/^p/^^/^r+^/^i)  '      "   -        ' 

V+1  /   ~V  \ 

Pj,   =  max  (e,p  )  , 
v^  =  (P^-Pr+M^^v^+Mpp/(M^^  +  M;;)  , 

f(PcJr'Pcjr'^CJr)   ^^  ^^^^^^  "^^^  = 
[(Pr'Pr>vp 


(pr'Pr^V)  = 


(p^,P^>v^)        otherwise. 
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VPpPr  <l'5(Pp'^j;.'Pr'P*   ^  ^^   right  wave  =  strong  detonation. 


mV  +  1 

^r 


Jp^Py,  'l'(P*"^  /P^)        otherwise. 


r'"^r 


mV  +  1 


'/pTpT  ({)^  (p.A  ,,  p  .,p^   )   if  left  wave  =  strong  detonation. 


Jp.p.  4'(P*^  /P  J        otherwise 


l^'Ji 


The  complexity  of  this  iteration  is  more  apparent  than  real.   It  is 

stopped  when  it  has  converged,  as  before.   New  values  of  Z^  ,  Z^ 

A  ,  A.  are  evaluated,  and  the  iteration  is  repeated;  this  process 

is  stopped  when  A  ,  A.  change  by  less  than  some  predetermined  e-, 

r    iy  y 

over  two  successive  iterations.   It  can  be  readily  seen  that  with 

the  present  expression  for  the  energy  of  formation,  at  most  four 

iterations  on  A  ,  A„  are  ever  needed. 
r'  l 

Once  S^  has  been  determined,  the  solution  must  be  seimpled. 
Let  P  =  (9h,  k/2 )  be  the  sample  point,  and  p  =  p(P),  p  =  p(P)>  etc. 
Four  basic  cases  are  to  be  considered: 

A)  P  lies  to  the  right  of  the  slip  line  and  the  right  wave  is 
either  a  shock  or  a  strong  detonation; 

B)  P  lies  to  the  right  of  the  slip  line  and  the  right  wave  is 
either  a  rarefaction  or  a  CJ  detonation  followed  by  a 
rarefaction; 

C)  P  lies  to  the  left  of  the  slip  line  and  the  left  wave  is 
either  a  shock  or  a  strong  detonation,  and 

D)  P  lies  to  the  left  of  the  slip  line  and  the  left  wave  is 
either  a  rarefaction  or  a  CJ  detonation  followed  by  a 
rarefaction. 
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Case  A.   The  velocity  U  of  the  shock  or  the  strong  detonation  can 
be  found  from  the  relationship 

M  =  -p  (v  -U  )  ; 
r     rr  -£  /    ^ 

dx 
if  P  lies  to  the  right  of  -rrp  =  U  we  have  the  sampled  values  p  =  p  , 

p  =  p^,  V  =  v^,  Z  =  Z  +  6Z^.   If  P  lies  to  the  left  of  -^  =  U  ,  we 

have  p  =  p^^,  P  =  P^,  V  =  v^,  Z  =  Z^^. 

Case  B.   Consider  first  the  case  of  a  rarefaction  wave.   The  rare- 

dx 
faction  is  bounded  on  the  right  by  the  line  -r-p  =  v  +c  , 

c   =  /7P  /p  )    and  on  the  left  by  -r-p  =  v^  +  c^  ,  where  c^  can  be 

found  by  using  the  constancy  of  the  Riemann  invariant 

r^  =  2c*(7-l)-^-  v^  =  2c^(7-l)-^- v^  . 

If  P  lies  to  the  right  of  the  rarefaction,  p  =  p  ,  p  =  p  ,  v  =  v  , 
Z  =  Z  +  5Z  .   If  P  lies  to  the  left  of  the  rarefaction,  p  =  p^^  , 

p  =  p^,  V  =  v^,  Z  =  Z  +  dZ  .   If  P  lies  inside  the  rarefaction,  we 

dx 
equate  the  slope  of  the  characteristic  -tt  =  v+c  to  the  slope  of 

the  line  through  the  origin  and  P,  obtaining 

v  +  c  =  20h/k  ; 

t:.         instancy  ,  c    law  pp~~^   =   - 

definition  c  =  /tpTp  yield   p,    v,    and  p.      Z  =  Z    +  5Z    •      If   t;.^    ^a.^ 

^>    (pj.>Pj,,v^)  y 

^Pcjr' ^^.T'^C.T^*  ^"""^  ^  inside  the  :  Z,^. 

1  mirror  \.\.  \__.  ,        -  not 
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Numerical  Results 

We  begin  by  presenting  some  results  for  detonation  waves  with 
very  large  K^^  (K„  =  lOOO).   These  results  verify  the  accuracy  of 
the  programming  rather  than  the  general  validity  of  the  method, 
since  the  solutions  of  the  corresponding  problems  are  an  intrinsic 
part  of  the  Riemann  problem  solution  routine. 

To  obtain  Table  1,  I  started  with  a  gas  at  rest,  p  =  1,  v  =  0, 
p  =  1,  and  at  t  =  0  imposed  impulsively  on  the  left  boundary  condi- 
tion V  =  V  =  1.   I  used  h  =  1/7,  k/h  =  .2,  Kq  =  1000,  Tq  =  1.1, 
q  =  1  and  7  =  1.4.   The  result  is  a  perfect  strong  detonation. 

In  Table  II  a  Chapman- Jouguet  detonation  is  exhibited, 
h  =  1/9,  k/h  =2,  Kq  =  1000,  Tq  =  1.1,  q  =  12  and  7  =  1.4.   m  =  11. 
The  solution  is  exhibited  at  t  =  2,  n  =  t/k  =9,    i.e.   n  is  not  a 
multiple  of  m  and  the  solution  is  not  at  its  most  accurate.   This 
can  be  seen  from  the  presence  of  a  fake  constant  state  (for  x  =  6/9 
and  7/9),  which  was  discussed  in  the  section  about  errors,  and 
which  is  most  likely  to  appear  when  n  is  not  a  multiple  of  m.   The 
last  col-umn  presents  the  right  Riemann  invariant  Pp  which  is  of 
course  constant  behind  the  CJ  front.   The  chemical  time  scale  is 
not  resolved  on  the  grid,  and  one  should  notice  the  small  number 
of  mesh  points  required  to  display  sharp  variations  in  all  quanti- 
ties . 
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Table  I 
Strong  Detonation 

h  =   1/7,    k/h  =    .2,    t   =  nk  =    .^ih,    n  =   11,    K^  =   1000,    Tq '=   1.1, 
V  =    1,    q  =    1,    7   =   1.4. 

XV                    p                      p  T  Z 

0  1.  1.814  3.228  1.779  .000 
1/7  1.  1.816  3-228  1.779  .000 
2/7  1.  1.816  3.228  1.779  .000 
3/7  1.  1.816  3.228  1.779  .000 
4/7  0.  1.000  1.000  1.000  1.000 
5/7  0.  1.000  1.000  1.000  1.000 
6/7           0.             1.000             1.000  1.000  1.000 

1  0.              1.000              1.000  1.000  1.000 
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Table  II 

Chapman- Jouguet  Detonation 

h  =  1/9,  k/h  =  .2,  t  =  nk  =  .2,    n  =  9,  K^  =  1000,  T^  =  1.1,  V  =  1, 
q  =  12,  7  =  1.4. 

X        V         p         p  T         Z  Tj. 

0  1.000  1.179  6.965  5.907  0.000  13.379 
1/9  1.000  1.179  6.965  5.907  0.  13-379 
2/9  1.000  1.179  6.965  5-907  0.  13.379 
3/9  1.000  1.179  6.965  5-907  0.  13.379 
4/9  1.186  1.257  7.621  6.061  0.  13.379 
5/9  1.251  1.287  7.862  6.115  0.  13.379 
6/9  1.524  1.410  8.952  6.346  0.  13.379 
7/9  1.524  1.410  8.952  6.346  0.  13.379 
8/9           1.623            1.457           9.373  6.430  0.  13.379 

1  0.               1.000         1.000  1.000  1.000  5.916 
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We  now  present  some  results  for  a  problem  whose  solution  is 
not  programmed  into  the  solution  algorithm  —  a  deflagration  wave 
with  finite  reaction  rate.   For  t  <  0  a  gas  at  rest  lies  in  x  >  0, 
with  p  =  1,  p  =  1,  (v  =  O),  and  Z  =  1;  the  left  boundary  is 
maintained  at  zero  velocity,  V  =  0.   At  t  =  0  the  gas  in  the  first 
cell  to  the  left  is  raised  to  a  temperature  T  =  2,  (i.e.  the 
pressure  is  increased  to  p  =  2).   The  resulting  deflagration  wave 
is  observed.   It  is  known  that  the  velocity  of  the  wave  is 
asymptotically  proportional  to  /ak7  (see  e.g.  [10],  p.  99);  thus, 
the  wave  does  not  propagate  unless  A  7^  0,  as  one  can  readily  verify 
on  the  computer.   This  last  justifies  an  earlier  assertion  to  the 
effect  that  when  A  =  0  the  wave  is  indistinguishable  from  a  slip 
line.   The  results  in  Table  III  were  obtained  with  h  =  l/ll, 
k/h  =  .35,  Tq  =  1.6,  Kq  =  1,  q  =  10,  7  =  1.4  and  m  =  11.   They  are 
presei.     .-:  t  =  nk  =  .273,  (n  =  q).   One  can  clearly         pre- 

'■-■■■- "'"-^k,  and  the  deflagration  zone  (character-"  -"  ^-  "  <  l) 

in  which  the  density  and  pressure  de      .   The  smal 
me£      :ts  should  again  be  noticed. 
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Table  III 


A  Deflagration  With  Finite  Conduction  and  Reaction  Rate 


1  =  1/11,  k/h  =  .35,  t  =  nk  =  .273,  n  =  9,  K^  =  1,  T^  =  1.6,  V  =  0, 


^  =  10,  7  =  1.4, 


V 

P 

p 

T 

z 

0. 

.567 

1.667 

2.937 

.334 

0.139 

.650 

1.781 

2.739 

.614 

0.261 

.547 

1.315 

2.402 

.614 

.385 

1.074 

1.726 

1.607 

1.000 

.575 

1.550 

1.998 

1.288 

1. 

.544 

1.519 

1.800 

1.185 

1. 

.023 

1.016 

1.058 

1.04l 

1. 

.002 

1.001 

1.003 

1.002 

1. 

.000 

1.000 

1.000 

1.000 

1. 

0. 

1. 

1. 

1. 

1. 

0. 

1. 

1. 

1. 

1. 

0. 

1. 

1. 

1. 

1. 
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Conclusions 

We  have  presented  a  numerical  method  capable  of  describing  a 
complex  gas  flow  with  chemical  reactions.   The  relative  complexity 
of  the  method  is  balanced  by  economy  in  the  representation  of  the 
solution.   Generalization  of  the  method  to  problems  in  more  space 
dimensions  is  a  straightforward  application  of  the  fractional  step 
method  presented  in  [2],  and  the  inclusion  of  a  more  realistic 
chemical  process  presents  no  difficulties  other  than  the  standard 
difficulties  of  finding  a  plausible  kinetic  scheme  and  acceptable 
numerical  values  for  the  corresponding  coefficients.   The  inter- 
esting and  major  difficulties  in  multidimensional  problems  arise 
when  one  attempts  to  take  into  account  boundary  layers  and  turbu- 
lence effects.   In  a  forthcoming  paper  we  shall  show  that  boundary 
layer  effects  at  least  can  be  incorporated  into  our  method  in  a 
natural  and  efficient  way;  once  this  has  been  explained,  multi- 
dimensional results  will  be  presented. 


171 


4-36 


Bibliography 

[1]   A.  A.  Borisov,  Acta  Astronautica,  1,  909  (1974). 

[2]   A.  J.  Chorin,  J.  Comp-  Phys . ,  22,  51?  (1976). 

[3]   L.  M.  Cohen,  J.  M.  Short  and  A.  K.  Oppenheim,  Combustion  and 
Flame,  24,  319  (1975). 

[4]   R.  Courant  and  K.  0.  Friedrichs,  Supersonic  Flow  and  Shock 
Waves,  Interscience  (1948). 

[5]   J.  Glimm,  Coimn.  Pure  Appl.  Math.,  18,  697  (1965)- 

[6]   S.  K.  Godunov,  Mat.  Sbornik,  47,  271  (1959). 

[7]   P.  D.  Lax,  SIAM  Review,  11,  7  (1969). 

[8]   A.  Majda  and  S.  Osher,  Comm.  Pure  Appl.  Math.,  30,  67I 
( 1977 ) . 

[9]   R.  D.  Richtmyer  and  K.  W.  Morton,  Finite  Difference  Methods 
for  Initial  Value  Problems,  Interscience  (1967). 

[10]   F.  A.  Williams,  Combustion  Theory,  Addison-Wesley  (1965). 


172 


5-1 
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Abstract 

5  numerical  procedure  is  introduced  to  solve  the  one- 
dimensional  equations  of  gas  dynamics  for  a  cylindrically  or 
spherically  symmetric  flow.   The  method  consists  of  a  judicious 
combination  of  Glimm's  method  and  operator  splitting.   The  method 
is  applied  to  the  problem  of  a  converging  cylindrical  shock. 


Introduction 

The  one-dimensional  equations  for  an  inviscid,  non-heat  con- 
ducting, radially  symmetric  flow  can  be  written  in  the  form 


(1) 


where 


(2)   U  = 


/pN 


IT. 

\e  J 


Ut'^i^^U^r  =  -^^-^^  ' 


F(U) 


C  m   \ 

m^/p  +  p 
.m(e+p)/p. 


,  and  W(U)  =  (a-l) 


m/r 
ra  /pr 


\ 


IT: 


\ 


p  is  ' 

r  is  the  spa^- 
for  cy  ■ 
scripts  refer 


nsity,  u  is  the  velocity,  m  =  pu  is  • 
,  e  is  the  energy  per  unit  volume,  t  is  time, 
.wi-^^i.Uo-:  of  symmetry,  a  is  a  cc;— -_:.-  ■ — 

•etry  and  5  '   •  '-'^^   th- 

■feren' 


(3) 


_  P 
7- 


e  =  --5j  +  ^  pu 
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where  7  is  the  ratio  of  specific  heats  (a  constant  greater  than  l). 

There  are  two  major  problems  involved  in  solving  the  system 
(1)  directly.   The  first  is  the  singular  nature  near  the  axis 
(r  =  0),  that  is,  there  are  singular  terms  proportional  to  l/r. 
The  second  problem  is  that  the  momentum  equation  (the  second  compo- 
nent equation  of  (l))  cannot  be  put  in  conservation  form. 

These  problems  cause  major  difficulties  near  the  axis.   These 
are  usually  overcome  by  some  ad  hoc  method  such  as  extrapolation 
(Payne  I956).   Another  approach  has  been  to  treat  this  as  a  problem 
in  Cartesian  coordinates  in  two  space  dimensions  (Lapidus  1971)- 

In  the  method  described  below  both  of  these  problems  have 
been  completely  eliminated.   Thus  there  is  not  need  to  resort  to 
any  trickery  in  order  to  solve  the  system  (l). 

Outline  of  the  Method 

The  first  step  in  the  problem  is  to  use  the  method  known  as 
operator  splitting  to  remove  the  inhomogeneous  terms  -W(u)  from 
the  system  (l).   Thus  we  solve  the  system 

(^)  U^  +  F(u)r  =  0 

which  represents  the  one-dimensional  equations  of  gas  dynamics  in 
Cartesian  coordinates. 

The  method  used  to  solve  system  (4)  is  the  random  choice 
method  introduced  by  Glimm  ( I965 )  and  developed  for  hydrodynamics 
by  Chorin  (1976).   Details  of  this  method  will  be  given  in  the  next 
section,  for  completeness. 
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Once  system  (4)  is  solved,  t" 
tial  equations 


nary  differen- 


(5) 


^t 


■w(u) 


is  solved,  where  the  solution  of  s;      '  )  is  used  t- 

the  inhomogeneous  term  -W  in  (5)-   There  a- 

this  approach,  which  will  be  discussed  in  later  ^_,-l. 

Glimm*  s  Method 


Consider  the  nonlinear  system  of  equations  (h).      D;  '      e 

into  intervals  of  length  At  and  let  Ar  be  the  spatial         t. 

The  solution  is  to  evaluated  at  times  nAt  where  n  is  a  nc .--„._. e 

v-^---r  at  the  spatial  points  iAr,  where  i  =  0,  ±1,  ±2,  .  .  .  and  at 

1      1+  ^)At  at  (i+  ■i)Ar. 

ohod  is  a  two  step  method.   Let  u.  a; 
.  -1   ■ 

U(  iAr,  nAt)  and  u.   ,  approximate  U(  (i  +  ■^)Ar,  (n+ -'>' ^  )  in  (4).   To 

~n+l/2  ,,  , 

u   '/  ,  consider  the  system  (4)  aloi 


fine 
piecew: 

(6) 


litial  data 


U(r,nAt)  = 


^i+1  ' 


'V.  -i 


r  >  (i  +,5-)Ar  , 


r  <  ( 


This  give. 

c  is  the  1  "^ '    "  ■■-  '  -r 
Riemann  probleins  wil 
the  Riemann  problem  can 


h  I" 


where 


xiemani         .         —7-1 — ■ r 

2(  |u|+  c) 

-!,  the  waves  generated  by  the  different 
intera  ' .   Hence  the  solution  v(r, t)  to 
mbined  into  a  single  exact  solution. 
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See  Figure  1.   Let  |   be  an  equidistributed  random  variable  which 

1    In 

is  given  by  the  Lebesgue  measure  on  the  interval  [-  -^  ,  -^J  .   Define 


(7) 


~n+l/2     ,  ,    ,  V    ,    1  \  ,  \ 
^i+1/2  =  lii^+  iri^^^'(^+2^^^^ 


See  Figure  2. 

At  each  time  step,  the  solution  is  approximated  by  a  piece- 
wise  constant  function.   The  solution  is  then  advanced  in  time 
exactly  and  the  new  values  are  sampled.   The  method  depends  on 
solving  the  Riemann  problem  exactly  and  inexpensively. 

Chorin  (1976)  (see  also  Sod  (1976)  and  (1978a))  modified  an 
iterative  method  due  to  Godunov  (1959)  which  will  now  be  described. 

Consider  the  system  (4)  with  the  initial  data 


/ 


(8) 


U(r,0) 


^Pr^r^i^  '    r  <  0  , 
{p^>\>P^)    >         r  >  0  . 


The  solution  at  later  times  looks  like  Figure  3,  where  S-,  and  Sp 
are  either  a  shock  or  centered  rarefaction  wave.   The  region  S^  is 
a  steady  state.   The  lines  1-.    and  £^   are  separating  the  states. 
The  contact  surface  -r^  =   u^  separates  the  region  into  two  parts 
with  possibly  different  values  of  p^,  but  equal  values  of  u^  and  p^ 

Using  this  iterative  method  we  first  evaluate  p^  in  the 
state  S^ .   Define  the  quantity 


(9) 


P,-  P* 

M   =  —^ 

&        u^  -  u^ 


If  the  left  wave  is  a  shock,  using  the  jump  condition  U-[p]=  [pu], 
we  obtain 
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i 7-t— r (•  /  =  (n+l)A( 


(  =  (n+ j)  A» 


♦-  i=nt^l 


(/-J)Ar   (i-l)Ar  (I- J)  Ar   lAr   (i+llAr  (/+ I  )A  r  (/  +  J)  A  r 


Figure  1.  Sequence  of  Riemann  problems  on  grid. 


((/+f.)Ar.  (n+j)AM 


(i-(lAr        /Ar 


j f  =  (n  +  !)  A( 


/  =  n  A  ( 


('+l)Ar      (/+l)Ar      (i  +  j)Ar 

Figure  2.  Sampling  procedure  for  Glimm's  scheme, 


Figure  3.  Solution  of  ?^  — -• 


m, 
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(10) 


^0   =  P^(^^  -UJ  =  P*(^*-UJ  , 


&'    i        I 


a 


where  U.  is  the  velocity  of  the  left  shock  and  p^  is  the  density 

X/ 

in  the  portion  of  S^  adjoining  the  left  shock.   Similarly,  define 
the  quantity 


(11) 


M   =  — 

r   u  -  u^ 


If  the  right  wave  is  a  shock,  using  the  jump  condition  U  [p]=  [pu], 
we  obtain 


(12) 


M,  =  -p,(u^-U^)  =  -p^(u^-  U  )  , 


r   r   r 


where  U  is  the  velocity  of  the  right  shock  and  p^  is  the  density 
in  the  portion  of  S^  adjoining  the  right  shock. 

In  either  case  ((9)  or  (lO)  for  M  and  (11)  or  (12)  for  M^ ) 
we  obtain 


(13) 


M,  =  /p.p.  Mp^/pJ  . 


i'^H 


(14) 


M^  =  /p3"  Mp^/pJ  , 


r  r 


where 


(15) 


ct>(x)  =  { 


j^ 


X  + 


1 


-1    1-x 


V 


2/7  1-x 


T/2, 


y-x/^y 


X   >   1   , 


X  <  1 


Upon  elimination  of  u„  from  (9)  and  (ll)  we  obtain 
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i        r        U  U 

(16)  P,  =  ^—4- ^ . 

Equations  (13),  (l4),  and  (l6)  represent  three  equations  in  three 
unknowns  for  which  there  exists  a  real  solution.   Upon  choosing  a 
starting  value  p^  (or  M.  and  M  ),  we  iterate  using  these  three 
equations.   We  chose  p^  =  75-(p^  +  P  )  (for  details  see  Chorin  (1976) 
or  Sod  (1976)). 

After  p^,  M.,  and  M  have  been  determined  we  may  obtain  u^ 
by  eliminating  p^  from  equations  (9)  and  (lO), 

p„-p  +M.U.  +  MU 
( 17  j  u^ WTTHi • 

For  a  discussion  of  the  method  of  choosing  the  random  numbers  most 
efficiently  see  Chorin  (1976). 


Solution  of  the  Ordinary  Differential  Equations 

r^  J-  1 

Once  the  solution  of  (4)   u.    is  obtained,  we  ha- 
a  .  rdinary  differential  equations  (5)-   We  appn 

(5)  by 

^n+1   ^n 

^   ,  I-    =  -W(u^   )  , 
or 

(18)  Hi   =  -^    H^Hi   )  • 

This  s 

just  first  order  accurate.   However,      Jliiran  scheme  is  at  ir.  . 
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first  order  accurate  so  there  is  no  reason  for  using  a  high  order 
method  for  solving  the  system  of  ordinary  differential  equations. 
Since  this  system  (5)  is  solved  only  at  interior  points  and 
the  scheme  (18)  does  not  require  values  at  r  =  0,  the  singularity 
at  the  axis  is  eliminated. 

Boundary  Conditions 

Boundary  conditions  need  only  be  applied  to  the  system  (4) 
since  the  system  of  ordinary  differential  equations  (5)  use  only 
interior  points.   So  that  with  the  procedure  described  by  Chorin 
(1976)  the  boundary  condition  at  the  axis  (r  =  O)  is  readily 
handled.   The  boundary  condition  is  imposed  on  the  grid  point 
closest  to  r  =  0,  say  i^jAr.   A  fake  left  state  is  created  at 
(Iq  -  -^)l\T   by  setting 

Pio-1/2  =  Pio+1/2  ' 

^iQ-1/2  =  -''iQ+1/2  ' 

PiQ-1/2  =  PiQ+1/2  • 

In  this  way  the  shock  or  rarefaction  wave  will  reflect  which  on 
the  average  is  exact. 

Application  to  a  Converging  Cylindrical  Shock 

Initially,  a  cylindrical  diaphragm  of  radius  r_  separates  two 
uniform  regions  of  gas  at  rest  as  in  a  shock  tube  with  the  outer 
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Radius 


Figure  4.  Flow  pattern  for  c 


cylindrical  shock. 
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Figure  5.  Pressure  profiles  at  time  intervals  of  O.O5. 
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pressure  and  density  being  larger  than  the  inner  ones.   After  the 
diaphragm  is  ruptured  (t  >  O),  a  shock  wave  is  created  and  travels 
into  the  low  pressure  region  followed  by  a  contact  discontinuity. 
A  rarefaction  wave  travels  into  the  high  pressure  region.   See 
Figure  4 . 

It  is  known  that  a  cylindrical  shock  wave  in  a  compressible 
fluid  increases  in  strength  as  it  converges  toward  the  axis.   This 
can  be  seen  experimentally  in  Perry  and  Kantrowitz  (1951)* 

In  the  example  given  below  the  pressure  and  the  density  in 
the  inner  region  were  set  equal  to  1.0  and  the  pressure  and  density 
in  the  outer  region  were  set  equal  to  4.0.   This  will  produce  a 
shock  with  initial  strength  of  1.93?  a  contact  discontinuity  and  a 
rarefaction  wave.   We  took  Ar  =  0.01.   The  time  step  At  is  chosen 
so  that  the  Courant-Friedrichs-Lewy  condition  is  satisfied,  i.e. 

max  (  I  u  I  +  c  )^  <  1  , 

where  c  is  the  local  sound  speed. 

In  Figure  5  the  pressure  distribution  is  displayed  at  time 
intervals  of  O.O5.   The  shock  appears  as  a  rapid  variation  in  p 
which  is  completely  sharp,  i.e.  the  number  of  zones  over  which  this 
variation  takes  place  is  zero.   As  time  increases  the  shock  propa- 
gates toward  the  axis.   It  is  observed  that  the  strength  of  the 
shock  increases  with  time.   After  the  passage  of  the  shock,  the 
pressure  behind  the  shock  increases.   When  the  shock  arrives  at  the 
axis  it  is  reflected  and  rises  to  a  large  but  finite  value  and  a 
diverging  shock  appears.   It  is  also  observed  that  the  pressure  at 
a  given  point  behind  the  reflected  shock  decreases  with  time. 
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0   01   02   03   04   05   06   07   08   0-9   10 


Figure  6.  Velocity  profiles  at  time  intervals  of  O.05. 
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Figure  7.  Density  profiles  at  time  intervals  of  O.O5. 
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In  Figure  6  the  velocity  of  the  gas  is  displayed.   The 
behavior  is  similar  to  that  of  the  pressure  except  that  the  con- 
verging shock  decreases  the  velocity  from  zero  to  a  negative  value. 
When  the  shock  is  reflected  from  the  axis,  the  diverging  shock  has 
the  effect  of  producing  a  small  positive  (outward)  velocity.   As 
in  the  case  of  the  pressure  profile,  at  a  given  point  behind  the 
converging  shock  the  velocity  increases  with  time  and  behind  a 
diverging  shock  the  velocity  decreases  with  time. 

The  density  and  energy  profiles  are  displayed  in  Figures  7 
and  8  respectively.   The  basic  properties  of  the  shock  are  similar 
to  those  of  the  pressure  distribution,  except  that  the  rise  in 
density  across  the  shock  is  smaller  due  to  a  temperature  increase. 
In  the  density  and  energy  profiles  a  contact  discontinuity  appears. 
It  is  a  result  of  using  Glimm's  scheme  that  the  contact  dis- 
continuity (as  well  as  the  shock  wave)  is  completely  sharp.   The 
contact  discontinuity  propagates  toward  the  axis  behind  the  con- 
verging shock  and  is  traversed  by  the  reflected  (outgoing)  shock. 

In  Figure  9  the  density  profile  where  the  contact  dis- 
continuity and  the  reflected  shock  wave  have  crossed.   For  a  poly- 
tropic  gas  with  the  same  values  of  y,    higher  sound  speeds  corre- 
spond to  higher  densities  (Courant  and  Friedrichs,  19^8).   The 
interaction  of  a  diverging  shock  wave  and  a  contact  discontinuity 
propagating  toward  the  axis  results  in  a  reflected  (converging) 
shock  (represented  by  (A) ),  a  contact  discontinuity  propagating 
toward  the  axis  (represented  by  (b)  ),  and  a  transmitted  (diverging) 
shock  (represented  by  (c)  ) . 
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Figure  8.  Energy  profiles  at  time  intervals  of  O.O5, 
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Figure  9-  Density  profile  after  interaction  of  diverging 
shock  and  contact  discontinuity  at  time  t=0.c 
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In  general  the  overall  trend  of  the  results  agree  with  those 
of  Abarbanel  and  Goldberg  (1972),  Lapidus  (I97I),  and  Payne  (1956). 
There  is,  however,  one  major  difference,  the  time  at  which  the 
shock  reaches  th     's.   Our  method  is  in  ar  nt  with  the  method 

of  Abarbanel  and  Goldberg.   However,  with  the  methods  of  Lapidus 
and  Payne,  the  shock  reaches  the  axis  sooner. 

It  should  be  noted  that  as  a  result  of  the  randomness  of 
Glimm's  method,  at  a  given  time,  the  position  of  the  shock  or  con- 
tact discontinuity  may  not  be  exact.   Yet  on  the  average  their 
positions  are  exact. 

With  the  three  other  methods  used  in  this  comparison,  the 
shock  and  contact  discontinuity  are  smeared.   The  smearing  of  the 
shock  is  less  dramatic.   The  contact  discontinuity  obtained  by 
Payne's  method  is  almost  immediately  smeared  to  such  a  degree  that 
it  is  barely  visible.   However,  our  technique  produces  perfectly 
sharp  shocks  and  contact  discontinuities. 

As  discussed  above,  the  interaction  of  the  reflected  shock 
and  the  contact  discontinuity  will  produce  a  contact  discontinuity, 
a  transmittal  shock  and  reflected  shock.   The  reflected  shock  is 
produced  by  our  technique  (see  Figure  9)-   However,  the  reflected 
shock  is  not  produced  by  the  methods  of  Abarnael  and  Goldberg, 
Lapidus  and  Payne . 

Conclusions 

This  method  reduces  the  problem  of  solving  the  one- dimensional 
equations  of  gas  dynamics  for  a  cylindrically  or  spherically 
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symmetric  flow  to  solving  the  one -dimensional  equations  of  gas 
dynamics  in  Cartesian  coordinates  and  a  single  system  of  ordinary- 
differential  equations,  by  using  operator  splitting. 

The  equations  of  gas  dynamics  are  solved  using  Glimm's  method 
which  keeps  the  shock  waves  and  contact  discontinuities  perfectly 
sharp.   The  ordinary  differential  equations  are  solved  using  the 
Cauchy-Euler  scheme  at  the  interior  points  only  and  for  one  time 
step.   Thus,  the  singular  nature  of  the  original  system  near  the 
aixis  is  eliminated.   Since  the  equations  of  gas  dynamics  are  solved 
in  Cartesian  coordinates  the  moment\im  equation  can  be  written  in 
conservation  form. 

It  should  be  noted  that  the  roughness  in  the  rarefaction  wave 
is  a  result  of  the  randomness  of  the  Glimm  scheme. 

In  all  our  calculations  there  were  100  spatial  grid  points, 
and  it  takes  about  10.3  seconds  on  a  CDC  7600  to  complete  50O  time 
steps . 

This  method  can  be  generalized  to  treat  a  two-dimensional 
axially  symmetric  flow.   This  is  being  developed  to  study  the  flow 
in  a  mot       ^Lne  chamber  in  two  dimensions  with  a  single 
intak^-  /  -'  ■  ■•"^.  valve  along  the  axis.   It  is  planned  that  b^.<...-.-.ry 
layer  ded  also.   See  Sod  (1978b). 

Furtt.. 
::--     _^-i,     -L,     -:-    -. .         ---:         -     --      rln    (1977.        '  . 

It    '  -    •  '    ■•     '    '••       .-U   represent  a  .------•-   ---^-1   of  a 

cylinder  01  Lly  symmetric   interi 

method  will  not  be  direct  to  three-dimensi 
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flow.   However,  this  can  yield  important  information  concerning 
the  relative  effects  on  the  flow  field  of  valve  size,  swirl  rates, 
piston  and  head  geometry,  and  engine  speeds. 


This  work  was  supported  in  part  by  the  National  Science  Foundation, 
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COMBUSTION  INSTABILITY 


Samuel  Burstein 

Courant  Institute  of  Mathematical  Sciences 
New  York  University 
New  York,  New  York   10012 


1.  THERMALLY  INDUCED  VIBRATIONS 

It  has  been  known  for  well  over  one  hundred  years  that  there 
is,  under  suitable  conditions,  a  strong  interaction  between  sound 
waves  and  flames.   Rayleigh  describes  a  simple  experiment  by  which 
a  high  frequency  sound,  when  applied  to  the  point  of  efflux  of  a 
pressurized  gas  jetting  into  a  quiescent  environment,  causes  the 
combustion  process  to  increase  in  intensity.   The  flame  roars  and 
the  total  distance  required  for  complete  burning  to  take  place  is 
substantially  reduced  so  that  the  efflux  region,  also  called  a 
"preheat"  zone,  is  where  diffusion  of  heat  and  molecules  of  the 
intermediate  products  of  reaction  take  place  and  dominate  all  other 
processes . 

From  this  simple  observation  (and  also  from  jet  engine 
design)  it  is  strongly  suspected  that  a  similar,  although  more 
complex,  process  occurs  in  the  internal  combustion  mechanism  of  a 
liquid  propellant  rocket  motor.   In  such  a  motor  liquid  jets  of 
fuel  and  oxidizer  are  discharged  from  an  injector  head  at  the  base 
of  a  combustion  chamber.   The  location  of  the  region  of  intense 
combustion  depends  not  only  on  the  design  parameters  of  the  injec- 
tion system,  including  fuel  and  oxidizer  properties,  but  upon  the 
complex  liquid  and  gas  phase  mixing  processes  occurring  in  the 
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region  near  the  injector  head.   The  natural  presence  of  combustion 
noise  in  the  combustion  chamber  leads  to  pressure  waves  traveling 
from  the  combustion  zone  towards  the  injection  region.   This  is 
the  sensitive  "preheat"  zone  of  the  entire  combustion  process  so 
that  pressure  fluctuations  in  this  flow  zone  can  lead  to  disrup- 
tions in  the  physicochemical  processes.   Thus,  a  mechanism  is 
available  for  the  presence  of  a  driving  force  which  can  cause  an 
oscillatory  combustion  instability  similar  to  an  organ  pipe  type 
of  resonance.   Such  observed  high  frequency  oscillations  in  the 
combustion  chamber,  called  "screaming,"  are  characterized  by  finite 
Eunplitude  pressure  waves  which  cause  large  fluid  motions  which,  in 
turn,  lead  to  extreme  heat  transfer  rates  to  the  walls  of  the 
combustion  chamber.   The  result  is  usually  a  catastrophic  burnout 
of  the  motor. 

In  this  paper,  we  will  consider  nonlinear  vibrations  in  a 
combustion  chaunber  which  can  support  resonance  and  which  simulates 
some  of  the  basic  flow  characteristics  present  in  a  liquid  pro- 
pellant  rocket    ■   •.   To  achieve  a  reasonable  representation  of 
combustion,  ns  of  compressible  fluid  dynamics,  written 

as  a  quasilinear  syc        quations,  i.e., 

(1)  2^A,  |^.b  =  0, 

is  ;   '  "■  •  source 

term  S  which  i. 

of  the  gas  varl  ^     w  and  di  .  .,'.     ..>,    S  is  pre- 

r^rih"!  'y  -computing  the  int~-"i"-^' —  -^  '■^.~    ~-~    ^'-^^   ■■-•-'-  '^-- 
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droplet  field,  the  former  of  which  is  generated  from  the  burning 
of  the  fuel  droplet  field.   The  droplets  are  produced  by  breakup 
of  the  sprays  of  liquid  fuel  and  oxidizer  jets;  the  droplet  burning 
mechanism  is  assumed  to  be  described  by  an  evaporation  rate 
controlling  process  which  is  slower  than  the  chemical  kinetic 
process  by  a  significant  time  scale. 

In  addition  to  liquid  propellant  rocket  motors,  the  method 
described  in  this  paper  can  be  used  as  a  basis  for  the  analysis  of 
direct  fuel  injected  engines,  i.e.,  diesel  or  stratified  charge 
engines. 

2.  FORMULATION  OF  THERMAL  FORCING  FUNCTION 

Let  the  properties  of  the  droplet  be  denoted  by  w* 

r     \ 


(2) 


The 


w 


m 


u 


V 


e 


droplet  velocity  in  the  Xg,    x^  direction  is  u  and  v*  and  the 


liquid  mass,  m 


The  fuel  droplet  is  then  completely  specified  if 


e*,  the  internal  energy  is  known;  e   =  ^v*^*'  "^v  ■^^  ^^^  specific 
heat  at  constant  volume  of  the  droplet.   The  conservation  laws  for 
the  fuel  droplet  can  be  written  in  the  convenient  form 


(3) 


^  +  S(w*,w)  =  0 
dt 


subject  to  the  initial  condition 


(5') 


w*(o,e,t)  =  w* 
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Here  we  use  a  Lagrangian  representation  so  that  for  an 
annular  coordinate  system  {x-.,x^,x^)   =  (t,0,z),  and  the  particle 


derivative  is 


The  value  of  r*  is  the  radius  of  the  annular  domain;  it  is  taken 


as  a  constant  and  for  convenience  r 


1.   The  inhomogeneous  term 


S(w*,w),  having  dependence  on  droplet  and  product  gas  properties, 
is  given  by 

3 


(4) 


S  = 


1 


\ 


57 
X.9 


m 


The  rate  of  evaporation  of  the  droplet  is  m*  while  the  aerodynaunic 


drag  forces  acting  on  the  droplet  in  the  Q   and  z  directions  are  f 
and  f   respectively. 

The  internal  droplet  temperature,  T*,  is  computed  from  the 

•ated  Clausius-Clapeyron  equation 


0 


(5) 


T*"-^  =  T*"-*-  +  a  Ln  -^Sr 

P 


li-re  p*  and  T*  correspond  to  ti 
droplet  at  •_..-  _._ ;_;._  t.-_;.t  whix, 


i  tempera 


«-  >  ' 


internal  en 

vapor  press  .     }uilibi 

vapor  pressure  is  plot^'-' 

temperature. 


is  th      itive  ■ 
e  when  the  natural  lof 
ast  the  reciprocal  of  t; 


of  the 
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The  drag  forces  are  assumed  to  be  described  by  Stokes  drag 

Q  Z 

laws  so  that  f  and  f  are  proportional  to  the  square  of  the  rela- 
tive velocity  difference  between  the  combustion  gas  and  liquid 
droplet, 


,  _   ,   ^         /(u-u*)  |u-u*|\ 
(6)  (    1=  Jc,^  r  V 

(v-v*)  |v-v*|/ 


8   D  ap* 


The  proportionality  factor  is  the  coefficient  of  drag  C„  and 
a  =  a(t)  is  the  droplet  radius  which  can  be  given  in  terms  of  the 
droplet  mass  m*  =  (4/3  )7ra-^p'* .   The  drag  coefficient  depends  on  the 
droplet  Reynolds  number  Re*  through 

(7)  C^  =   27/(Re*) 

In  order  to  compute  the  time  rate  of  change  of  m* ,    m*  is 
specified  through  an  evaporation  law  given  by 

(8)  m*    =^    i^fii^^^-^   5/p7) 

P    P 

with  the  combustion  gas  Prandtl  member  defined  by  Pr  =  C  m-A-   The 
diffusion  of  the  fuel  vapor  from  the  spherical  droplet  is  reflected 
by  the  specific  heat  at  constant  pressure,  C  ,  of  vapor  and  thermal 
conductivity,  k,  of  fuel  vapor.   The  local  Reynolds  number  is 
defined  in  terms  of  the  difference  of  the  magnitudes  q  of  the  local 
gas  and  droplet  velocities,  i.e.   Re*  =  2pa  |  q-q*  l/p,.   The  constant 
^,  obtained  empirically,  is  O.276  and  p   is  the  initial  uniform 
pressure  of  undisturbed  flow. 
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If  the  local  fuel  oxidizer  ratio  is  F,  the  number  density  of 
the  droplet  spray  is  N,  the  heat  of  reaction  of  the  combustion 
process  is  AHp?  and  the  latent  heats  of  the  fuel  and  oxidizer  is 
Lp  and  L-  then  the  source  term  S  for  the  conservation  laws 
describing  the  motion  of  the  combustion  gas  is 


r 


(9) 


S  =  M 


1  +F' 
0 

0 

-1, 


^AHj^-(Lp  +  F-  Lq) 


where  drag  forces  on  the  gas  have  been  neglected.  It  is  clear  that 
S  =  S(0,z,t)  through  the  arbitrary  trajectories  of  the  moving  drop- 
lets in  the  combustion  gas. 

In  general  the  number  density  of  droplets,  N,  in  a  spray  is 
not  a  constant  but  is  described  by  a  distribution  function  that  has 
initial  value 


Nq  =  N(t,0,O,  a,u  )  =  Ka  exp-Jcca+l — ^ 


defined  at  the  injector  face  z  =  0.   The  constajits  K,  cu,  K  ajid  K 
in  thf   ■     -elation  depend  upon  the  injector  charac'   '   '  •. 
The  d ':  function  is  subject  to  the  evolutionary        i 


^N  ,  SNa 


+  V^- (Nu*)  +  V  »• (Nf )  =  0  . 


X  '  — 


u 


_.._  :ity  ai._  _. 


-,  -f 


radius. 
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Here  we  have  set  the  source  term  to  zero  under  the  simpli- 
fying assumptions  that  the  droplets  will  not  collide  with  each 
other  (dilute  spray)  nor  with  the  chamber  wall.   It  is  also  assumed 
that  the  drops  will  not  he  created  by  breaking  through  aerodynamic 
shear  forces  nor  be  created  by  nucleation  processes. 

Then  M*  is  given  by 

M*  =  4Trp*  /   /  a^Nadadu*  . 
u*  a 

5.  DIFFERENTIAL  EQUATIONS  FOR  COMBUSTION  GASES 

Before  we  can  write  down  the  final  form  of  our  conservation 
law  we  must  describe  how  to  produce  a  supersonic  outflow  condition 
which  simulates  the  state  of  affairs  in  a  converging-diverging 
nozzle  attached  to  the  tail  end  of  the  combustion  chamber. 
Although  this  is  not  the  usual  procedure,  it  turns  out  to  be  con- 
venient.  We  assume  that  there  is  a  converging-diverging  duct 
placed  immediately  after  the  uniform  annular  chamber.   In  this  duct 
we  assume  that  the  rate  of  change  of  fluid  properties  normal  to  the 
streamline  direction  is  small  compared  to  the  rate  of  change  of 
fluid  properties  along  streamlines.   If,  in  the  duct,  we  allow  for 
a  variable  cross-sectional  area  A  which  depends  only  on  the  axial 
distance  z,  then  we  would  expect  small  errors  in  computing  stream 
properties  if  d  Ln  A/dz  is  small  compared  with  unity. 

We  prescribe  the  schedule  of  area  variation  in  the  axial 
direction  through 


^  =  1  + a-|_(z-ZQ)+  a2(z-ZQ)   , 


^0 
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where  z_  is  the  terminal  axial  position  of  the  combustion  chamber 
with  radius  r*  =  1  and  area  A_.   The  constants  a-,  and  Op  are  chosen 
so  that 

dA  dA 

^  <  0  ,    Zq  <  z  <  z^  ;    ^  >  0  ,    z^  <  z  <  z^  . 

The  total  length  of  the  simulated  nozzle  is  z^  and  z,  is  the 
position  of  minimum  area,  the  throat,  of  the  nozzle.   The  only 
condition  imposed  on  the  choice  of  A(z)  is  the  requirement  that  the 
prescribed  steady  state  flow,  (design  flow)  be  shock-free. 

This  is  achieved  by  allowing  the  local  Mach  number,  M,  at 
z  =  z,  to  be  unity  for  the  asymptotically  steady  problem.   The 
other  condition  fixing  the  two  coefficients  specifying  the  area 
variation  is  determined  by  providing  for  a  large  enough  area  ratio 
between  the  throat  and  the  point  z  =  z.  so  that 

(10)  M(Zj^,0,t)  >  1  . 

This  is  the  boundary  condition  required  so  that  characteristic 
surfaces  are  pointing  into  the  boundary  from  the  interior  of  the 
flow.   Hence,  in  the  z  direction  the  three  characteristics  v+c, 
V-  Ltive . 

r  ntial  system,  Eq.  (1),      :..,,    ..i 

dlVP^ -   :: 

(11)  w^  -^-^e  +  ^z  +B  =  0  , 

with  the  vec-_:  .  .,^ven  by 


197 


6-9 


(12) 


B  = 


d  Ln  A 
dz 


f  pv^ 

2 
pv 

pvu 

[ev^ 

S(w,w*)  , 


The  vector  of  unknowns  w,  axial  flux  H,  and  the 
is  given  by 


tial  flux  G, 


w  = 


P  > 
pu 

DV 


V=J 


H  = 


.'■  pv 
pu  +p 
pvu 
[  (E+p)v , 


G 


f      pu 

pvu 

2, 
pv  +p 


^(E+p)u| 


In  Eq.  (12)  we  emphasize  the  dependence  of  the  energy  and 
mass  sources  S  on  the  interaction  of  the  combustion  gas  with 
properties  w  and  droplet  field  with  properties  w* . 

Equation  (lO)  is  equivalent  to  our  prescription  of  extrapola- 
ting from  the  interior  to  the  boundary  z  =  z^  the  conservation 
variables  w  via  the  forward  difference  approximation 


(13) 


D_^w  =  0 


The  necessity  for  introducing  a  nozzle  into  the  calculation, 
even  though  only  a  study  of  processes  in  the  neighborhood  of  the 
injector  face  of  the  combustion  chamber  is  desired,  stems  from  the 
inability  to  describe  the  correct  nonlinear  time  dependent  down- 
streaim  pressure  level  in  the  combustion  chamber.   Physically  this 
pressure  is  determined  by  flow  being  choked  in  the  neighborhood  of 
the  minimum  area,  where  the  Mach  number  is  unity;  the  flow  then 
accelerates  to  a  supersonic  state  downstream  of  the  throat.   At  the 
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throat,  or  point  of  minimum  area,  the  flow  is  sonic  at  steady  state. 
However,  when  time  dependent  perturbations  exist  in      ombustor, 
the  sonic  point  can  oscillate  in  some  neighborhood  of  z  =  z, . 
At  the  injector  boundary,  z  =  0,  the  reflection  rules 


(l4)        P_  =  P+  '    P_  =  P+  '    ^_  =  "+  '    V  =  -v^ 


> 


are  used  across  the  injector;  here  we  denote  p_  =  (O,  :;  Az,t),  etc, 


h.    COMPUTATIONAL  PROCEDURE 

We  apply  the  following  procedure  for  computing  a  solution  to 
the  coupled  set  of  partial  differential  equations,  Eq.  (11),  and 
ordinary  differential  equations,  Eq.  (3): 

A  steady  state  is  achieved  by  first  assuming  a  smooth  dis- 
tribution for  w(0,z,O)  and  w*(9,z,0).   Then  generate  w(t+At)  by 
solving  Eq.  (11)  using  a  two  step  difference  scheme  given  w* .   The 
first  step  is  analogous  to  a  predictor  equation  since  the  solution 
is  fir:      r  accurate  while  the  second  step  is  analogous  to  a 
corr__,--  equation  and  is  second  order  accurate.   The  approximation 
to  w(e,z,t)  is  r      nted  by  V(e.,z.,t  )  =  V^  .   The  tv;    '  '  ps  are 
n  by 

1  .  1  .  .  1  "      ■  L,j  ""^.J+l"^  M!+l,j+l'^^i,j^'  2Ae  ^"i+l,j"°i,j 

"*•  °i+i,j+l-^i,j+.  -—  ''^+i,j+i-"i+i,j-*-^':.     '^,j^ 


(^5)    -if  (^?.i,J^^i,J.i^«?.l,J.i*^?.^ 
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step  2 

i,j    i,j  We   ^  1+1,  J   1-1,  J   .  .  1  _.  .  1    .  1  _.  ,  1 


+  1   ,^     At  /^n      ^n     .lP^+I       _  gn+1 

i+  2'  '^"  "''■2    i-  -^j  J  +2 


.  ,  1  .   1  .,   1  .   1  4az    i,J+1  i,J-1 

-n+1       _  >+l  ^  ?p+l       _  ^n+1       ) 

^  ".   1  .   1  ^.   1  .   1  ^.   1.^1  .   1  ■   1^ 

i+-^>J+-^  1+^,  J--^  i--2'J"'"'2'  i-^j-jJ--^ 


At  pi  /"^n+l       ,  ~n+l         :^n+l 

1  +  ■p,  J  +  'p     ■'-   'p'  J  ~  ■p     -'-  ~  "o'  J   "p 


(15')       .S"^\  .   l)^i(B;,,,j^Bj.,^.)l  , 


i  -  'p>  J  -  ■p 


where 


H(V^  ,)  =  H^  ,  ,    H(V^^\     ,)  =  H'^^^     1  ,  etc. 
^"^     ^"^        l+i,j+^     i+4j  +  o 


Obtain  the  first  iterate  to  w*,  i.e.,  w* (9, z, t+At ),  by  solving  Eq. 
(3)  using  the  analogue  of  system  (15)  and  (15'),  the  modified  Euler 
method.   The  second  iterate  to  w  is  now  computed  using  (15)  and 
(15')-   This  process  is  continued  until  convergence  of  w  and  w*  is 
achieved.   The  asymptotic  limit  of  nAt,  thinking  of  time  as  an 
iteration  counter,  defines  the  self-consistent  steady  state: 

/  w(nAt)\   .■  Wq  \ 
lim  I         =1     1  • 

'^^"°°V^(nAt)y   VwJ/' 

To  compute  the  evaporation  and  combustion  process,  at  any 
point  (0,z,t)  in  the  combustion  chamber,  one  needs  to  keep  track 
of  the  previous  history  of  the  droplet.   Since  a  Lagrangian 


200 


6_12 


representation  of  the  droplet  field  has  been  adopted,  each  drop  is 
tracked  from  its  point  of  injection  into  the  combustor  (9  ,0, t  ) 
to  the  point  (e*, z*, t* );  the  elapsed  time  of  flight  of  the  droplet 
is  t*-t„,  t„  the  time  of  droplet  injection. 

We  have  assumed  a  dilute  spray  approximation  which  means  that 
droplets  do  not  interact.   Also,  as  a  result  of  this  approximation 
w* (e*, z*,nAt*  )  can  be  evaluated  at  Eulerian  mesh  points 
(0.,z.,nAt),  of  the  system  (I5)  and  (I5'),  by  interpolation  from 
the  Lagrangian  mesh  upon  which  w* (0*, z*, nA t* )  is  defined.   The 
tracking  process  ceases  if 

a(t*-tQ)  <  .1  a(tQ) 

since  the  mass  associated  with  the  drop  would  be  less  than  one- 
thousandth  the  original  droplet  mass;  for  these  calculations  the 
initial  mean  droplet  radius  was  a(t_)  =  50  microns. 

With  the  steady  state  established,  the  flow  field  is  per- 
turbed to  observe  the  modes  of  resonance  established  and  maintained 
in  the  annular  combustion  chamber.   Let  p^  be  the  steady  state 
pressure;  then  the  perturbed  pressure  p'  is 

(16)  p'  =  Po''"Pl  "  Po^""""*"^  ^^^  ®  ^^"^  ^^ 

where  we  scale  9   and  z  by  the  functions 

'  ^  =  p^e  +^2  »    ^i  1  ^  1  ^2 
Z(z)  =  0^z  +^4  ,    z^  <  z  -  - 

8!^   ♦■hit   the   p--'  i'-bation  ceui  be   pTn.-    i    it   an  arbl*-""'   '     •'♦^lon  in 
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the  annular  chajnber.   However,  just  as  Rayleigh  described  the 
importance  of  the  placement  of  the  sound  source  near  the  effliox 

point  of  the  gas  jet,  so  do  we  observe  that  the  perturbation  must 
be  placed  in  some  neighborhood  of  the  point  of  injection  of  the 
drops,  z  =  0,  to  have  an  appreciable  effect  on  the  flow  field.   The 
amplitude  of  the  perturbation.  A,  is  taken  to  be  proportional  to 
the  total  energy  of  the  combustion  gas  in  the  annular  chamber, 
usually  a  few  percent  of  the  steady  state  chamber  energy.   For 
these  calculations,  a  value  of  A  is  chosen  so  that  the  total  per- 
turbed energy  in  the  rectangle  AS,  Az  centered  about  ((e-,+e  )/2, 
(z-,+z_)/2)  is  equal  to  four  percent  of  the  energy  of  the  combustion 
gas. 

We  found  that  the  transients  obtained  by  this  disturbance 
were  so  severe  that  strong  shock  waves  were  generated.   The  differ- 
ence scheme  Eqs .  (15)  and  (15')  did  not  remain  stable  in  the 
presence  of  these  steep  gradients  so  that  a  smoothing  operator  was 
required.   A  two  step  operator  was  used.   Let  D  denote  the  back- 
ward difference  operator 

D  w  ,  ,  =  w  ,  T  -  w 
-  m+1    m+1   m 

then 

(17)  w  =  w  +k(^)D  (  |D  u  ^JD  w  ^,  ) 

^    '  '  m  m    ^  Am  -  ^  '  -  m+1 '  -  ra+1 

where  u  is  the  velocity  in  the  m-th  direction,  m  is  the  step  size 
in  that  direction  and  k  is  a  constant.   Equation  (17)  is  first 
applied  to  the  solution  w  in  m-coordinate  direction  to  obtain  a 
temporary  value  w;  replacing  w  with  w,  Eq.  (17)  is  then  applied 
once  more  to  yield  the  final  solution.   It  was  also  found  that  Eq. 
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(17)  need  not  be  applied  each  time  cycle;  as  few  as  one  applica- 
tion every  five  time  steps  was  sufficient  once  the  initial  strong 
transient  dissipated  after  about  100  time  steps. 

5.  RESULTS 

We  show  below,  in  Figure  1(a),  a  typical  nonlinear  periodic 
pressure  trace  of  the  pressure  history  near  the  injector  face 
z  ~  0.15  z    .      For  a  value  of  t  =  0.9  in  Eq.  (8),  Figure  1(b)  shows 
the  local  energy  release  rate  as  a  function  of  angular  position  9 
and  axial  distance  z  downstream  from  the  injector.   The  nonuniform 
energy  release  distribution  is  a  result  of  the  local  variation  of 
w  so  that  the  greatest  value  of  energy  release  coincides  with  the 
peak  pressure  of  the  spinning  wave  being  traced  in  Figure  1(a). 

An  additional  computation  was  carried  out  using  a  modified 
model  of  the  combustion  chamber;  a  set  of  acoustic  baffles  are 
placed  at  various  angular  positions  in  the  annular  chamber.   The 
baffles  have  arbitrary  length  z,  such  that  0  <  z,  _<  z_.   The 
baffles  are  placed  in  the  chamber  to  act  as  diffractors  of  the 
spinning  waves  in  the  region  of  maximum  energy  release  —  in  the 
neighborhood  of  the  injector  face.   Figure  2  shows  a  typical  non- 
linear acoustic  pressure  trace  when  two  baffles,  at  essentially 
equal  angular  spacing,  are  placed  in  the  chamber;  here  z^   ~  .25  Z-. 
The  energy  release  rate,  after  the  initial  transient,  is  uniform; 
at  each  value  of  9    the  energy  release  looks  similar  to  0  =  0  at 
Figure  1(b). 
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.     P,  =  P,  (.15Zq.  3rr/2) 


\.P2  =  p2(.15Zo,  7r/2) 


P3  =  P3(.60z„,rr) 
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Figure  1(a).   Pressure  history  at  three  positions  in  an 

annular  resonant  cavity  for  a  spinning  wave ^ 
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Figure  1(b).   Driving  energy  source  distribution  at  t  =3' 
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Figure  2.   Attenuated  pressure  history  at  the  same  three 

positions  as  in  Fig.  1(a)  in  an  annular  resonant 
cavity  but  with  two  equally  spaced  baffles 
inserted  near  the  injector. 
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THEORY  OF  FLAME  SPREAD  ABOVE  SOLIDS 


W.  A.  Sirignano 

Guggenheim  Laboratories 
Princeton  University 
Princeton,  New  Jersey 


Abstract : 

TPtheory  for  flame  spread  above  a  solid  fuel  is  presented. 
The  special  case  is  considered  whereby  the  oxidation  is  an  exo- 
thermic surface  reaction.   The  spreading  rate  is  predicted  as  a 
function  of  the  thermochemical  properties,  fuel-bed  thickness, 
ajid  convective  velocity.   Also,  the  theory  predicts  temperature, 
mass  fraction,  and  heat  flux  as  a  function  of  position. 


Introduction: 

The  understanding  of  the  method  by  which  a  flame  propagates 
above  a  solid  fuel  is  necessary  in  order  to  solve  the  fire  safety 
problem.   In  particular,  we  wish  to  know  the  most  significant 
mechanism  (or  mechanisms)  by  which  energy  is  transferred  ahead  of 
the  fletme;  gas-phase  conduction,  solid-phase  conduction,  and  radia- 
tion each  play  some  role.   Of  course,  this  transfer  of  energy 
ahead  of  the  flame  front  is  necessary  for  flame  propagation.   The 
solid  phase  fuel  must  be  heated  and   gasified  in  order  for  reaction 
to  occur  in  the  flame  front. 

A  physical  description  of  the  general  phenomenon  of  flame 
spread  above  condensed  phase  fuels  and  a  review  of  existing 
theories  has  already  been  presented  by  this  author.^  '      In  this 
presentation,  we  shall  continue  along  the  general  direction 
suggested  in  that  paper.   The  case  of  horizontal  or  vertically- 
downward  flame  spread  is  considered;  that  is,  the  fire  plume  does 
not  move  ahead  of  the  propagating  flame  front  and  cause  convective 
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heating  of  the  solid  fuel.   However,  natural  or  forced  convection 
is  allowed  in  a  direction  opposite  to  that  of  flame  propagation. 

Typically,  the  fuel  might  be  a  polymer.   This  polymer  will 
be  assumed  to  gasify  directly;  that  is,  no  molten  layer  exists. 

The  special  case  will  be  considered  in  this  lecture  whereby 
the  oxidation  is  an  exothermic  surface  reaction.   Most  polymers, 
of  course,  would  not  burn  in  this  manner  but  rather  in  the  gas 
phase.   However,  this  assumption  reduces  the  mathematical  complex- 
ity in  two  ways:   (l)  the  number  of  governing  partial  differential 
equations  is  reduced  since  the  fuel  species  no  longer  exists  in 
the  vapor  phase  and  (2),  as  we  shall  later  see,  the  two-dimensional 
problem  may  be  reduced  to  a  one-dimensional  problem. 

The  case  of  steady  propagation  will  be  considered  where  the 
spreading  rate  is  to  be  determined  as  a  function  of  ambient  tem- 
perature, pressure,  and  oxidizer  concentration,  transport  proper- 
ties, and  thermochemical  properties.   The  velocity  of  the  incoming 
flow  due  to  forced  or  natural  convection  shall  be  assumed  to  be 
known. 

The  method  of  solution  to  be  proposed  here  is  original  in 
that  it  is  the  only  one  which  allows  for  consideration  of  the  non- 
linearity  due  to  chemical  kinetics.   Other  approaches  have  either 

taken  an  empirical  value  of  the  spreading  rate  as  known  and  calcu- 

(2   ^  ) 
lated  temperature  fields^  '-^  '    or  have  determined  the  spreading  rate 

as  a  function  of  some  heuristic  parameter  which  is  not  readily 

(h) 

related  to  other  fundamental  properites^  \      One  exception  is  the 
study  by  Tarifa,  et  al^"^"^  but  there  radiation  is  the  only  mechanism 
by  which  energy  is  allowed  to  be  transferred  ahead  of  the  flame. 
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The  originality  of  the  method  caused  the  author  to  be  cautious  ajid 
to  attempt,  in  the  first  instance,  to  solve  the  case  of  surface 
reactions  rather  than  the  more  physically  interesting  case  of  gas- 
phase  reactions. 

Theoretical  Analysis: 

The  frame  of  reference  will  be  fixed  to  the  moving  flstme 
front  so  that  a  steady-state  problem  is  obtained.   The  ambient 
pressure  is  uniform  and  no  pressure  gradients  exist  throughout  the 
heat-up  and  reaction  zones  at  the  low  Mach  numbers  involved.   Due 
to  the  temperature  increases  and  density  decreases  associated  with 
the  reaction,  the  streamlines  will  diverge  somewhat.   However,  this 
effect  is  neglected  in  the  governing  equations  and  the  Oseen 
approximation  is  made  with  the  convective  terms.   Radiation  is 
neglected  in  this  model  since  it  is  not  expected  to  be  importaxit 
for  small-scale  fires,  at  least.   The  flow  in  the  flame-front 
region  is  considered  to  be  laminar.   Also,  the  Prandtl  number  is 
assumed  to  be  negligible  compared  to  unity  so  that  the  viscous 
layer  is  much  thinner  than  the  thermal  layer.   Then  the  momentum 
equation  may  be  considered  trivial  and  the  gas  phase  equations  may 
be  written  as: 


pV  -53^  =  7.(pD7Yq)  (1) 

pVc^,  II  =  V.(^VT)  (2) 


.'hlch  is 
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assumed  identical  for  all  species,  V  is  the  velocity  of  the  air 
relative  to  the  flame  front,  Y„  is  the  mass  fraction  for  the 
oxidizer,  T  is  the  temperature,  D  is  the  mass  diffusivity,  A  is 
the  thermal  conductivity,  x  is  the  coordinate  parallel  to  the 
direction  of  flame  propagation  and  y  is  the  coordinate  normal  to 
the  flame  propagation  direction. 

In  the  solid  phase,  the  energy  equation  is  written  as 

s 


PsVs^^^-^V^s)  (5) 


where  the  subscript  s  implies  solid  phase.   V   is  the  flame 
spreading  rate  relative  to  the  solid.   Note  that  in  the  absence  of 
natural  or  forced  convection  V  =  V„.   y  =  0  is  taken  as  the  solid 
gas  surface  and  the  ratio  of  surface  regression  rate  to  spreading 
rate  is  neglected.   A  =  constant  may  be  assumed. 

Certain  matching  conditions  will  be  applied  at  the  solid-gas 
interface.   First  of  all,  the  combined  flux  of  oxidizer  due  to 
diffusion  and  convection  at  the  interface  must  balance  the  oxida- 
tion rate  at  the  surface;  i.e., 

where  m  is  the  mass  flux  emitted  from  the  surface  and  v  is  the 
stoichiometric  mass  ratio  of  fuel-to-oxidizer .   The  gasification 
rate  is  given  by  a  kinetic  law  which  assumes  a  first  order  depen- 
dence upon  local  oxidizer  concentration  and  an  Arrhenius  dependence 
upon  temperature. 
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-E/R(T-T   ) 
m  =  ApY^e        ^  -      (5) 

where  A,  E,  and  R  are  constants  and  T   is  the  ambient  temperature. 
The  mass  flux  is  conveniently  taken  to  be  zero  at  the  stmbient 
temperature . 

The  energy  balance  at  the  surface  is  given  by 


Q 
't 


/   (c  -  c  )dT' 


^  fl  <«' 


OD 


where  Q  is  the  energy  released  per  unit  mass  of  fuel  in  surface 
oxidation. 

Furthermore,  the  ambient  temperature  and  concentrations  are 
known  providing  the  boundary  conditions  at  infinity. 

Note  that  the  transformations  |  =  pAx/c   and  T  =  /  pdy  (where 
pA  ajid  c  are  assumed  to  be  constant  throughout  the  gas  phase) 
result  in  a  simplification  of  Equations  (l)  and  (2).   The  above 
assumptions  together  with  the  assumption  that  an  average  transport 
property  may  be  employed  for  diffusion  in  the  x-direction,  reduce 
the  above  set  of  differentials  equations,  (l)-(4)  and  (6),  to  a 
set  of  differential  equations  with  constant  coefficients. 

After  scaling  the  independent  variables  we  find  the  specie 
and  energy  equations  satisfy: 

SY_    ^^Y_   y2  ^^Y„ 
V  0  _  0  .  >>   0  (J  \ 

v|T.^^A^^   .  (Q) 

^   hr^        c^  a^ 
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In  the  above  equations,  unitary  Lewis  number  is  assumed;  however, 
that  assumption  can  be  relaxed  with  some  increase  of  complexity  in 
the  calculations. 

The  following  nondimensional  variables  are  employed: 


and 


c^   2 

s 

= 

(  P)  ve  - 

A 

x/L 

z 

= 

%^   _    Pec 
A 

Vc 
'      P 

A 

e 

= 

T/T^ 

dy  ^  /  1  dy 
9        J    e     L 


where  L  =  A/p   c  V  is  a  characteristic  thermal  length.   These  lead 
to  the  equations  governing  the  gas  phase 

and 


For  the  solid  phase,  we  define  the  nondimensional  variables 
and  parameter 

0   =  T  /T   , 
s    s'  oo  ' 


Yg  =  -  y/L  , 

^Ps^^s^F 


a  = 


A~p  c~V 
sf^co  p 


This  results  in  the  following  form  of  the  energy  equation  for  the 
solid  phase 
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s      s  ,     s 


^^^^^^ 


+  -^  .  (11) 

s 


The  boundary  conditions  at  infinity  are  that: 
e  -*■  1   ,      Y^-^1   as   z-»-oo   or   s-^  -co 
0-+lasy-^ooors-*-oo  (12) 

S  B 

The  boundary  conditions  (4),  (5),  and  (6)  may  be  combined  and 
transformed  to 

'^0  .  (A,  ^  ,-V«-^,,  ,1)  (,3) 


and 


||.,^,^e-V-[^.,l-;.„.l,].-,^,^.    (1.) 

The  system  of  equations  (9),  (lO),  and  (11)  together  with  the 
boundary  conditions  may  be  solved  with  the  aid  of  the  Green's 
function  which  is  developed  in  the  Appendix.   A  system  of  nonlinear 
integral  equations  with  one  independent  variable  a;- 
follows : 

^s*  ^  s-^    _    _  ^  (,  ^    _r~     / f ■-,_!  \ 

'00  P 


a(s)  =  l.A/  [e%(^)][^-(e-l)(l-f^)}^  ■"  ""\e 


-co 

CD    P-* 


---/  t~^.o^^)]"-e  . 


-00 

s-^ 


Yq  =  Yq  -a/  [^-  'hzil^'^'    .^  _    -''       Ui  (16) 


^     -:v 
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^""^  oo      a,      ,, 


IT 


2^ 


K^tf    |s-e|)]ud4  (17) 


-00 


where    the    definitions   have   been  made    that 

u  =   -||-(s,0) 

and  s*  is  the  position  beyond  which  the  surface  oxidation  no  longer 
occurs.   For  an  infinitely  thick  fuel-bed,  s*  -»■  co  . 

Realize  that  the  fuel  is  gasifying  so  that  the  surface  is 
regressing  as  the  flame  moves  along  it.   When  the  fuel-bed  is  very 
thick,  the  position  of  fuel-bed  burn-out  is  so  far  downstream  of 
the  flame  front  that  the  exact  position  of  burn-out  or  the  exact 
thickness  of  the  bed  is  not  important.   That  is,  above  a  certain 
fuel-bed  thickness,  the  spreading  rate  and  the  field  solution  in 
the  flame  front  region  do  not  depend  upon  the  fuel-bed  thickness  t. 
In  this  range  of  r,    the  results  are  independent  of  s* .   For  a  thin 
fuel-bed,  on  the  other  hand,  our  equations  are  accurate  if  we 
consider  the  following  situation.   Assume  a  fuel,  of  thickness  t, 
is  coated  upon  an  inert  substrate  of  thickness  6*.   Furthermore, 
T  <<  5*  so  that  the  total  thickness  t+  6*  Z   5*.   Also,  the  sub- 
strate and  the  fuel  have  identical  thermal  dif fusivities . 

The  spreading  velocity  V„  (and  therefore  V)  is  still  unknown 
and  must  be  considered  as  an  eigenvalue.   This  implies  that  A  is 
an  eigenvalue  of  the  problem.   Since  (15),  (l6),  and  (17)  form  a 
system  of  three  equations  for  the  temperature  9,    oxidizer  con- 
centration Y„,  and  heat  flux  u  at  the  surface.   However,  since  A 
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is  still  unknovm,  we  require  another  equation  in  order  to  obtain  a 

solution  to  the  system.   This  equation  is  developed  by  considera- 
tion of  the  conservation  of  mass  in  the  solid  phase. 

Let  T  be  the  thickness  of  the  unburned  fuel-bed.   It  follows 

that 

oo 

PsV  -f^'^^ 
-oo 

since  the  mass  flux  of  solid  fuel  into  the  flame  zone  must  equal 
the  total  gasification  rate  at  the  surface.   Defining 

p  V  TC 
B  =^^    ^      P 

and  using  (5)  and  previous  notation,  we  obtain 


A  =  B 


r  s 


^   -00 


Y   -e  /(0-1) 


■  1 


(18) 


Now  (18)  may  be  solved  together  with  (15 ),  (I6),  and  (17)  _ 

9,    Yq,  and  u  along  the  surface  together  with  A.   Actually,  s '  •  " 

the  spreading  rate  not  only  appears  in  A  but  also  appears  in 

B  it  ivenient  to  consider  the  pre-exponentia^       -1 

kinetic  j^;.^  -...•„  A  as  the  eigenvalue  since  it  appears  only  t;.. .  ,,,;i 

A.   In  the.-  spreading  rate  V-  is  taiken  as  kncv. 

constant  A  aknown.  A 

versus  V  i: 

readily  ...a..  . 

>in  of 
inte,  r  thaji  f        fferential  equations  are: 


215 


7  -10 


(l)  there  is  only  one  independent  variable  instead  of  two  variables 
and  (2)  the  nonlinear  system  is  readily  solved  by  the  method  of 
successive  substitutions.   If,  in  addition  to  the  spreading  rate 
and  the  surface  values,  one  wishes  to  determine  the  solution 
through  the  gas  and  solid  fields,  they  may  be  constructed  from  the 
surface  values  through  the  use  of  Equation  (A-4)  in  the  Appendix. 

Special  cases; 

The  system  of  three  integral  equations  may  be  reduced  under 
special  circumstances.   In  one  special  case,  all  of  the  energy  is 
conducted  through  the  gas  phase  and  none  is  conducted  through  the 
solid  phase.   In  this  case  the  heat  flux  in  the  solid  phase  need 
not  be  determined  in  a  coupled  fashion.   Therefore,  Equations  (15)^ 
(l6)  and  (18)  are  solved  together  neglecting  Equation  (17)  a-nd 
setting  u  =  0  in  Equation  (15)' 

This  limit  could  be  obtained  by  letting  6  -*  0  in  which  case 
the  kernel  in  Equation  (17)  becomes  infinite  yielding  the  solution 
u  =  0.   Physically,  this  implies  that  as  the  fuel-bed  becomes  very 
thin  no  energy  is  conducted  through  it.   In  this  limit,  we  are  left 
with  the  following  equation 

pS   £zi   1^1/^  c  1  Y^  -0  /(e-1) 

6  =  1+ a/   e^Ko(i^)(h^-(e-l)(l-e^)]^e   ^      d^    (19) 

-co  °°  ^ 

which  is  the  limiting  form  of  (15)  and  must  be  solved  together  with 

Equations  (l6)  and  (18)  for  0,  Yq,  and  A. 

A  further  special  subcase  occurs  when  c   =  c   and  v  «  1  with 

P    s 

u  =  0.   Then  Equations  (l6)  and  (19)  yield 


2l6 


7-11 


9-1 


s-i 


A  /  e 


oo 


K^(JlzlI)  _0 


Y^   -0/(0-1) 


d^  Z 


0 


CD 


-17^ 


or 


Y   ~  Y 

1q   'V,   iQ 


00 


OO 

vQ 


(1-0) 


(20) 


(21) 


which  may  be  substituted  into  the  integrals  in  (18)  and  (20)  to 
obtain 


s*   s-l 


e^i.A/  [e-^K,(^)] 


-9jie-i) 


(q-0)de 


-OD 


and 


A  %  B 


J    -^ — = <=     ■     "15 


(22) 


(23) 


where  the  definition  has  been  made  that 


<!  =  ^  -  r  ^0 

oo    oo 


Here  (22)  and  (23)  may  be  solved  together  for  9   and  A.   Afterward, 
Yq  may  be  determined  from  (21). 

Numerical  Methods: 

The  nonlinear  integral  equations  are  solved  by  the  raeth^ 
jsive  substitutions.   A  -■;  -r  is  made  at  the  solution  and 

right-hand  si  : 
:is  as  calcu . 
-..-  :  .:.-   .:.j  integrals  fr        -.t 
.;.   Til-      *  •        ■  •  ^ 


»_»  v^\-  '_,    i_» 


sub. 


the  inte. 
•   ns.   The  left-hand  : 
Ml'.'  next  ^ 
-'^'  P  in  the 
occurs. 
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This  technique  has  been  successfully  employed  in  the  above- 
mentioned  special  subcase  where  Equations  (22)  and  (23)  have  been 
solved  simultaneously.   The  technique  has  also  been  employed  in 
the  special  case  where  (l6),  (18),  and  (19)  are  solved  together. 

A  modified  form  of  this  technique  has  been  employed  in  the 
solution  of  the  general  case  where  (15),  (l6),  (l?)  and  (18)  are 
solved  together.   Some  difficulty  occurs  because  the  unknown  heat 
flux  appears  only  in  the  integrands  of  (15)  and  (17);  therefore, 
the  next  value  for  u  in  the  iteration  procedure  is  not  immediately 
calculated.   However,  the  linearity  of  Equation  (17)  may  be  used 
to  advantage  since  it  is  possible  to  invert  that  equation  and 
obtain  u  as  a  function  of  0.   This  function  may  then  be  used  to 
substitute  for  u  in  (15)-   Then,  with  u  eliminated,  the  method  of 
successive  substitutions  may  be  employed.   The  particular  method 
of  inversion  of  (17)  involved  approximating  the  integral  as  a 
finite  summation  over  the  discretized  range  of  |.   For  each  dis- 
crete value  of  s  a  different  linear  algebraic  equation  applied. 
This  linear  algebraic  system  was  inverted. 

Results  and  Discussion: 

Calculated  results  were  first  obtained  for  the  special  sub- 
case where  v  <<  1  and  u  =  0.   In  Figure  1,  the  surface  temperature 
profile  determined  from  the  solution  of  (22)  and  (23)  is  given. 
Also,  given  are  the  results  obtained  from  the  solution  of  Equations 
(15),  (16)  and  (18)  with  v  =  .1  .   It  is  seen  that  as  long  as 
V  <<  1,  the  results  of  the  two  methods  are  in  good  agreement.   We 
see  that  the  temperature  increases  through  the  flame  front, 
reaching  a  maximum,  and  then  decreases.   The  increase  occurs  due 


218 


7-13 


to  the  exothennic  reaction  while  the  decrease  occurs  when  the  re- 
action is  completed  and  just  diffusion  of  energy  away  from  the 
surface  occurs.   Actually,  the  temperature  begins  to  decrease  just 
before  the  point  where  the  reaction  is  completed  s*  =  5'   This  de- 
crease occurs  because  some  diffusion  of  energy  in  the  positive  x- 
direction  occurs. 

In  Figure  2,  the  oxidizer  mass  fraction  at  the  surface  is 
plotted  versus  position.   One  curve  is  the  result  of  the  solution 
of  (22)  and  (23)  followed  by  the  use  of  (21)  while  the  other  curve 
is  the  result  of  the  solution  of  (15),  (l6),  and  (18).   Again  the 
two  methods  have  results  which  are  in  excellent  agreement.   The 
oxidizer  mass  fraction  decreases  as  the  reaction  occurs  and  then 
increases  after  the  reaction  ceases  at  s*  =  5  due  to  mass 
diffusion. 

It  is  seen  therefore  that  in  the  case  u  =  0,  the  approxima- 
tion given  by  Equations  (20)  and  (23)  is  reasonable  when  v  <<  1. 
It  may  be  used  in  lieu  of  the  more  exact  set  of  equations  which 
are  larger.   This  approximation  will  be  employed  henceforth 
wherever  u  =  0. 

In  Figure  3,  we  see  the  effect  of  increasing  the  energy 
release  on  the  surface  temperature  profiles.   The  larger  the  value 
of  O/h  ,  the  higher  is  peak  value  of  temperature  and   the  faster 
is  the  temperature  rise  (or  the  more  narrow  Is  the  reaction  zone 
front  region).   Since  the  independent  variable  s  depends  upon  a 
characteristic  thermal  length  which  varies,  we  shall  see  later  that 
the  front  regions  are  even  more  narrow  than  indicated. 
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As  the  fuel-bed  thickness  increases  the  overall  length  of 
the  reaction  zone  will  increase.   However,  above  a  certain  thick- 
ness (or  above  a  certain  value  of  B)  the  temperature  profile  in 
the  front  region  is  essentially  independent  of  B.   This  is  clearly- 
seen  in  Figure  4,  where  the  calculated  temperature  results  are 
superimposed  for  three  different  fuel-bed  thicknesses.   The  front 
region  thickness  is  of  the  order  of  a  few  thermal  lengths  and 
disturbances  far  downstream  do  not  propagate  upstream. 

Nondimensional  spreading  rate  versus  energy  release  is  shown 
in  Figure  5  a^id  a  nearly  linear  increasing  dependence  is  seen. 
Also  spreading  rate  will  increase  with  the  nondimensional  thickness 
B  up  to  a  certain  value  of  B  beyond  which  A  is  independent  of  B. 
It  is  also  seen  that  an  increase  in  the  nondimensional  activation 
energy  results  in  a  decrease  in  the  spreading  rate. 

In  Figure  6,  we  see  temperature  results  for  the  case  with 

solid  phase  heat  transfer  (u  =  O).   The  same  characteristics  exist 

as  did  for  the  no-solid-phase-heat- transfer  case  except  that  the 

temperature  values  are  significantly  reduced  by  the  cooling  effect 

of  the  solid.   For  the  values  of  a  =  1.0  and  A  A   =  0.1  as  given, 

s'  oo  &    > 

the  main  effect  of  the  solid  phase  is  to  cool  the  reaction  zone 
thereby  decreasing  the  spreading  rate;  A  =  3.7  here  versus  A  =  1.6 
with  no  solid  phase  heat  transfer.   Realize,  of  course,  that  with 
lower  values  of  a  (hight  solid  thermal  diffusivity  or  greater 
values  of  V/V  )  the  solid  phase  will  begin  to  play  a  more  important 
role  in  transferring  energy  ahead  of  the  flame  which  would  tend  to 
enhance  the  spreading  rate. 
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The  results  shown  in  Figure  7  would  indicate  at  first  sight 
that  solid  phase  heat  transfer  makes  only  slight  differences  in 
the  results  for  oxidizer  mass  fraction.   The  difference  would  be 
made  through  the  temperature  which  modifies  the  reaction  rate. 
Realize  that  again  the  independent  variable  s  is  based  on  a 
characteristic  thermal  length  which  depends  upon  the  spreading 
rate.   Therefore,  since  the  spreading  rate  depends  significantly 
upon  solid  phase  heat  transfer  even  the  oxidizer  mass  fractions 
are  affected.   This  discussion  also  relates  to  Figure  5. 

In  Figure  8,  we  see  the  surface  heat  flux  plotted  versus 
position  along  the  surface.   The  heat  flux  has  its  msiximum  in  the 
flame  front  region  with  another  local  maximum  occurring  just  before 
the  burnout  position  s*  =5.0  .   This  last  maximum  coincides  with 
region  of  surface  temperature  decrease  as  would  be  expected. 

The  calculations  are  preliminary  in  the  sense  that  no  exten- 
sive parameter  survey  has  yet  been  performed.   However,  it  is  felt 
that  the  feasibility  of  using  this  integral  technique  for  such  non- 
linear calculations  has  been  demonstrated. 
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APPENDIX 


Consider   the   partial   differential  equation 

L(u)    =  Au-ku      =   f(x,y)  (A-1) 


X 


where  A  =  V-V  (the  Laplacian  operator)  and  u  is  any  unknown  while 
k  is  constant  and  f  is  known.   Realize  that  Equations  (9),  (lO) 
and  (11)  are  of  this  form  where  u  =  0-1,  Y„  -  Y„   ,  or  9  -1.   In 
those  cases  f  =  0  identically.   The  more  general  case  with  gas 
phase  reactions  would  have  a  non-zero  f.   The  boundary  conditions 
are  that:   u  -►  0  as  y  -*  cd  or  as  x  -►  -co  and  -^H  (x,  O)  =  g(x)  a 
known  function. 

The  adjoint  operator  is 

M(v)  =   Av  +  kv  (A-2) 

so  that  application  of  Green's  theorem  yields 

^  [vL(u)-uM(v)]dxdy   =   -     f     [v|H_u|X]dx.  (A-3  ) 

along 
y=0 

Let  Q  be  a  source  point  (^,r|)  and  P  be  some  other  point  (x,y), 
We  wish  that  v  =  G(P, Q)  be  the  Green's  function  whereby: 

(1)  M(G)  =0  if   P  ?^  Q  , 

(2)  G  "^  -^  log  r  as   r  -♦  0  , 

(3 )  ^  =  0  along  y  =  0. 

ween  P  and  Q  l 
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r  =  J  {x-if  +  {y-r^y 
Then  we   have    from    (A-3 ) 


oo      oo 


u(e,n)    =J        J      G(x,y;e,Ti)f(x,y)dxdy  (A-4) 

■00 

oo 

+  J      G(x,0;e,ri)g(x)dx    . 


0        -00 

oo 


-oo 

Now  it  only  remains  to  determine  the  G  which  satisfies  the 
above  three  conditions. 

Consider  the  adjoint  equation  (A-2)  and  let 


f         \  f         \    (k/2)x 

ia,(x,y)  =  v(x,y)e^  ^ 


Then 

Av  +kv^  =  e"^^/^^[An-^  M-]  =  0 
so  that 

An  -  -jj-  |_L  =  0  . 

Considering  the  cylindrically  symmetric  solution  for  \i   we  would 
obtain 

2  2 

d  |i  ,  1  dp.   k      _ 

dr  ^ 

which  is  a  modified  Bessel's  equation  of  zero  order.   One  solution 


is  the  modified  Bessel  function  of  zero  order  and  second  kind 
K^(-^-)  where 

Note  that  7  is  Euler's  constant  .5772157...  . 

224 


and 


7-19 


Asymptotically  we  have 

K^(z)  -v  -  log  z   as   z  — ►  0 

_  1/2  _2 
Kq(z)  'V  {-^)        e    as   z  -*  00  . 

Now  V  =  e~^  '  '^  K„(p  r  )  is  a  fundatmental  solution  to  the 
adjoint  equation  so  that  condition  (l)  is  satisfied.   It  remains 
to  satisfy  conditions  (2)  and  (3)-   Condition  (3)  is  satisfied  by 

the  symmetric  reflection  about  the  line  y  =  0.   Defining 

5 ? 

(x-|)  +  (y+T])  ,  we  have 

V  =  e-(^/2)^[KQ(|r)+KQ(|r-)] 

which  satisfies  the  boundary  condition  that  -3^  (x,0)  =  0  as  well  as 
satisfying  the  partial  differential  equation  (A-2). 

Condition  (2)  is  satisfied  by  multiplying  by  the  constant 
-  -^  qS^/'^)^    so  that  finally 

V  =  G(x,y;e,Ti)  =  -  ^  e  ^^/^  )  (x-^  )  ^j^^(k  ^)^  j^^(k^,  )]  .   (A_5) 


In  •        ar 


G(x,0;e,0)  =  -  i  e(^/2)(x-OK^(|^_^|)  .         (.„. 


The  differen-   '  ^v;  -  -.;._.,.  „^„  ^^^   ,.^  _......„  ,.... 

I  .   Consider  the  region  where  |x-^|  >> 

x-t  *•=*  h  I  .   Then 
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G._ie-(^/2)(-e)K^(|  |,_e|) 

^     1  ^-(k/2)(x-e).    TT     a/2(ic/2)|x-ei 


SO  that  if  X  >  ^,  we  have 

7rk|x-^  I 
and  for  x  <  |,  we  have 

Trk|x-^  I 

The  solution  at  the  position  x  has  some  influence  on  the  solu- 
tion at  the  point  ^  and  the  Green's  function  G  is  a  measure  of  that 
influence.   When  ^  is  upstream  of  x  (or  x  >  |),  the  influence  is 
relatively  weak  since  there  is  an  exponential  decay  as  |x-| |  in- 
creases.  However,  when  ^  is  downstream  of  x  (or  x  <  ^  ),  the 

-1/2 
influence  is  somewhat  stronger  since  the  decay  goes  as  |x-^|  ^    . 

On  account  of  the  convection,  a  disturbance  to  the  field  at  the 

position  X  would  be  felt  more  strongly  in  the  downstream  direction 

than  in  the  upstream  direction. 

Suppose  we  were  considering  a  solid  fuel  with  a  thickness  5 
that  is  not  very  much  larger  than  a  characteristic  thermal  thick- 
ness.  Then  the  boundary  condition  given  by  (12)  is  modified  so 

^0 
that  -r-—  =  0  at  5  =  5*/L.   In  the  nomenclature  of  this  appendix, 

we  must  impose  a  fourth  condition  on  our  Green's  function;  namely 

Sg 

-r—  (x,  5;^,ri)  =  0.   By  the  method  of  images  the  Green's  function  is 
found  to  be 
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G(x,y;C,Ti)   =  - 


1       (k/2)(x-^) 
27r 


K,(|r) 


+ 


Ko(|  r")    +I^{Ko(|[(x-e)^+  (2n6-y-Ti)2]l/2) 


+  Kq(|   [(x-e)^+  (2n6+y-ri)2]^/2) 


(A-7) 


+  Kq(|    [(x-e)2+(y-2n5  -n)^]^/2) 


+  Kq(|   [(x-0^+(-y-2n6-Ti)2]^/2)| 


Therefore,    we   have   that 


G(x,0;^,0)   =   _ie(^/2)(x-e) 


KQ(k/2    |x-e|) 


2  1^  Kq(|    [(x-0^+(2n5)2]^/2)] 


(A-8) 


Note  that  as  5  — »■  oo ,  the  modified  Bessel  functions  in  the  summation 
series  above  will  tend  towards  zero  so  that  (A-7)  and  (A-8)  become 
identical  with  (A-5)  and  (A-6). 
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One -Dimensional  Analysis  of  Combustion 
in  a  Spark-Ignition  Engine 

W.  A.  Sirignano 

Guggenheim  Laboratories 
Princeton  University 


Abstract 

S^theory  based  upon  a  concept  of  turbulent  flame  propagation 
has  developed  and  has  resulted  in  the  calculation  of  pressure 
versus  crank  angle  and  temperature  versus  both  crank  angle  and 
chamber  position  as  a  function  of  various  design  parameters. 
Ultimately,  the  theory  would  result  in  the  calculation  of  NO  con- 
centration.  Turbulent  mixing  occurs  to  a  significant  extent 
throughout  the  chamber  especially  for  larger  turbulent  eddy  sizes. 
After  burning  is  completed,  the  mixing  tends  to  uniformize  the 
temperature  distribution  somewhat. 


The  calculation  of  the  concentration  of  emissions  of  a  spark 
ignition  (Otto)  engine  requires  a  knowledge  of  the  pressure  and 
temperature  dependence  upon  space  and  time  in  the  combustion 
chamber.   The  reason  for  this  is  that  such  species,  such  as  NO,  are 
formed  in  a  nonequilibrium  manner  and  their  exhaust  concentrations 
cannot  be  calculated  solely  from  a  knowledge  of  the  exhaust  tem- 
perature distribution  and  pressure.   In  order  to  determine  pressure 
and  temperature  histories  by  mathematical  analysis,  it  is  necessary 
to  understand  the  mechanism  of  flame  propagation  in  such  an  engine. 
The  flame  propagation  rate  determines  the  rate  of  energy  release 
in  the  combustion  cylinder.   Together  with  the  rate  of  compression 
(or  expansion)  by  the  piston  motion,  the  energy  release  rate 
determines  the  pressure  and  temperature  variations  in  the  chamber 
which  in  turn  govern  the  NO  kinetics. 
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The  interesting  work  of  Lavoie,  Heywood,  and  Keck  (1970) 
avoids  the  question  of  the  mechanism  of  flame  propagation. 
Emperical  pressure  results  are  employed  to  calculate  temperatures 
and  unburnt  mass  fraction  as  functions  of  space  and  time  from 
certain  thermodynamic  considerations.   This  use  of  empiricism  made 
a  specific  statement  about  the  mechanism  of  flame  propagation  un- 
necessary or  redundant.   From  their  analysis,  the  flame  propaga- 
tion speed  and  the  temperature  variation  could  be  calculated.   No 
details  concerning  the  propagation  mechanism  were  deduced.   As  a 
consequence  of  their  simplification,  however,  they  could  not  pre- 
dict the  complete  dependencies  of  the  NO  concentrations  upon  par- 
ameters which  would  enter  through  the  description  of  the  mechanism 
of  flame  propagation.   Such  parameters  include  the  rpm,  mixture 
ratio,  spark  advance,  compression  ratio,  and  displacement  since 
these  parameters  affect  the  pressure  profile  which  is  taken  empir- 
ically in  that  work. 

It  would  be  most  useful,  therefore,  to  have  an  analysis  which 
models  the  flsime  propagation  mechanism  and  can  predict  the  complete 
dependencies  of  the  NO  concentration  upon  these  critical  parame- 
ters.  This  paper  discusses  such  a  model.   It  is  argued  in  this 
model  that  the  fleune  propagation  involves,  in  an  essential  manner, 
the  turbulent  transfer  of  heat  ahead  of  the  flame.   A  calculation 
of  the  Reynolds  number  (based  upon  bore  and  maximum  piston 
velocity)  for  a  typical  situation  gives  0(10  )  which  Jus' 
employment  of  a  turbulent  model.   A  Reynolds  number  ba. 
intake  flow  is  also  high. 
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MODEL  OF  THE  TURBULENT  DIFFUSIVITIES 

An  analysis  of  the  combustion  process  in  an  Otto  engine  has 
been  perfonned  based  upon  the  argument  that  a  turbulent  flame 
propagates  through  the  gaseous  combustible  mixture  at  a  speed  which 
is  controlled  by  the  rate  at  which  the  turbulent  motion  transfers 
heat  ahead  of  the  flame.   This  heat-up  proce.s  continually  brings 
the  gas  immediately  before  the  flame  to  the  ignition  point  and 
progressive  combustion  (or  flame  propagation)  results.   The  turbu- 
lent intensity  associated  with  these  eddies  is  related  to  both  the 
piston  velocity  and  the  velocity  of  the  unburned  gases  through  the 
intake  valve.   Obviously,  the  turbulent  intensity  increases  with 
rpm.   One  expects,  therefore,  that  flame  speed  would  increase  v;ith 
rpm  in  this  model.   This  trend,  of  course,  has  been  experimentally 
determined.   The  length  scale  of  the  turbulence  is  related  to  the 
cylinder  bore  and  stroke  dimensions  and  the  valve  opening  size. 

It  is  assumed  that  spatially  homogeneous,  but  time-varying 
turbulence  exists  in  the  combustion  cylinder.   In  particular,  an 
eddy  diffusivity  (assumed  identical  for  both  mass  and  heat  trans- 
fer) is  taken  to  be  the  sum  of  two  dif fusivities,  one  due  to 
piston-motion-generated  turbulence  and  the  other  due  to  intsike- 
f low-generated  turbulence.   By  dimensional  analysis,  it  can  be 
concluded  that  each  diffusivity  is  the  product  of  a  characteristic 
length  and  a  characteristic  velocity.   With  one  diffusivity,  the 
characteristic  velocity  equals  the  (absolute  value  of)  piston 
velocity  at  each  instant,  and,  with  the  second  diffusivity,  the 
charactersitic  velocity  is  proportional  to  the  average  intake  gas 
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velocity  and  decays  with  time  after  the  closing  of  the  intake 
valve.   The  decay  process  is  assumed  to  follow  an  exponential  law 
and,  by  dimensional  analysis,  the  characteristic  time  for  eddy 
break-up  is  the  ratio  of  the  characteristic  length  to  the  intake 
gas  velocity. 

In  particular,  we  have  for  the  eddy  diffusivity 

(1)  a(t)  =  L-|^Up(t)+  L^Uj  exp  {-  ^  (t-t^)] 

where  t  is  time,  u  is  the  piston  velocity,  L-,  is  a  characteristic 
dimension  for  turbulent  eddies  produced  due  to  shear  of  the  gas 
flowing  over  the  cylinder  walls  and  head  and  the  piston,  Lp  is  a 
characteristic  dimension  for  turbulent  eddies  produced  by  the  flow 
of  intake  gases,  u,.  is  the  average  intake  gas  velocity,  and  t_  is 
the  time  at  which  the  intake  valve  is  shut.   This  relationship  is 
clearly  over-simplified;  for  example,  one  would  expect  spatial 
variation  of  the  diffusivity,  a  dependence  upon  the  history  of  the 
piston  velocity  not  merely  the  instantaneous  value,  and  some  break- 
up of  the  eddies  resulting  in  a  distribution  of  the  characteristic 
length.   It  is  felt,  however,  that  (l)  contains  much  of  the 
essential  physics  which  governs  the  turbulent  transfer  of  heat  ajid 
mass  and  is  an  appropriate  first  representation  of  the  eddy 
diffusivity. 

EQUATIONS  OF  FLUID  MOTION  AND  THERMODYNAMICS 

The  equations  governing  the  fluid  motion  may  i      written. 
The  momentum  equation  may  be  replaced  by  the  condition  of  uniform 
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but  time-varying  pressure.   It  is  convenient  in  the  first  analysis 
to  consider  a  one-dimensional  unsteady  problem.   Figure  1  indicates 
two  interesting  models  for  flame  propagation.   On  the  left-hand 
side  of  the  figure  we  see  a  planar  wave  propagating  from  the 
cylinder  head  (where  the  spark  ignition  occurs)  towards  the  piston. 
That  is,  variations  across  the  circular  cross-section  of  the 
cylinder  are  neglected  in  comparison  to  variations  in  the  axial 
direction.   This  is  strictly  valid  only  in  the  case  where  the  bore- 
to-stroke  ratio  is  much  less  than  unity  and  the  primary  direction 
of  flame  propagation  is  the  axial  direction.   Although,  this  is 
not  realistic  with  regard  to  practical  automotive  design,  the 
essential  physics  of  the  problem  remain  intact  under  this  idealiza- 
tion and  basic  trends  should  be  noteworthy.   On  the  right-hand  side, 
we  model  a  cylindrical  flame  propagating  from  the  center  of  the 
chamber  (where  ignition  occurs)  towards  the  cylinder  walls.   Here 
gradients  in  the  vertical  direction  are  neglected.   This  is  perhaps 
a  somewhat  more  realistic  model  than  the  planar  flame  case  but 
slightly  more  complex  mathematically.   The  planar  model  was  chosen 
as  the  first  model  in  what  is  hoped  to  become  an  improving 
succession  of  models.   The  primary  intent  here  is  to  show  the 
feasibility  of  calculating  the  field  properties  in  a  combustion 
chamber  with  turbulent  flame  propagation.   Once  this  feasibility 
is  demonstrated  more  realistic  and  more  complex  models  may  be 
studied.   In  future  analyses,  one  could  treat  the  two  or  three- 
dimensional  problem  where  the  bore-to-stroke  ratio  could  be  a  more 
realistic  value. 

The  continuity  equation  is  given  as 
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(2)  |^  +  |.(pu)=0 

and  the  energy  equation  is  given  as 

where  p  is  the  density,  u  is  the  gas  velocity,  x  is  the  axial 
dimension,  p  is  the  pressure,  h  is  the  enthalpy,  T  is  the  tempera- 
ture, c   is  the  specific  heat  at  constant  pressure,  and  Q  is  the 
energy  released  per  unit  time  by  the  combustion  process. 

After  the  intake  valve  closes,  the  amount  of  mass  m  in  the 
cylinder  is  fixed.   The  fixed  mass,  moving  boundary  problem  is 
most  conveniently  handled  in  a  Lagrangian  frame  of  reference.   The 
transformation 

X 

=  /  pdx' 


X 

0 


is  made  where  x  =  0  and  ip  =  0   are  at  the  cylinder  head  while  V  = 
total  gas  mass  divided  by  cylinder  cross-sectional  area  occurs  at 
the  piston  face.   This  transformation  essentially  replaces  the 
continuity  equation  and  leads  to  the  following  form  of  the  energy 
equation 

where  c   has  been  considered  as  constant.   Furthermore,  assuming 
P 

the  perfect  gas  relationship  and  realizing  a  and  p  are  functions 


This  mass  m  is  generally  a  weak  function  of  rpm  according  to 
empirical  results  given  by  Llchty  (1959). 
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of  time  only,  we  can  rewrite  Eq.  (4)  as 

/(-^  ^T    j-1   ^/l  dpx  _  ,p^2   S   r/lN2  ST-,    Q 

(5)  ^  -  ^  ^^p  dt^  -  ^R^  "^  ^^T^   ^^^ 

where  7  is  the  ratio  of  the  specific  heats  and  R  is  the  gas 
constant. 

The  first  term  on  the  right-hand  side  of  Eq.  (5)  represents 
the  turbulent  transfer  of  energy  while  the  second  term  represents 
the  energy  release.  If  both  of  these  terms  were  zero,  no  entropy 
is  produced  and  the  temperature  and  pressure  follow  the  isentropic 
relationship.  (indeed,  it  is  seen  that  setting  the  left-hand  side 
of  the  equation  to  zero  and  integrating  yields  that  p  "^^^  T  is  a 
constant. ) 

The  boundary  conditions  on  Eq.  (5)  are  that  negligible 
energy  is  transferred  through  the  piston  face  and  cylinder  head, 
namely 

(6)  ||(t.o)  =  o 

and 

(7)  II  (t,m/A)  =  0  . 

Furthermore,  the  initial  temperature  distribution  is  specified; 
some  temperature  exists  in  the  neighborhood  of  the  spark  plug  just 
after  ignition  with  lower  temperatures  away  from  the  spark  plug. 

The  pressure  can  be  related  to  the  integral  of  the  tempera- 
ture distribution.   In  particular,  from  the  perfect  gas  law  we  have 

P  =  pRT  =  II  RT 

or,    integrating  over  the   total  gas  volime,    we   obtain 
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m/A 
( 8 )         /  pdx  =  P  /  dx  =  px  =  pV/A  =  R  /   Td^ 

0 

where  x  is  the  piston  face  position,  V  is  the  instantaneous  gas 
volume,  m  is  the  total  raass  of  gas  in  the  cylinder  and  A  =  ttB  /4 
is  the  cross-sectional  area  of  the  cylinder.   Substitution  of  Eq. 
(8)  into  Eq.  (5)  implies  that  an  integro-dif ferential  equation  for 
temperature  exists. 

It  is  convenient  at  this  point  to  nondimensionalize  Eq.  (5) 
through  Eq.  (8).   We  define 

e   =  T/T^ 

P  =  P/Po 

V  =  V/V^ 

T)  =  TJ/A/m 

C  =  cut 

where  cd  is  the  angular  frequency  of  the  crankshaft  and  the  zero 
subscript  implies  conditions  just  prior  to  ignition.   It  is  also 
convenient  to  define  K  =  0P  ""^/'V. 

Now  Eq.  (5)  through  Eq.  (8)  may  be  replaced  by 

with  the  boundary  conditions 

(6a)  1^  (CO)  =  0 

and 

(7a)  1^  (CD  =  0 

and  the  subsidiary  condition 
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1 

(8a)  Pv  =  /   edT)  . 

0 

Of  course,  now  the  initial  condition  on  Eq.  (5a-)  eunounts  to  the 
specification  of  K  just  following  ignition. 

Note  that  Eq.  (5a)  now  has  the  effect  of  the  rate  of  change 
of  pressure  concealed  within  the  definition  of  K.   The  variation 
of  K  from  unity  occurs  due  to  the  nonisentropic  processes  of  turbu- 
lent diffusion  of  energy  and  chemical  energy  release. 

It  is  realized  that  the  energy  release  Q  depends  upon  both 
the  temperature  and  concentration.   Assuming  a  second  order  re- 
action,  we  can  show  that  with  a  stoichiometric  mixture 

(9)  Q  =  ape^e-E/RT 

where  E  is  the  activation  energy,  e  is  the  mass  fraction  of  unburnt 
gases,  and  a  is  a  pre-exponential  constant  (which  could  be  assumed 
dependent  upon  temperature  if  desired).   Of  course,  it  is  possible 
to  use  some  other  relationship  for  Q  instead  of  Eq.  (9)  if  so 
desired. 

SPECIES  EQUATION 

It  is  clear  from  Eq.  (5a)  and  Eq.  (9)  that  the  mass  fraction 
of  unburnt  species  must  be  determined  as  a  function  of  space  and 
time.   The  governing  equation  is 


■it 

Equation  (9)  could  be  easily  modified  to  account  for  off- 
stoichiometric  cases  or  could  be  replaced  by  a  system  of  equations 
to  describe  detailed  kinetics. 
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where  Q  is  the  chemical  energy  per  unit  mass  of  unburnt  gas.   The 
first  term  on  the  right-hand  side  represents  the  turbulent  diffu- 
sion of  the  unburnt  species  while  the  second  term  represents  the 
depletion  of  the  species  due  to  combustion.   Note  that  the  turbu- 
lent diffusivity  for  mass  transfer  has  been  assumed  equal  to  the 
diffusivity  for  energy  transfer. 

Using  the  perfect  gas  law  and  transforming  to  the  non-dimen- 
sional variables,  Eq.  (lO)  may  be  rewritten  as 

nil  ^^   -    (  ^  )^   ^  r,^    ^     [(^)^    ^^1    ^ 


The  boundary  conditions  are 

(12)  ||  (CO)  =  0 
and 

(13)  .       1^  (C,l)  =  0 

which  imply  that  no  mass  diffuses  through  the  cylinder  head  or 
piston  face.   The  initial  condition  is  given  as  e  =  1  everywhere 
throughout  the  combustion  chamber  when  the  value  of  ^  is  ^  except 
for  a  small  region  near  the  spark  plug  where  ignition  occurs. 

Rather  than  integrating  Eq.  (5a)  and  Eq.  (11)  simultaneously, 
it  is  convenient  to  define 

(1^)  p  =  K  +  -%-  e    . 

P  o 

Then  combination  of  Eqs .  (5a),  (6a),  and  (7a)  with  Eqs.  (11),  (12), 
and  (15)  leads  to  the  following  equation: 
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,       .  ^P  _  ,A  ^2  a  2/y     h     .A  ap.  ,    Q    r  pi -7/7   n 

^      o  '   K    '      p  o 


P  o 
with  the  boundary  conditions 


(16)  1^  (C.o)  =  0 
and 

(17)  1^  (C.l)  =  0  . 

The  initial  condition  for  p  is  readily  determined  given  the  initial 
conditions  for  e  and  K. 

In  a  constant  pressure  process  it  would  follow  that  the  Eq. 
(15)  and  the  boundary  conditions  Eqs.  (I6)  and  (17)  are  satisfied 
by  the  solution  P  =  constant.   With  varying  pressure,  however,  some 
variation  in  P  occurs.   The  variation  in  P  is  substantially  less 
than  the  variation  in  e  and,  for  this  reason,  numerical  errors  are 
minimized  when  Eqs.  (15)>  (I6),  and  (1?)  are  employed  in  lieu  of 
Eqs.  (11),  (12),  and  (15).   Therefore,  the  system  of  partial 
differential  equations  which  are  to  be  solved  numerically  are  Eqs. 
(5a)  and  (I5)  subject  to  the  definitions  Eqs.  (9)  and  (l4),  to  the 
boundary  conditions  Eqs.  (6a),  (7a),  (I6),  and  (17),  and  to  the 
appropriate  initial  conditions. 

NUMERICAL  INTEGRATION  OF  THE  EQUATIONS 

Since  the  coefficients  of  the  second  derivative  terms  in 
Eqs.  (5a)  and  ( I5 )  are  strong  functions  of  time  or  crank  angle  ^, 
the  step-size  A^  required  for  accuracy  could  vary  substantially 
with  ^.   In  order  to  proceed  with  constant  step-size,  it  is  con- 
venient to  make  a  certain  transformation;  i.e.. 
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(18) 


Now  Eqs.  (5a)  and  (15)  are  transformed  to 


(19) 

and 

(20) 


hK  _    a  ,1  ^Kx  .  Ae^  ~^c^^ 


"Sz   "Sri  ^"JT?  "St^ 


K 


OK 


-V^ri    1 


subject  to  the  definitions 


0=(^)'^=c3|sinCUc,e-'2^'"'^^ 

c   T  ^Lzl 

e^   =  E/RT^;       £   =  ^-^    O-K);       9   =  KP  ^      , 


(21) 


C,    = 


A   =  V(^SVo)    ' 


C2(AL2/V^)2   =  ^5^x/[^(7-l)5i  ^  &2^^(fT-^°^    ^o^^l 


Co   = 


B 


Uj/L^o)  =   ^i  —  53x/[5254Tr(x-l)] 


C,    = 


O  X    "• 


Note  that  the  absolute  value  of  the  piston  velocity  is  used  to 

determine  the  diffusivity.   Also,  x   ^^   defined  as  the  compression 

ratio,  B  is  the  bore,  V  ^   is  the  chamber  volume  with  the  piston 

min 

at  top  dead  center,  6,,  is  the  stroke  to  bore  ratio,  6p  is  intake 
valve  area  to  piston  area  ratio,  B^  is  the  volumetric  efficiency  of 
the  cylinder,  and  6r  is  the  duration  of  time  during  which  the  in- 
take valve  :     n  divid"d  by  the  time  for  piston  traverse  between 
top  dead  center  and  bottom  dead  center. 
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and   the   conditions 

(22)  If   (CO)   =11   U,l)    =|e   (CO)    =|£   (CD   .0, 

(23)  K(0,ri)      and      ^iO,r\)      specified   , 

1  1 


(24)  P  =    (I/V)    /      edT]   = 


(1/V)    /      KdTi 


17 


0  0 

Equations  (19)  and  (20)  have  been  placed  into  a  finite 
difference  form  by  means  of  the  method  of  quasi-linearization 
(3^4,5).   A  three-point  formula  is  employed  for  the  difference 
representation  of  the  first  derivatives  with  respect  to  z.   This 
allows  second-order  accuracy  in  Az.   n  and  j  are  integers  such 
that  we  have  the  relations  z  =  nAz  and  r|  =  jAt].   i  is  an  integer 
denoting  the  step  in  the  iterative  scheme  to  be  described.   The 
difference  equations  obtained  are: 

^   '       n,  J  n,  j+1    n,  J  n,  J    n,  j  n,  j-1    n,  j 
and 

^   ^       n,  j*^n,  j+1    n,  j'^n,  J    n,  j'^n,  j-1    n,  j 
where  the  definitions  have  been  made  that 


A   .  =  -  -^ ;        C^       -  ^ 


248 


8  -l4 


<J  =  ^(^)'(^^)' 


(g-K)^e      ^ 

OKP 


n,  J 


<.i        <»-'^'n,J 


„.,i_^,p.-iA,iJ-]Z)^ 


2 ,  5   (An) 


2      Az 


D*     .    =   2 
n,  J 


Vj        ^n,j  +  l        Vj-lj 


+   A(-P^)    (ATI) 


i^-Kfe 


_eyKp(7-l)A|^ 


K' 


Jn,  j 


2  +2  — ^^^ 
O-K)^ 


(P^ 


'n  n,  j  -) 


(An)' 
Az 


n,  J 


n,  J 


£+1  H+l 

-TTITT  .    '2>,£+l  ' 


j^£+l        _   j^^+1 


(r) 


1 ,      n,j-l  n,  j+l 


n,  J 


(K^) 


n,  J 


I      . 
n,  j 


— )   (An)   1^-^ OKP (,,j 


(K 


£+1 

n,  J 


R^+1^    +  g  +  5    (An) 


n,  J 


?4Q 
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n,  0 


i-^^n,  J    n,  j^     ^  n,  J    n,  j^*^n,  j^ 

P  P 

Note  that  when  n  =  1  the  last  terms  in  D   .  and  K   .  are  replaced 

n,  J      n, J 

2  2 

by  K   -(Ati)  /Az  and  P   -(An)  /Az.   Also  when  n  =  1  the  last  terai  in 

each  of  B   .  and  G   .  is  replaced  by  (At|)  /Az.   The  boundary  condi- 

tions  Eq.  (22)  are  replaced  by 

V-1  "  n,l  '    Vj  +  1  "  n,j-l 
(27) 

V-l  ~  ^n,l  ^    ^n,j  +  l  -  Pn,j-1 

with  the  initial  conditions  K   .  and  p   .  given  for  all  j  of 
interest.   Equation  (24)  is  represented  by 


(28)       P^^^  =  fd/V  )Ati(^  (K-^    +   K°    .)    +  S~  K^     .) 
^       '  n     L^  '  n'  '^2  ^  n,  o    n,  j '   4^y  n,  j  _ 


7 


The  method  of  quasi- linearization  is  a  technique  for  im- 
proving the  accuracy  of  the  coefficients  in  Eqs .  (25)  and  (26)  in 
an  iterative  manner.   At  each  value  of  n,  the  solutions  for  all  j 
are  obtained  in  each  step  of  the  iteration  until  satisfactory  con- 
vergence occurs.   Then,  the  solution  for  the  next  value  of  n  is 
determined.   The  iteration  begins  by  choosing  (    )   .  =  (    )v,  i  t 
which  is  the  final  value  from  the  previous  iteration.   The 
coefficients  in  Eqs.  (25)  and  (26)  have  been  defined  such  that. 
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for  each  value  of  n  and  each  value  of  i+l,    the  tridiagonal  matrix 

Eq.  (25)  is  solved.   Then  F^    .,    G;?  ,,  H^  .,  and  K^  .  are  calculated 

n,  J   n,  J   n,  J       n,  j 

and  the  other  tridiagonal  matrix  Eq.  (26)  is  solved.   Now  the  index 
g,    is  increased  by  unity  and  the  coefficients  in  Eq.  (25)  may  be 
calculated  for  the  next  step  in  the  iteration  and  so  forth. 

The  initial  conditions  were  chosen  such  that,  at  ^  =  ^  , 
K  had  a  Gaussian  distribution  near  ri  =  0  but  K  =  1  for  larger  t). 
e  also  had  a  Gaussian  distribution  chosen  in  such  a  way  as  to 
relate  thermal  energy  to  chemical  energy.   This  procedure  was 
Intended  to  simulate  spark  ignition. 

The  calculations  were  performed  on  the  IBM  360/9I  computer. 

RESULTS  OF  THE  CALCULATIONS  AND  DISCUSSION 

The  calculations  have  been  performed  in  a  limited  number  of 
cases  and  results  for  profiles  of  nondimensional  pressure,  non- 
dimensional  temperature  and  mass  fraction  of  unburnt  species  have 
been  obtained.   Note  that  the  pressure  and  temperature  are  non- 
dimensionalized  with  respect  to  the  pressure  and  chamber  tempera- 
ture just  prior  to  ignition.   These  reference  conditions  may  be 
detem  ■     "■■    ^  the  known  conditions  at  the  end  of  intake  by 
assumi         ntropic  compression  up  to  the  point      nition. 
Thu.  .  f  the  volumetric  efficiency  and  majcir  f 

the  chamber  ..>_uvij  to  the  determination  of  the  dimensional  -■ 
and  dimensional  temperatu!- 


•» 

The  a>if-h^r  wish  Mr.  T.  .  W        :"or  the 

pre         of  this  finite  difi 
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The  parameters  in  the  basic  case  (Case  l)  were  chosen  as 

follows : 


0^    =   20.0   , 

A 

=    1.28  X 

io5, 

^1 

,^    -  40.0   , 

^0   =    -2°°    ' 

X 

=    10.0   , 

62  =  0-1   ' 

5^    =   0.7    , 

H 

=   1.0    , 

5^   =    -180° 

7=1-3, 

Q 

P     0 

=  4.0   , 

L^   =    Lp    . 

Note  that  A  is  directly  proportional  to  the  pre-exponential 
constant  in  the  chemical  kinetic  law  and  inversely  proportional  to 
the  rpm  value.   The  given  value  of  A  represents  a  constant  of  the 
order  of  10   cm  /(mole-sec)  and  an  rpm  value  of  2000.   The  value 

of  0   implies  a  value  of  the  activation  energy  which  is  about  20 

kcal 
mole 

The  results  for  the  unburnt  mass  fraction  versus  chamber 
position  for  various  crank  angles  are  presented  in  Figure  2.   They 
indicate  that  burning  begins  near  the  spark  plug  and  propagates 
towards  the  piston.   The  flame  has  a  certain  thickness  and  reaction 
and  turbulent  mass  diffusion  are  significant  throughout  some 
portion  of  the  chamber  at  each  instant. 

In  Figure  3,  K  versus  chamber  position  is  plotted  versus 
various  crank  angles.   Again,  the  propagation  of  a  flame  structure 
is  indicated.   At  the  end  of  burning,  K  has  a  nearly  uniform  value 
between  4.0  and  5.0  due  to  mixing  effects.   This  implies  that 
temperature  gradients  tend  to  be  eliminated  by  the  mixing.   Effects 
of  wall  quenching  and  heat  transfer  are  not  included  in  this 
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analysis,  however.   The  nearly  uniform  and  nearly  time- independent 
value  of  K  after  the  completion  of  burning  at  ^  =  0°  implies  that 
an  isentropic  expansion  is  occurring. 

Temperature  versus  chamber  position  for  various  crank  angles 
is  plotted  in  Figure  4.   The  previously-mentioned  trends  are  also 
demonstrated  there  but  it  is  also  indicated  that  after  combustion 
is  completed  the  temperature  decreases  uniformly  during  the 
expansion  process. 

Now,  a  study  may  be  performed  of  the  effects  of  changing 
various  parameters.   A  listing  of  the  parameter  survey  is  given  in 
Table  1. 

Table  1  -  Summary  of  the  Parameter  Survey 


Case 

A 

^c 

40.0 

X 

'^o 

I 

1.28  XIO^ 

20.0 

10.0 

-20° 

II 

1.28X  10^ 

20.0 

50.0 

10.0 

-20° 

III 

1.6oxlo^ 

20.0 

40.0 

10.0 

-20° 

IV 

6.40x10^ 

25.0 

4o.o 

10.0 

-20° 

V 

1 . 28  X 10^ 

20.0 

4o.O 

9.0 

-20° 

VI 

1 .  28  X  10^ 

20.0 

4o.O 

10.0 

-15° 

: fects  of  changes  in  the  ratio  of  stroke-to-eddy  size 
(Case  II)  are  demonstrated  in  Figures  5  and  6.   It  is  seen  that  an 
increase  (decrease)  in  the  eddy  size  implies  a  decrease  {ax\ 
inc;  i'urning  angle.   This  indicates  tha  i- 

cations  w:     an  change  eddy  size  should  h  .    ,: 

upon  b';'"-'-~  ---'•-!.   The  effr  *^   t^    :  ak  pressures  and  tempera- 
tures would  not  be  as  profound  but  significsmt.   Another 
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interpretation  is  that  a  decrease  in  the  stroke  (or  maximuin  chamber 
length)  implies  a  shorter  travel  distance  for  the  flame  and  there- 
fore a  smaller  burning  angle.   Realize  that  in  these  calculations, 
the  compression  ratio  was  held  constant  as  the  stroke  was  varied. 
Again  peak  temperatures  were  not  too  sensitive  to  the  parameter 
change . 

Figure  7  (Case  III)  shows  the  effect  of  increasing  A  to  the 
value  of  1.60x10  .   This  case  can  be  viewed  either  as  an  increase 
in  the  pre-exponential  kinetic  constant  or  a  decrease  in  the  rpm 
value.   Although  the  results  indicate  some  decrease  in  the  burning 
angle,  it  is  not  as  large  as  would  occur  if  the  combustion  process 
were  constant  in  duration.   The  results  indicate  that  as  the  rpm 
increases,  the  rate  of  turbulent  mixing  increases  due  to  increases 
in  the  piston  velocity  and  in  the  velocity  of  the  mixture  during 
intake  (if  the  mass  of  the  charge  were  only  weakly  dependent  upon 
rpm).   The  burning  angle  is  much  less  sensitive  to  the  value  of  A 
than  to  the  value  of  Q    .   Peak  temperatures  are  not  too  sensitive 
to  the  value  of  A  or  the  value  of  0  . 

In  Figure  8,  we  see  the  effect  of  increasing  the  nondimen- 
sional  activation  energy  0   to  a  value  of  25-0  and  increasing  A  to 
6.4ox  10   (Case  IV).   Both  parameters  must  be  changed  simultane- 
ously if  the  burning  angle  is  to  remain  at  a  realistic  value. 
Increasing  6      tends  to  slow  down  flame  propagation  while  increasing 
A  results  in  a  faster  flame  propagation. 

Note  that  in  Figure  9,  the  results  for  Case  V  are  plotted. 
Here,  the  effect  of  decreasing  the  compression  ratio  ^  to  the  value 
of  9^0  is  considered.   The  decrease  in  the  compression  ratio 


2^h 


8-20 


results  in  an  increase  in  the  burning  angle.   It  is  found,  however, 
that  the  change  in  peak  temperatures  is  not  very  significant. 

In  Figure  10,  the  effect  of  spark  advance  is  demonstrated. 
In  this  Case  VI,  C  =  -15  and,  as  expected,  burning  occurs  later 
relative  to  top  dead  center.  Interestingly  enough,  the  burning 
angle  is  found  to  decrease  as  the  spark  is  advanced.  Apparently, 
this  results  from  the  larger  value  of  the  eddy  diffusivity  during 
the  burning  period.  The  larger  diffusivity  and  more  rapid  mixing 
occur  since  the  piston  velocity  during  burning  is  larger  when  the 
burning  occurs  significantly  away  from  top  dead  center. 

The  effects  of  the  parameters  upon  the  pressure  results  are 
indicated  in  Figure  11.   It  is  seen  that  changes  in  the  pre- 
exponential  chemical  kinetic  constants,  or  in  the  rpm  value,  can 
produce  somewhat  significant  variation  in  the  pressure  traces  but 
changes  in  the  activation  energy  can  produce  large  changes.   A 
modification  in  ■    eddy  size  is  noticed;  larger  pressures  are 
obtained  .  to  the  decrease  in  burning  angle  as  eddy  size 

increases.      .  -ak  pressure,  however,  is  only  slightly   _   r. 
Also,  it  is  noticed  that  the  increased  compression  ratio  r--:"-^- 
in  an  increase  in  the  peak  pressure.   The  spark  adv 
tion  r  .    ly  more  si^.-;:  ..< 

pressure . 

■  suits  of  th'   ^   -  •  ■  •   .  y 

factor  in  the  eddy  diffusivity  given  by  (i)  is  the  term  due  to 
piston  motion.   The  term  due  to  the  intake  is  ne,      le  In  com- 
parison.  It  should  be  noted,  however,  that  interactioi.  ...^^  exist 
in  reality;  the  turbulence  generated  during  Intake  may  provide  the 
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necessary  initial  conditions  for  the  intensification  of  the  turbu- 
lence by  the  piston  motion. 

The  interesting  results  obtained  are  that  the  final  value  of 
K  and  the  peak  value  of  temperature  9   were  insensitive  to  parameter 
changes.   Realize  that  K  as  defined  before  Eq.  (5a-)  can  be  direct- 
ly related  to  the  entropy,  so  that  the  implication  is  that  the 
final  entropy  is  insensitive  to  parameter  changes.   This  is  not 
surprising  since  the  combustion  process  is  very  nearly  a  constant 
volume  process.   That  is,  during  combustion,  the  piston  is  near 
top  dead  center  and  moving  slowly  so  that  very  little  work  is  done 
by  (or  on)  the  piston.   Therefore,  with  the  chemical  energy  to  be 
released  given,  it  is  found  that  the  chemical  kinetic  constants, 
the  rpm  value,  eddy-size,  etc.  have  little  effect  upon  temperature 
and  entropy  at  the  end  of  the  combustion  process.   The  peak 
temperature  and  the  temperature  at  the  end  of  the  combustion 
process  were  very  similar  in  the  cases  calculated  here. 

At  this  point,  it  is  possible  to  use  these  pressure  and 
temperature  results  to  calculate  the  concentration  of  NO  as  a 
function  of  crank  angle  and  chamber  position.   In  particular,  the 
concentration  in  the  emissions  could  be  calculated.   These  calcula- 
tions are  intended  for  the  near  future. 

There  is  an  earlier  version  of  this  paper  (Sirignano  (1971)) 
which  comes  to  somewhat  different  conclusions.   In  the   calcula- 
tions presented  there,  larger  eddies  and  slower  chemical  kinetics 
were  employed.   This  resulted  in  "thick"  flames.   The  present 
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calculations  which  result  in  thinner  flames  are  now  felt  to  be 
more  realistic. 

The  model  could  be  extended  in  the  future  by  considering  the 
effects  of  heat  transfer,  dependence  of  the  specific  heat  upon 
temperature  and  concentration,  and  more  realistic  geometries  for 
flame  propagation.   An  interesting  application  of  a  similar  model 
of  flame  propagation  to  the  Wankel  combustion  process  is  discussed 
in  another  paper  by  Bracco  and  Sirignano  (1973).   There,  in  fact, 
the  combustion  chamber  is  more  reasonably  modelled  in  a  one- 
dimensional  manner  than  in  the  reciprocating  engine  case. 


1 

Discussions  with  Drs .  J.  Heywood  and  F.  Brai  nt 

were  most  :  ■  ''  • '  . 
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Abstract 

The  burning  rate  of  coal  particles  are  examined  under  two 
different  sets  of  ideal  conditions  —  (l)  an  ash-free  material 
undergoing  quasi-steady  burning  in  which  the  kinetics  of  oxidation 
on  the  surface  are  fast  with  respect  to  the  diffusional  time  for 
oxidizing  material  to  reach  the  surface  and  (2)  an  ash-forming 
coal  in  which  diffusion  through  the  ash  controls.   Simple  modifica- 
tion of  analyses  already  in  the  literature  show  that  for  the  ash- 
free  condition,  the  mass  burning  rate  per  unit  area  is  proportional 
to  the  mass  fraction  of  the  free  stream  oxygen  to  the  first  power 
and  for  the  integral  ash  condition  the  burning  rate  is  proportional 
to  the  square  root  of  oxygen  mass  fraction.   The  burning  rate  of 
an  ash-free  particle  is  also  shown  to  be  a  function  of  the  chemical 
transformation  at  the  surface.   If  CO  forms,  the  burning  rate  is 
twice  the  value  that  would  be  obtained  if  COp  formed. 


I.  Introduction 
The  renewed  interest  in  coal  combustion  motivated  this  paper 
which  is  essentially  a  re-analysis  of  mass  burning  rate  determina- 
tions for  certain  unique  properties  of  coal.   There  are  two  condi- 
tions examined.   The  first  concerns  the  burning  of  ash-free  coal 
under  the  assumption  that  the  hetergeneous  oxidation  at  the  coal 
surface  is  fast  with  respect  to  the  rate  at  which  the  oxidizing 
material  is  brought  to  the  surface.   This  assumption  is  valid  for 
large  particles  at  high  temperatures  —  the  most  practical  case  of 
coal  combustion.   Mulcahy  and  Smith  [1]  have  shown  that  for  pul- 
verized coal  even  at  high  temperatures,  the  surface  oxidation 


270 


9-2 


kinetics  control.   Nevertheless,  as  will  be  shown,  the  burning  rate 
dependence  on  free  stream  oxygen  mass  fraction  is  the  same. 
Although  most  coals  contain  a  modest  amoiont  of  volatiles,  they  burn 
rapidly  and  the  coal  burning  rate  is  determined  by  the  consumption 
time  of  the  carbon  char.   The  second  condition  examined  is  the  case 
of  an  ash-forming  coal. 

II.  Ash-Free  Coal 

As  described  in  the  Introduction,  the  burning  rate  of  coal 
at  high  temperatures  is  determined  by  the  burning  of  the  carbon 
char.   Carbon  is  essentially  non- volatile  at  the  temperatures  that 
can  be  created  in  coal  combustion  and  thus  its  oxidation  must  take 
place  hetergeneously;  i.e.,  on  the  char  surface.   If  the  coal  is 
porous  then,  under  these  conditions,  it  is  not  likely  that  the 
pores  will  play  a  role  since  the  oxidizing  material  will  be  removed 
rapidly  on  the  exterior  surface  before  it  can  diffuse  into  the 
pores.   The  problem  then  can  be  idealized  into  the  surface  burning 
of  a  spherical  particle  of  carbon.   The  general  problem  of  surface 
(heterogeneous)  oxidation  has  been  treated  by  Frank-Kamenetskii 
[?] .   For  surface  oxidation,  whether  the  chemical  rate  or  diffusion 
is  controlling,  in  the  steady  state  rate  which  oxidizer  is  being 
consumed  at  the  surface  by  chemical  reaction  must  be  equal  ■ 
rate  at  which  oxygen  diffuses  to  the  surface.   Thus  Frank- 
Kamenetskii  writes  the  expression 

(^)  %  =  K   Co,s  =  ^>  ^-    -  -   ,) 
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G  is  the  mass  consumption  rate  per  unit  area  (g/sec  cm  ) .   k  is 
heterogeneous  specific  reaction  rate  constant  which  includes  the 
surface  area  and  thus  has  units  of  velocity  (cm/sec),  k  =  (k/S) 
where  k  is  the  ordinary  Arrhenius  rate  constant  for  a  first  order 
reaction  (see"  )  and  S  is  the  surface  area  to  volume  ratio  for  the 
solid  particle  (cm  /cm-'^  ) .   h^  is  the  mass  diffusion  coefficient 
and  as  defined  must  have  the  units  of  velocity  (cm/sec).   It  is 
inherent  from  Equation  (l)  that  surface  kinetics  are  assumed  first 
order  with  respect  to  the  oxygen  concentration.   C   is  the  oxygen 
concentration  (g/cm-^).   The  further  subscripts  s  and  cd  refer  to 
the  surface  and  free  stream  respectively.   The  stoichiometric 
relation  between  the  oxidizer  and  fuel  can  be  written  as 

(2)  G^  =  G/i 

where  G^  is  the  fuel  consumption  rate  per  unit  area  and  i  is  the 
mass  stoichiometric  index.   Thus  Equation  (l)  may  be  written  as 


(3 )         i  G^  =  i  k  p  m    =  i  h_  p  (m     -  m    )  =  G„ 
^     '  o      s  ^  o,  s      D  f^  ^  o,  CD    o,  s'     f 

in  which  p  is  the  total  gaseous  density  and  m   the  mass  fraction  of 
oxygen.   It  is,  of  course,  desirable  to  express  the  mass  consump- 
tion rate  of  the  fuel  in  terms  of  the  known  free  stream  condition, 

m    .   This  result  can  be  obtained  by  solving  the  two  middle  terms 
O,  CO  J  •=> 

in  Equation  (3)  for  m    .   The  simple  algebraic  result  is 

Oj  o 

^     '  o,  s    "-  D'^  ^  s   D    o,  CO 

Substituting  Equation  (4)  into  (3)^  one  obtains 
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It   should  be   noted   that    (hpy/k    )    is   a  Damkohler  number.      When  the 
chemical   rates   are    fast  with   respect   to   the   diffusion   rate,    small 
Damkohler  number, 

^S    ^^   ^D 
then  Equation   (5)   becomes 

(^)  ^f  =   iphD%co 

or  from  Equation   (4) 

(7 )  m  <<  m 

^ '  '  o,  s  O,  CO 

and  m    may  be  assumed  close  to  zero.   When  the  chemical  rates 

o,  s   '' 

are  slow  compared  to  the  diffusion  rates,  large  Damkohler  number, 

^S  ""  '^D  ' 
Equation  (5)  gives 

(8)  G^  =  i  k  p  m 

^     '  f      s  ^  o,  CO 

and  Equation  (4)  shows  that 

(9)  m    ~  in 

^     '  o,  s  ~   O,  00 

Thus  for  the  chemical  rate  controlling  the  mass  consumption  rate 
is  found  to  be  first  order  with  respect  to  the  free  stream  oxygen 
mass  fraction  and  is  a  direct  consequence  of  the  assumption  of 
first  order  kinetics. 
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Indeed,  it  appears  from  Equation  (6),  for  diffusion  control- 
ling, that  the  consumption  rate  is  first  order  with  respect  to  the 
free  stream  oxygen  mass  fraction  as  well.   Although  this  indeed 
will  turn  out  to  be  the  case  for  carbon,  it  is  not  apparent  because 
h_^  must  be  more  clearly  evaluated  since  there  is  diffusion  of  a 
gaseous  product  from  the  surface  to  the  free  stream.   However,  for 
carbon  oxidation  it  will  now  be  shown  that  this  flux  from  the 
surface  is  small  enough  not  to  alter  heat  or  mass  diffusion  to  or 
from  the  surface . 

In  order  to  elaborate  on  this  point  it  is  interesting  to 
examine  the  burning  rate  of  a  volatile  fuel  droplet  in  a  quiescent 
atmosphere  as  initially  given  by  Spalding  [3] .   Spalding  has  shown 
that 

(10)  G^  =  (Dp/r)ln  (1+  B) 

o 
where  D  is  the  molecular  diffusion  coefficient  (cm  /sec),  r  the 

particle  radius  (cm),  and  B  the  transfer  number.   It  is  convenient 

to  write  B  in  a  form  first  written  by  Blackshear  [4]  and  reviewed 

by  the  author  [5] : 

i  m  „  +  m„^ 
m^  R  o^co  fs 
(1^)  ^fo 1-m^g 

C   (T   -  T^)  -m„^H 
^^^^  ^fg r^  +  H(m^^-l)    ' 

C   (T   -T)  +  im    H 
(13)  B„,  .  -^-^ 1- °-^2^  . 

where  H  is  the  heat  of  combustion  of  the  fuel   (cal/g)  and  L^  is 
the  latent  heat  of  evaporation  (cal/g).   These  results  evolve  from 
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solving  the  diffusion  equations  including  the  rate  terms  for  heat, 
oxidizer  and  fuel.   The  non- homogeneous  rate  term  can  be  elimina- 
ted by  combining  any  of  the  two  equations  and  writing  the  combined 
equation  in  terms  of  a  new  variable  b.   The  transfer  number  arises 
when  the  equations  are  integrated  and  b  is  evaluated  at  the  surface 
and  in  the  ambient, 

(14)  B  =  b   -  b   . 

^    '  OD     S 

Since  there  are  three  equations,  there  are  three  different  forms  of 
B,  but  they  are  equal.   It  is  assumed  in  these  types  of  develop- 
ments that  heat  and  mass  diffusivity  are  equal.   The  equations  and 
boundary  conditions  account  for  the  mass  efflux  from  the  x^uel  sur- 
face and  its  subsequent  effects  on  hear  and  mass  diffusion. 

For  the  case  of  coal  burning  on  the  surface  the  most  con- 
venient form  of  B  is  that  given  by  Equation  (11).   m„  for  surface 
oxidation  must  be  equal  to  zero  and  thus 

(15)  B  =  i  m 

^     ''  '  O,  00 

and  Equation  (10)  becomes 

(16)  G„  =  5£  In  (1  +  i  m    )  . 
^       '  f    r     ^      o,  CO  ' 

The  case  for  condensed  phase  burning  in  a  convective  stream 
has  been  solved  for  a  flat  plate  fuel  surface  by  Emmons  [6] . 

Emmons  found 

Rey2 

(17)  G.  =  \-^^—   [-f(o)] 

^    P  x/? 

where  n   is   the  viscosity.    Re    the  Reynold's   •■:"'^    r,    x   the   -"--o-  •■> 
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from  the  leading  edge  of  the  flat  plate,  and  [-f(O)]  is  a  modified 
Blasius  function  which  is  also  a  function  of  B.   The  oxygen  de- 
pendence is  in  [-f(O)]  and  will  be  discussed  later. 

The  stagnant  film  case,  which  represents  convective  flow 
parallel  to  the  mass  evolving  from  the  fuel  surface,  gives  an 
expression  similar  to  Equation  (lO);  i.e., 

(18)  G^  =  (Dp/5)ln  (1+  B) 

where  5  is  the  boundary  layer  thickness.   Of  course,  for  the 
quiescent  case,  as  found  in  heat  transfer,  6  =  r.   A  definition  of. 
h^  could  be 

(19)  %   =  D/6  . 

The  approximation  given  by  Equation  (18)  is  in  reality  quite  good 
because  B  is  small. 

To  evaluate  B  from  Equation  (15)  the  value  of  i  must  be 
known.   The  model  for  carbon  combustion  at  high  temperatures 
elaborated  upon  by  Coffin  and  Brokaw  [7]  has  been  generally 
accepted.   The  concept  is  that  CO  forms  at  the  surface  diffuses 
away  and  is  oxidized  to  COp  in  the  gas  phase.   The  COp  diffuses  to 
the  surface,  is  the  essential  oxidizing  agent  and  is  reduced  to  CO 
by  the  Boudouard  reaction 

C  +  CO^  -*  2C0  . 

No  oxygen  essentially  reaches  the  surface,  it  is  consumed  by  the 
CO  in  the  gas  phase.   In  this  case  it  has  been  shown  explicitly 
[^>5]  that  the  stoichiometric  index  is  12/l6  or  0.75 .   This  result 
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may  be  seen  by  applying  the  Law  of  Heat  Summation  to  the  reactions 
in  the  overall  system,  i.e., 

CO  +  ^Og  -*  CO2    (gas  phase) 
CO2  +  C  —  2C0    (surface) 


C  +  ^0^  -*   CO     (overall) 


If  COp  forms  heterogeneous ly  at  the  surface  then  the 
stoichiometry  is 

CO  +  ^O^  -*  CO2  . 

For  pure  carbon,  it  is  most  likely  that  only  CO  forms  at  the  sur- 
face.  However,  impurities  could  heterogeneously  catalyst  some  CO 
to  COp.   Thus,  although  it  is  recommended  that  i  be  chosen  equal 
to  0.75  it  must  be  realized  that  for  practical  coals  its  exact 
value  may  be  somewhat  lower. 

From  either  of  the  above  results  it  is  very  apparent  that  B 
is  a  number  small  compared  to  one  for  combustion  with  air.  Since 
m^    =  0.23  for  air  then  B  =  0.086  to  0.172.   Thus 

(20)  In  (1  +  B)  ~  B 
and  Equation  (18)  becomes 

(21)  G^  =  (Dp/5)  B  =  (Dp/5)  i  m^^  ^ 
which  with  Equation  (I9)  takes  the  form 

(22)  G^  =  hjjln   ,  p 

the  same  result  as  given  by  Equatl'  •  '".  •' 
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small  B  is  that  the  surface  efflux  does  not  have  any  effect  on  the 
diffusional  processes. 

For  small  B,  Equation  (17)  also  can  be  reduced  to  the  same 
form  as  Equation  (22).   B  appears  in  an  analytical  manner  in  the 
boundary  condition  for  the  Blasius  function.   Therefore,  one  may 
assume  [-f(O)]  as  analytic  in  B  and,  further,  for  the  small  B  case, 
directly  proportional  to  B.   Thus  the  mass  burning  rate  has  the 
sajne  oxidizer  dependency  for  the  particle  burning  in  a  convective 
atmosphere  as  in  a  quiescent  atmosphere. 

From  Equation  (22),  one  observes  that  the  burning  rate  is  not 
only  directly  proportional  to  the  oxygen  mass  fraction  but  also 
the  stoichiometric  index.   Consequently  whether  CO  or  COp  forms  on 
the  surface  or  not  is  crucial  because  the  burning  rate  changes  by 
a  factor  of  two.   One  could  have  intuitively  predicted  this  result 
because  to  form  COp  one  must  diffuse  twice  as  much  oxygen  to  the 
surface . 

The  result  for  the  dependency  with  respect  to  oxygen  has  been 
obtained  by  much  more  sophisticated  analyses  [2,8,9]-   Many 
investigators  have  carried  out  detailed  mathematical  analyses  of 
the  ablation  of  carbon  and  of  heterogeneously  catalyzed  systems. 
The  purpose  here  was  to  show  that  since  the  transfer  number  could 
be  shown  small  compared  to  one,  the  simple  analyses  by  Frank- 
Kamenetskii  give  the  proper  oxidizer  mass  fraction  dependency. 
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III.  Ash-Forming  Coal 

If  a  coal  forms  an  ash  while  it  is  being  oxidized,  then  it 
is  the  diffusion  of  the  oxidizer  through  the  ash  which  controls  the 
burning.   Diffusion  of  oxygen  to  the  surface,  whether  in  quiescent 
or  convective  atmospheres,  will  always  be  very  much  faster  than  the 
diffusion  through  the  ash  layer.   Thus,  following  a  procedure 
similar  to  Knorre,  et  al.  [10],  the  consumption  rate  of  oxygen  at 
the  fuel  surface  may  be  written  as 

dm 

where  D.  is  the  diffusion  parameter  for  flow  through  the  ash. 

From  Equation  (2), 

dm 
(24)  G^  =  i  D^p  ^  . 

Since  m  ~  m     at  the  outer  edge  of  the  ash  and  m  ~  0  at  the 
surface,  an  approximate  form  of  Equation  (24)  is 


(25)  Gf  =  i  D^p 


m 


O,  CO 


where  x  is  the  thickness  of  the  ash  at  any  instant.   Equation  (25) 
would  hold  well  provided  x  is  small  compared  to  the  particle  radius. 
In  practical  cases  the  tendency  of  the  ash  to  separate  from  the 
char  probably  does  keep  x  small.   This  analysis,  of  course,  holds 
when  the  ash  breaks  away  from  the  particle.   The  rate         ■sion 
of  the  coal  particle  can  be  written  as 

(26)  °f  =  Pc  ^^^/^^) 
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where  p   is  the  density  of  the  coal.   Equating  Equations  (25)  and 

(26),  one  obtains 

m 

(27)  Pc  (dx/dt)  =  i  D^p  -^    . 

Integrating  and  solving  for  x,  one  obtains 

(28)  X  =  (2  D^pim^^^t/p^)V2 

since  x  =  0  at  t  =  0.   Equation  (28)  is  combined  with  Equation  (25) 
to  give 

(29)  G^  =  (D^p  PeiVco/^t)^/^  . 

Thus  in  the  case  of  an  ash  forming  coal,  the  burning  rate  de- 
creases with  time  and  proportional  to  the  oxygen  mass  fraction  to 

1/2 

the  one-half  power.   Similarly,  it  is  proportional  to  i  '  . 

IV.  Conclusions 

For  the  case  of  non-ash  forming  coal  particles  burning  at 
high  temperatures  in  either  a  quiescent  or  convective  atmosphere, 
it  has  been  shown  in  a  simple  manner  that  the  burning  rate  is 
directly  proportional  to  the  oxygen  mass  fraction.   For  coal  parti- 
cles which  form  an  ash,  the  burning  rate  is  proportional  to  the 
square  root  of  the  oxygen  mass  fraction. 

The  surface  reaction  is  important  in  determining  the  burning 
rate  as  well.   If  CO  forms  at  the  surface  in  the  ash-free  case,  the 
burning  rate  is  twice  as  fast  as  if  COg  forms. 
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I.  Introduction 

Recent  concerns  about  energy  needs  and  the  associated  envi- 
ronmental problems  has  again  focused  attention  on  the  rather 
startling  fact  that  after  burning  hydrocarbons  for  about  a  century 
a  thorough  understanding  of  their  high  temperature  oxidation 
characteristics  still  does  not  exist.   The  central  thrust  of  a  pro- 
gram at  Princeton  on  the  homogeneous  gas  phase  reaction  kinetics 
of  hydrocarbons  at  high  temperatures  is  to  contribute  to  this 
understanding  by  use  of  a  turbulent  flow  reactor.   Earlier  work  on 
methane  and  carbon  monoxide  oxidation  kinetics  (Dryer,  1972;  Dryer 
and  Glassman,  1973;  Dryer,  Naegeli  and  Glassman,  1971)  has  been 
reported  in  the  literature.   All  the  experimental  work  had  been 
performed  on  the  Princeton  adiabatic,  high  temperature,  turbulent- 
flow  reactor  (Dryer,  1972).   Some  recent  experimental  work  on  this 
reactor,  albeit  preliminary,  and  some  further  understanding  of  what 
is  necessary  to  model  complex  chemical  kinetic  systems  are  thought 
to  be  of  great  significance  in  further  elucidating  the  hydrocarbon 
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oxidation  kinetic  process.   More  specifically  this  work  which  is 
reported  here  deals  with  some  preliminary  thinking  and  new  results 
with  respect  to  the  processes  in  paraffin  hydrocarbon  combustion. 

II.  Experimental  Apparatus 

Basically,  the  Princeton  flow  reactor  technique  utilizes  a 
heated  cylindrical  quartz  duct  10  cm  in  diameter  through  which  a 
hot  inert  carrier  gas  flows  at  velocities  which  yield  Reynolds 
numbers  in  excess  of  3500  (Figure  1).   The  reactor  assembly  is 
constructed  so  that  the  reactor  walls  rapidly  equilibrate  to  the 
local  gas  temperature.   Rapid  mixing  of  small  amounts  of  pre- 
vaporized  reactants  with  the  carrier  is  provided  by  radial  injec- 
tion at  the  throat  of  a  high  velocity  mixing  inlet  nozzle.   Proper 
adjustment  of  carrier  temperature  flow  velocity  and  reactant  con- 
centrations result  in  a  steady,  one-dimensional,  adiabatic  reaction 
zone  extending  over  a  length  of  approximately  85  cm.   Simultaneous 
thermal  and  chemical  data  at  discrete  axial  locations  in  the 
reaction  zone  are  obtained  by  longitudinal  extension  of  an  instru- 
mented probe.   Temperature  measurements  are  made  with  a  silica 
coated  Pt/Pt-Rh  thermocouple,  and  gas  samples  are  removed  through 
a  water-cooled/expansion  quenched  stainless  steel  sampli"      i^e. 
Consistent  with  the  long  range  objective  of  n 
carbon  oxidation  studies,  a  sophisticat 

chemical  •.•■•.^ ■' ■  •  -  ..y~.  .-..-. a., y-e   which  was  d- —    v.  in  this         'y 
(Colk'  •     1.1.  (1973)),  perm  •  ^f  all  s'        :;. - 

car:  (includ!  y  oxidized  cor 
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The  unique  advantages  of  this  flow  reactor  approach  should  be 
emphasized.   By  restricting  experiments  to  highly  diluted  mixtures 
of  reactants,  and  extending  the  reactions  over  large  distances, 
gradients  are  such  that  diffusion  may  be  neglected  relative  to  con- 
vective  effects  (Glassman  and  Eberstein,  I963);  thus,  the  measured 
specie  profiles  are  a  direct  result  of  chemical  kinetics  only. 
This  type  of  spreading  is  in  contrast  to  low  pressure  one  dimen- 
sional burner  studies  where  diffusion  effects  must  be  determined 
analytically  before  useful  chemical  kinetic  data  are  obtained. 
While  these  flame  procedures  have  progressed  significantly  in  their 
refinement,  estimation  of  diffusive  corrections  remains  very 
difficult. 

Furthermore,  in  the  flow  reactor,  uniform  turbulence  results 
not  only  in  rapid  mixing  of  the  initial  reactants,  but  radially 
1-dimensional  flow  characteristics.   Thus  real  "time"  is  related 
to  distance  through  the  simple  plug  flow  relations.   However,  the 
relation  of  a  specific  axial  coordinate  to  real  time  is  not  well 
defined  since  the  initial  time  coordinate  occurs  at  some  unknown 
location  within  the  mixing  region.   One  would  suspect  that  initial 
mixing  history  could  therefore  alter  reaction  phenomenon  occurring 
downstreajn.   However,  the  existence  of  very  fast  elementary  kine- 
tics, which  initiate  chemical  reaction  before  mixing  is  complete, 
permit  rapid  adjustment  of  the  chemistry  to  local  conditions  as  the 
flow  approaches  radial  uniformity.   Furthermore,  the  large  dilution 
of  the  reactants  and  rapidity  of  the  kinetics  reduce  the  coupling  of 
turbulence  and  chemistry  to  the  point  that  local  kinetics  are  func- 
tionally related  to  the  local  mean  flow  properties  (Glassman  and 
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Eberstein,  1963).   This  conclusion  is  also  supported  experimentally 
by  excellent  agreement  of  the  derived  chemical  kinetic  data  with 
that  obtained  from  shock  tubes  and  static  reaction  systems  at  other 
temperatures.   Agreement  also  substantiates  that  the  reactor  sur- 
faces do  not  significantly  effect  the  gas  phase  kinetics.   Com- 
parison of  flow  reactor  data  from  reactor  tubes  of  significantly 
different  surface  to  volume  ratio  also  corroborates  this  conclu- 
sion.  Finally  and  most  important,  the  turbulent  flow  reactor 
approach  permits  kinetics  measurements  in  a  temperature  range  (800- 
14ook)  generally  inaccessible  to  low  temperature  methods  (fast  flow 
Electron  Spin  Resonance,  Kinetic  Spectroscopy  techniques,  static 
reactors,  etc.)  and  high  temperature  techniques  (shock  tubes,  low 
pressure  post  flame  experiments). 

III.  Combustion  of  Paraffin  Hydrocarbons 

Combustion  of  paraffins  above  methane  has  always  been  thought 
to  be  complicated  by  the  greater  instability  of  the  higher  alkyl 
radicals  and  by  the  great  variety  of  secondary  products  which  can 
form.   The  oxidation  raechsmism  characteristically  follows  the 
Semenov  type.   Minkoff  and  Tipper  (I962)  have  reported  some  oxida- 
tion mechanisms  of  specific  hydrocarbons. 

At  higher  temperatures  most  have  accepted  the  primary  re- 
action in  the  system  to  be  between  the  hydroxyl  radical  and  the 
fuel. 

RH  +  OH  -►  R  +  H^O 
Recent  work  at  Princeton  (Dryer,  1972)  has  suggested  tha-    ■  r 
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reactions  in  addition  to  this  one  were  important;  mamely,  in  fuel 
lean  and  rich  combustion 

RH  +  0  —  R  +  OH 

and   in   fuel   rich  combustion 

RH  +H  —  R  +  H2    . 

It  is  interesting  to  review  a  general  pattern  for  the  oxida- 
tion of  hydrocarbons  in  flames  as  given  by  Fristrom  and  Westenberg 
(1965).   They  suggest  two  essentially  thermal  zones:   the  primary 
zone  in  which  the  initial  hydrocarbons  are  attacked  and  reduced  to 
CO,  Hp,  HpO,  and  the  various  radicals  (H,  0,  OH)  and  the  secondary 
zone  in  which  the  CO  and  Hp  are  oxidized.   The  primary  zone,  of 
course,  is  that  in  which  the  intermediates  occur.   In  oxygen-rich 
saturated  hydrocarbon  flames,  they  suggest  further  that  initially 
hydrocarbons  lower  than  the  initial  fuel  form  according  to 

0H+  C^H2^^2  -   H2O  +Cn«2n+1  "*  Vl«2n-2+  ^"3  " 

Because  hydrocarbon  radicals  higher  than  ethyl  are  thought  to  be 
unstable,  the  initial  radical  C  Hp   -,  usually  splits  off  CH-,  and 
forms  the  next  olefinic  compoimd  as  shown.   With  hydrocarbons 
higher  than  C^Hn,  it  is  thought  there  may  be  fission  into  an  ole- 
finic compound  and  a  lower  radical.   The  radical  alternately  splits 
off  CH^ .   The  formaldehyde  which  forms  in  the  oxidation  of  the  fuel 
and  fuel  radicals  is  rapidly  attacked  in  flames  by  0,  H,  and  OH,  so 
that  formaldehyde  is  usually  found  as  a  trace  substance. 

In  fuel-rich  saturated  hydrocarbon  flames,  Fristrom  and 
Westenberg  state  the  situation  is  more  complex,  although  the 
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initial  reaction  is  simply  the  H  atom  abstraction  analogous  to  the 
preceding  OH  reaction:   e.g. 

n  2n+2    2   n  2n+l 

Under  these  conditions  the  concentration  of  H  and  other  radicals 
is  large  enough  that  their  recombination  becomes  important  and 
hydrocarbons  higher  than  the  original  fuel  are  formed  as  inter- 
mediates. . 

The  general  features  suggested  by  Fristrom  and  Westenberg 
have  been  confirmed  in  recent  experiments.   However,  this  new  work 
permits  more  detailed  understanding  of  the  high  temperature  oxida- 
tion mechanism.   As  stated  earlier  this  work  shows  that  under 
oxygen-rich  conditions  initial  attack  by  0  atoms  must  be  considered 
as  well  as  the  primary  OH  attack.   More  importantly  however,  it  has 
been  established  that  the  paraffin  reactants  produce  intermediate 
products  which  are  primarily  olefinic  and  the  fuel  is  consumed  to 
a  major  extent  before  significant  energy  release  occurs.   The 
higher  the  initial  temperature  the  greater  the  energy  release  as 
the  fuel  is  being  converted.   This  observation  leads  one  to  con- 
clude that  the  olefin  oxidation  rate  simply  increases  more  appre- 
ciably with  temperature;  i.e.,  the  olefins  are  bein    "  lized  while 
they  a.!  formed  from  the  fuel.   TK 

on  r        perlmental  results  as  typifi  tch 

r.-^j'i  .^cnt  the  data  taJcen  thro'''^*^  'it  tl.  .  .^-.^.....   ^.;.-.  ^.  .„.._.j, 
propane,  :  -methyl  :     ■:». 

A  summary  of  the  intern  ;  from  the  oxidation  of 

these  four  paraffin  hydr       .,  is  most  reveali:  _        represen- 
t^    -  ^  ■   I. 
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Table  I 

Fuel  Relative  Hydrocarbon  Intermediate  Concentrations 

ethane  ethene  >>  methane 

propane  ethene   >  propane  >>  methane  >  ethsine 

butane  ethene   >  propene  >>  methane  >  ethane 

hexane  ethene   >  propene   >  butene   >  methane 

>>  pentene  >  ethane 
2-methyl  pentane  propene  >  ethene   >  butene   >  methane 

>>  pentene  >  ethane 

It  would  appear  that  the  results  in  Table  I  would  contradict  ele- 
ments of  Fristrom  and  Westenberg's  suggestion  that  the  initial 
hydrocarbon  radical  C^H2^^-|_  usually  splits  off  the  methyl  radical. 
If  this  type  of  splitting  were  to  occur,  one  could  expect  to  find 
larger  concentrations  of  methane.   The  large  concentrations  of 
ethene  and  propene  found  in  all  cases  would  suggest  that  primarily 
the  initial  C  Hp   -,  radical  cleaves  one  bond  from  the  carbon  atom 
from  which  the  hydrogen  was  abstracted.   The  bond  next  to  this 
carbon  atom  is  less  likely  to  breaJc  since  this  type  of  cleavage 
would  require  both  an  electron  and  hydrogen  transfer  to  form  the 
olefin.   The  abstraction  of  hydrogen  from  a  second  carbon  atom 
requires  about  I.5  kcal  less  from  the  other  carbon  atoms  (a  terti- 
ary carbon  atom  requires  about  2.5  less).   In  a  straight  chain 
hydrocarbon  there  are,  of  course,  more  hydrogens  on  the  first  car- 
bon atoms.   Estimating  relative  probability  of  removal  based  on 
number  and  ease  of  removal  and  considering  the  cleavage  rule  men- 
tioned indicates  the  proper  trends  designated  by  Table  I  and 
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relatively  large  concentrations  of  ethene  and  propene.   These 
results  suggest  that  oxidation  studies  of  ethene  and  propene  should 
be  particularly  important. 

Figures  2-6  show  clearly  that  experimentally  there  appears 
to  be  an  initial  iso-energetic  step  in  the  overall  process.   Of 
course,  this  step  is  not  exactly  iso-energetic.   The  conversion 
process  from  paraffin  to  olefin  is  endothermic;  however,  some  of 
the  hydrogen  formed  during  what  is  essentially  a  pyrolysis  step 
does  react  and  release  energy.   The  two  reactions  are  compensating 
energetically.   Thus,  it  is  believed  that  this  evidence  suggests 
that  there  are  three  distinct,  but  coupled  zones,  in  hydrocarbon 
combustion. 

1)  Following  ignition,  primary  fuel  disappears  with  little  or 
no  energy  release  and  produces  unsaturated  hydrocarbons  and 
hydrogen.   A  little  of  the  hydrogen  is  concurrently  being 
oxidized  to  water. 

2)  Subsequently,  the  unsaturated  compounds  are  further  oxidized 
to  carbon  monoxide  and  hydrogen.   Simultaneously  the  hydro- 
gen present  and  formed  is  oxidized  to  water. 

3 )  Lastly,  the  large  amount  of  carbon  monoxide  formed  is 
oxidized  to  carbon  dioxide  and  most  of  the  heat  release  from 
the  primary  field  is  obtained. 

Each  zone  must  have  a  dif' 

and  thus  at  different  temper l  mport - 

above  may  cha.;,,,,.   ,i.:  i.;.n  on  the  .c  .  j  of  Sv.;..^  .-i^  r- :..^..~.j 

experimen-               iven  l  >  7  it  is 

forth  some  int'                 s.  The  ini •     ondlt.     r  the 


289 


10-9 


experiment  whose  results  are  depicted  in  Figure  7  were  such  that 
not  only  was  the  stoichiometry  more  fuel  rich  than  the  examples  of 
Figures  2-6  but  also  the  initial  temperature  was  higher.   Examina- 
tion of  Figure  7  reveals  that  the  maximum  concentration  of  ethane 
is  found  earlier  in  the  system.   Essentially  this  trend  indicates 
that  the  exothermic  ethene  oxidation  step  has  become  faster.   This 
conclusion  is  supported  by  the  fact  that  the  temperature  profile  in 
Figure  7  rises  continually  and  does  not  appear  flat  (iso-energetic ) 
throughout  most  of  the  process  as  found  for  the  conditions  given 
in  Figures  2-6. 

The  flow  reactor  permits  highly  reproducible  accurate  runs 
and  analyses  to  be  obtained.   All  the  data  points  presented  in 
Figures  2-7  are  actually  points  and  not  smoothed  data.   Although 
present  sampling  techniques  permit  only  stable  species  to  be 
measured,  estimates  of  radical  reaction  rates  and  rate  constants 
can  be  made.   For  example,  sample  data  during  methane  (Dryer  and 
Glassman,  1973 )  oxidation  as  depicted  in  Figure  8  shows  the 
presence  of  ethane  and  the  subsequent  transformation  of  this  ethane 
to  ethene.   The  ethane  indicates  the  presence  of  and  gives  the  clue 
to  the  methyl  radical  reaction  rates  and  concentrations.   Further, 
it  is  interesting  to  note  in  fuel  rich,  pre-mixed  ethane  oxidation 
system  (Figure  7)  that  acetylene  (ethyne)  can  be  identified 
readily. 

These  results  permit  the  conclusion  that  the  turbulent  flow 
reactor  is  a  particularly  valuable  tool  to  study  hydrocarbon  oxida- 
tion processes. 
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Figure  3 
Chemical   Composition   of  Spread   Propane-Air  Reaction 
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Chemical  Composition  of  Spread  Butane-Air  Reaction 
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Chemical  Composition  of  Spread  Hexane/Air  Re- 
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SOME  PRECEPTIONS  ON  CONDENSED  PHASE  FLAME 
SPREADING  AND  MASS  BURNING 


I.  Glassman 

Department  of  Aerospace  and  Mechanical  Sciences 
Princeton  University- 
Princeton,  N.  J.   08540 


I.  Introduction 

Interest  in  problems  associated  with  fire  safety,  particu- 
larly as  related  to  the  combustion  characteristics  of  plastic 
materials,  has  arisen  over  the  past  years.  Supposedly  non-flammable 
plastic  materials  have  been  found  not  only  to  burn  but  also  to 
emit  relatively  large  quantities  of  toxic  combustion  products.   Yet 
this  result  should  not  have  been  too  surprising  when  one  considers 
that  flame  spread  was  the  primary  test  criterion  for  non-flamma- 
bility.   Materials  with  spreading  rates  so  low  that  they  are 
classified  non-flammable  will  burn  in  fires  supported  by  other 
combustibles.   The  phenomena  which  control  rate  of  flame  spread  and 
rate  of  mass  evolution  are  distinctly  different.   The  purpose  of 
this  paper  is  to  review  certain  fundamental  concepts  related  to 
flame  spreading  and  mass  burning. 

II.  Flame  Spreading 

It  is  almost  superfluous  to  review  the  field  of  flame  spread 
after  the  recent  publication  of  the  excellent  review  by  Williams 
(1976).   In  this  most  comprehensive  conceptual  review  Williams 
treated  almost  every  aspect  of  flame  spreading  —  discrete  and 
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continuous  materials,  orientation,  phase  change  before  combustion, 
etc.   In  this  paper,  only  flame  spreading  across  continuous  media 
will  be  treated.   By  considering  the  spreading  process  only  in  the 
horizontal  orientation,  it  is  not  necessary  to  distinguish  between 
melting  and  non-melting  material.   Indeed  because  of  the  experience 
of  the  author,  the  subject  of  horizontal  spreading  across  liquid 
fuels  will  be  reviewed  first  and  the  insights  gained  from  this  work 
will  be  used  to  contribute  to  the  understanding  of  flame  spread 
across  solid  materials. 

The  approach  is  somewhat  different  than  that  used  by  Williams, 
but  this  subtle  difference  may  help  some  in  interpreting  the  dis- 
agreements which  still  exist  in  the  field.   The  authors  and  their 
colleagues  (Glassman,  et  al.  1976)  recently  reviewed  the  s^-r         f 
knowledge  of  flame  spreading  across  liquid  fuels.   What      v/s  are 
the  basic  physical  concepts  taken  from  this  review  with  comparison 
to  the  case  of  flame  propagation  across  solid  materials. 
■3lationship  between  the  flash  point  and  bulk 
of  a  liquid  fuel  determines  the  type  and  order  of  maf 
flajne  spread.   The  flash  point  temperature  is  indeed  a  i^^„_.- 
.         less  it  permits  an  importajit  aiff  ■■■'■■'■' 

pread  processes.   When  the  bulk  temperature  of  a 
flash  point  temperature,  th  the 

liquid  fuel  a  mixture  of  fuel  vapor  and  air  that  lies  wi-..  ^..e 
flamir.         iinits.   It 

condi-  1.   1:  cup  :  -t  the 

height  of  I:-       -__^  _jnition  source  above  the  liquid  surface 
specir-   "  \-      '  '•  '    •  '   •     ------  .  -  -V  .•..-i_^^,^ 
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mixture  is  just  within  the  f lajnmability  limits.   The  temperature 
of  the  liquid  when  the  flash  occurs  is  the  flash  point  temperature. 
It  is  obvious  and  it  has  recently  been  shown  (Dryer  and  Neuman, 
1976)  that  the  flash  point  temperature  varies  with  the  ignition 
flame  height  over  the  liquid  surface.   The  closer  the  source  is  to 
the  fuel  surface,  the  lower  the  flash  point  temperature.   However 
a  minimum  must  exist  either  because  at  some  point  the  fuel  surface 
exerts  a  quenching  effect.   Thus,  in  the  flame  spreading  process  a 
unique  flash  point  temperature  for  the  fuel  cannot  be  specified, 
but  the  conceptual  use  is  obvious. 

In  the  case  as  mentioned  above  when  the  bulk  liquid  tempera- 
ture is  above  the  fire  point,  a  flammable  mixture  exists  everywhere 
above  the  surface.   In  the  presence  of  an  ignition  source,  a  flame 
forms  and  spreads  across  the  liquid  surface.   Under  these  tempera- 
ture definitions  the  liquid  does  not  contribute  to  the  flame 
process.   The  flame  that  propagates  is  for  all  intents  and  purposes 
the  same  as  a  pre-mixed  laminar  flame.   Its  velocity  is  very  large 
due  to  the  stratification  of  air/fuel  mixture  above  the  surface 
(Feng,  et  al.,  1975).   The  flame  continually  heats  the  cold  un- 
burned  gases  ahead  of  it  until  it  begins  to  react  (in  Williams' 
context  to  an  ignition  temperature)  and  releases  heat  to  continue 
the  process. 

VThen  the  bulk  temperature  is  below  the  flash  point,  a  flame 
will  still  propagate  across  the  liquid  fuel,  but  other  mechanisms 
must  control  since  a  flammable  mixture  does  not  exist  everywhere 
above  the  surface.   Given  that  this  fuel  has  been  ignited  and  is 
burning,  then  there  must  exist  some  process  which  heats  the  liquid 
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ahead  of  the  flame  to  a  flash  point  condition  ahead  of  the  flame 
through  the  gas,  or  through  the  liquid.   Or,  there  can  be  radiative 
heating  from  the  flame . 

In  the  context  of  Williams  (1976)  the  burning  fuel  would  ha/e 
to  heat  ahead  to  the  same  ignition  temperature,  which  in  the  termi- 
nology used  here  is  the  same  as  the  flash  point  temperature.   There 
is  one  important,  subtle  difference,  however.   In  considering  the 
flash  point  concept,  we  are  essentially  defining  the  flame 
spreading  problem  as  a  lean  flammability  limit  problem  for  a 
gaseous  fuel-air  mixture.   Following  this  reasoning  there  must  be 
laminar  gas  phase  flame  propagation  in  all  cases.   Analyses  dealing 
with  the  ignition  temperature  concept  have  the  flame  moving  with 
the  ignition  temperature. 

The  lean  limit  flame  propagation  idea  is  important,  because 
it  says  that  if  there  is  an  opposing  air  flow  so  strong  that  the 
velocity  near  the  surface  were  greater  than  the  lean  limit  flame 
propagation  velocity,  then  there  could  be  no  flame  propagation.   If 
one  analytically  follows  the  ignition  temperature,  then  there  caji 
be  no  restriction. 

In  the  case  of  high  flash  point  liquids,  the  discovery  was 
;.  -.   fMackinven,  et  al.,  1970)  that  convection  cur-        the 

liquid  were  the  dominant  heat  transfer  .....;..-. .^- :.__-  ____ 

•'ound  • 

the   f  3  obviously 

,1'  the   flame.      ^  '^ 

v-"-'    "    '-•-    ■•■    ly  with  temperature.    "    -■;-♦•".--■   ♦^-nsiv^..  t>"^cli6nt  is 

:raws   hot  d   froui  behind    the   f  '■int 
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ahead.   This  liquid  is  obviously  hotter  than  the  flash  point 
temperature . 

For  a  viscous  fluid,  such  as  the  fuel,  under  a  surface  ten- 
sion gradient,  it  is  well  known  that 

(1)  r   =  ^    (WSy)s  =  <^x  =  (da/dT)(aT/^x)g 

where  x  is  the  sheer  stress,  \i   the  viscosity,  u  the  velocity 
parallel  to  the  surface,  y  the  direction  normal  to  the  surface, 
a   the  surface  tension,  T  the  temperature  and  x  the  direction  along 
the  surface.   (da/dT)  is  a  physical  characteristic  of  the  liquid. 
One  can  readily  deduce  the  following  proportionality  for  shallow 
pans: 

(2)  Ug  ~  axh/\i 

where  u  is  the  surface  velocity  and  h  is  the  depth  of  liquid  in 
s 

the  pan.   For  deep  pools  and  other  analytical  considerations  with 
respect  to  the  surface  tension  problem,  one  should  refer  to  the 
review  (Glassman,  et  al.  1976)  mentioned  earlier  and  the  references 
therein. 

From  Equation  (2),  one  would  expect  that  the  flame  propaga- 
tion velocity  would  also  be  proportional  to  pan  depth  ana  inversely 
proportional  to  the  viscosity.   Indeed  these  important  trends  were 
verified  experimentally  (MacKinven,  et  al.,  1970).   The  experi- 
mental results  show  an  almost  linear  variation  of  flame  propagation 
with  l/[x   with  slight  thickening  of  the  fuel  by  a  chemical  additive. 
However  it  is  important  to  mention  that  as  the  liquid  is  made  very 
viscous  the  linearity  breaks  down  and  the  flame  propagation 
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velocity  asymptotically  approaches  a  va        .5  cm/sec.   For 
conventional  kerosene,  the  propagation      ity  is  about  3  cm/sec. 
The  asymptotic  trend  could  indicate  the  onset  of  another  type  of 
controlling  mechanism.   Indeed,  the  propagation  velocity  of  0.5 
cm/sec  is  similar  to  that  obtained  for  many  solid  materials 
(Friedman,  1968 ) . 

Not  only  do  the  viscosity  experiments  validate  the  concept 
that  convection  currents  in  the  liquid  are  t;  heat  trans- 

fer mode,  but  they  also  verify  that  heat  transfer         ontrol- 
ling  mechanism.   Indeed,  the  processes  of  fuel  vai       .     the 
fuel  vapor  diffusing  from  the  surface  and  mixing  with  the  air,  suid 
of  the  flame  propagating  through  this  mixture  must  have  character- 
istic rates  faster  than  the  heat  transfer  rate.   In  the  case  of 
flame  propagation  across  solid  materials,  whether  th'.  .:_  _naiit  mode 
is  heat  conduction  through  the  gas  or  solid,  the  rat'     '  '    "..-ir 
than  the  convective  rate  in  liquid.   Thus  if  the  ^ 
are  slower  thaji  the  other  steps  in  the  lean  limit 
prr''-.-r,  then  indeed  the  conductive  steps  are.   Even  th^i^^^n  ^n^. 
evaporation  of  solid  materials  ar 
liquids  maintain  evaporatioi 
L;..   ._,.;_,__:.  rj.:.-  _i  ^._ids  ar-       _    „      ,  ;era- 

■    .   ■     tivation  ■--'—-. 

Williams  (197  t  for        y  thin  solid 

matTlal,  rondu^ 

tra...>/-.i  ....,.,..^iw..,.,  ri,..^  li.ci..  .or  ther;...-.^.,  „...^..  ...aterials,  condup- 
tion  through  '      lid  is  the  dominant        msfer    "   "       1 
the  spreading  process  across  thick  materials,  the  flame  induces  air 
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currents  in  the  direction  opposite  to  the  propagation.   The  effect 
of  these  currents  is  still  open  to  debate.   For  large  fires  radia- 
tion can  play  a  dominant  role  in  flame  propagation  across  solids, 
however  radiation  is  not  nearly  as  important  in  liquids  (Mackinven, 
et  al.,  1970).   Considering  flame  propagation  as  a  lean  flajrana- 
bility  process,  permits  one  to  explain  the  effects  of  flame  retar- 
dants  added  to  plastics.   Indeed,  one  should  again  recall,  that 
flajne  retardants  limit  flame  spread,  but  retarded  materials  will 
burn.   The  three  most  common  means  of  retarding  flame  propagation 
are  to  add  chlorine  (or  other  halogens),  antimony  or  phosphorous 
compounds  to  the  polymer  structure.   It  is  well  known  that  halogens 
affect  (narrow)  flammibility  limits.   The  presence  of  a  halogen  in 
the  polymer  would  require  the  polymer  to  be  heated  to  a  high 
temperature  before  a  flammable  mixture  could  be  created  due  to  the 
presence  of  the  chlorine  atom.   Antimony  is  found  to  be  effective 
only  when  in  halogenated  compounds.   Antimony  chloride  is  a  gaseous 
compound  and  it  appears  that  the  role  of  the  antimony  is  to  facil- 
itate the  presence  of  chlorine  atoms  in  the  gas  phase.   In  contrast, 
phosphorous  alters  the  surface  characteristics  of  the  polymer, 
causes  a  melt  and  effectively  increases  the  heat  of  gasification. 

Condensed  phases  must  burn  as  diffusion  flames  and  the  flame 
must  be  essentially  at  the  stoichiometric  mixture  ratio.   Inhibi- 
tors such  as  halogens  are  only  effective  at  the  flammability  limits 
where  the  radicals  affecting  the  chain  propagation  are  scarce.   In 
stoichiometric  flames,  radicals  are  abundant  and  any  removal  by 
inhibition  is  ineffective  in  altering  the  mass  burning  process. 
Thus  materials  with  flame  retardants  will  alter  the  rate  of  flame 
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spread,  but  when  they  are  involved  in  a  massive  fire,  they  burn 
and  emit  toxic  compounds. 

III.  Mass  Burning 

The  mass  burning  rate  of  plastic  materials  is  :'■-■■- --^  i-  no 
different  than  the  burning  of  a  liquid  or  av 
material.   Some  materials  under  a  high  heat  flux 

generated  flaane  or  due  to  external  radiative  soui-    _  ra- 

bustible  gases  and  leave  a  char  material.   The  gases  burn  quickly, 
however,  the  restrictions  on  the  burning  of  the  char  are  very 
similar  to  those  associated  with  the  burning  of  a         arbon 
particle;  that  is,  it  is  similar  to  coal  combustion.   Many  small 
samples  of  plastics  will  not  sustain  their  :  ..  r 

unless  an  external  radiative  source  is  applied, 
being  made  to  develop  tests  to  determine  the  mass  burn' 
plastic  materials  in  order  to  determine  the  so-called  "i-;uiiixng 
intensi'  ''        plastic,  it  seems  appr 
parameters  which  control  the  mass  burr 

This  topic  is  an  old  one,  so  the  at_^:.i  .  .._:   

"■  -  -  -■  .lect  with  the  '      "  '   "    •  1. 

The  burning  /  pheri         et  or  vc 

partlcl  'irst. 

...^^...■.,         -^-ar's  (  ;.  .  .  ^x— ^.' -    -r^- 

(1935)  1  recently  '■       "'      '  — -  ^    -  --    ..-i 

(1977),  one  derives  the  following  relation  for  the  burning  rate  of 
the  spheri 
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(3)       G^  =  m^ATrrJ  =  (Dp/r^)  ln(l+B)  =  (x/Cpr)  ln(l+B) 

=  (n/r)  ln(l+B) 

where  G^  is  the  mass  flux  g/sec  cm  ,  m„  the  mass  burning  rate  g/sec, 
r   the  particle  radius,  B  the  transfer  number,  and  D,  A,  C  ,  \i, 
and  p  the  normal  physical  properties.   Equation  (3)  is  obtained 
under  the  assumptions  that  a  quasi  steady  state  exists  and  the 
particle  is  like  a  porous  sphere  fed  with  fuel  at  a  rate  equal  to 
the  consumption  rate,  Le  =  1  and  constant  physical  properties.   The 
transfer  number  can  take  any  of  the  following  forms,  all  of  which 
are  equal: 

(^)  B  =  (im^^+m^J/(l-m^g) 

(5)  B=  (Cp(T^-Tj-m^^H)/L^+H(m^^-l)) 

(6)  B  =  (Cp(T^-T^)+im^„H)/L^ 

where  m   and  m„  are  the  mass  fraction  of  the  oxidizer  and  fuel 
o      f 

respectively;  T,  the  temperature,  H,  the  heating  value  of  the  fuel 
in  cal/gm;  L  ,  the  latent  heat  of  evaporation;  i,  the  mass 
stoichiometric  index;  and  the  subscript  s  and  oo  refer  to  the  condi- 
tions at  the  surface  and  in  the  ambient  atmosphere  respectively. 

Equation  (3 )  may  be  interpreted  in  terms  of  an  actual  droplet 
burning,  i.e. 

(7)  -m^  =  dm/dt  =  (d/dt )  [  (4/3  )7r  p  r^] 

(8)  m^  =  -  27r  p  rg(dr^/dt)  . 

Combining  Equations  (3)  and  (8),  one  obtains 
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(9)  dr^/dt  =  -  (2Dp/p^)  ln(l+B)  . 

The  right  hand  side  of  the  Equation  (9)  is  constant  and  thus  the 

2 
rate  of  change  of  r  with  time  is  constant.   This  result,  of 

2       2 
course,  corresponds  to  the  so-called  d   (or  r  )  law  that  is  found 

experimentally . 

It  is  interesting  to  note  that  the  spherical  particle  burning 

in  a  quiescent  atmosphere  is  the  only  mathematically  tractable 

problem.   The  one  dimensional  burning  of  a  strand  of  fuel  or  pool 

of  liquid  is  not  mathematically  tractable  unless  one  assumes  that 

at  a  fixed  distajice,  say  5,  above  the  surface  ambient  conditions 

exist.   In  this  case,  referred  to  as  the  stagnant  film  case,  it  is 

readily  shown  that 


(10)  G^  =  (Dp/5)  ln(l+B) 


A  burning  pool  of  liquid  or  a  volatile  solid  will  establish 
a  stagnant  film  height  due  to  the  natural  convection  which  ensues. 
From  analogies  to  heat  transfer  without  mass  transfer,  a  first 
approximation  to  this  liquid  pool  burning  problem  may  be  written 

(11)  dG^/M.  ln(l+B)  ~  Gr^ 

wh  irashof  i.     ; 

lis   1/4   1  _  :or  turbulent 

-.w.i    .wns.      If  air  is   forced   r  •  .rically  around   the  v-— "•    or 

strand,    ver  Murkc-Schumann  gaseous   fuel  Jet   problem, 

then  eigain,  Leni. 

When  the  convective   f  j  . .     ^ed  to  the 

P,^„_    ,....i..4„„   ,. —   .V.   -  irface,  the  solution  Is  more  ~— "^--   -■  i 
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the  stagnant  film  analysis  does  not  hold.   Emmons  (1956)  solved 
the  problem  of  a  burning  longitudinal  surface  with  forced  conven- 
tion.  The  fuel  is  essentially  a  flat  plate  with  a  leading  edge. 
The  problem  is  also  described  by  Williams  (1965)  and  is  similar  to 
the  Blasius  problem  for  the  growth  of  a  boundary  layer  over  a  flat 
plate.   The  Emmons  result  for  Prandtl  number  equal  to  one  takes  the 
form 

(12)  G^  =  niRe^^/x   v/2)[-  f(o)] 

G^x/n  =  Re^^  [_  f(o)]//2 


where  Re   is  the  Reynold's  number  based  on  the  distance  x  from  the 
leading  edge  of  the  longitudinal  fuel  surface  and  [-  f(o)]  is  a 
Blasius  type  variable  which  is  a  function  of  the  transfer  B. 
Williams  (1965)  gives  the  graphical  relation  between  [-  f(o)]  and 
Glassman  (1977)  has  shown  empirically  that 

(13)  [-  f(o)]  ;^  ln(l+B)/B-^5 

over  a  large  range  of  B  values. 

It  would  appear  to  follow  that  data  for  spherical  particles 
burning  in  a  convective  atmosphere  could  correlate  as 

(14)  (G.rA)(B-^Vln(l+B))  =  f{Rey^) 


where  Re   is  the  Reynold's  number  based  on  the  droplet.   Even 

though  a  wake  may  exist  in  which  very  little  burning  occurs, 

0  15 
Spalding  (1955)  has  shown  that  Equation  (l4)  without  B  *  -^  corre- 
lates data  relatively  well. 


310 


11-12 


It  is  interesting  to  note  that  one  may  deduce  from  Equations 
(7)  and  (l4)  that  in  a  constant  velocity  stream  (or  for  constant 
relative  velocity  between  stream  and  particle)  that  the  particle 
will  follow  a  d-^^  {-p'     )  law  rather  than  a  d   law  as  found  in  the 
quiescent  case. 

If  in  the  mass  burning  process  there  is  flame  radiation,  or 
any  other  imposed  radiation,  as  is  frequently  used  in  plastic  mass 
burning  tests,  then  a  convenient  expression  for  the  burning  rate 
can  be  obtained  provided  it  is  assumed  that  only  the  gasifying 
surface  absorbs  the  radiation,  i.e.  there  can  be  n     jrption  by 
the  gaseous  species  present  between  the  radiation  r-">'-o  and  the 
surface.   In  this  case  Fineman  (I962)  has  shown  that  the  stagnant 
film  expression  taJces  the  form 

^f  =  (^/Cp5)  ln[l+  (B/(l-E))] 


E  H  Qj^/G^  L^ 


^  _.  -;--  radiatiV'_ ^v.   This  simple  fci...  ._i-  ...-  -^-.....^, 

rn.-^-  -^ixpreE/'-   -,•   -  '  cause  th'  '"       '' 

lis  in  th'  ;d  the  mass  burning 
plicitly  In  tl 

Since  th-  u.  .....,, uion  i:^  .-.uw.  \.,,u.y.   ,,  i\i.  nation  is  absorbed  by  the 

gases,  the  radiation  t  in  the  boundary  condition 
to  the  problem. 

Notice  that  as  the  radiant  flux  increases,  E  increases  amd 

the  term  '^'/'''-E)]  increases.   When  E  =  1,  the  probler  »  ^  - 
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because  the  equation  has  developed  in  the  framework  of  a  diffusion 
analysis,  and  E  =  1  means  that  the  solid  is  gasified  by  the  radi- 
ant flux  alone . 

As  mentioned  earlier,  currently  there  are  many  investigators 
seeking  to  establish  tests  which  determine  the  mass  burning  rate 
of  plastics.   One  of  the  best  of  these  procedures  is  that  given  by 
Tewarson  and  Pion  (I976).   In  their  experiment,  an  O2/N2  mixture 
passes  around  the  burning  plastic  and  the  rate  of  flow  is  held 
constant.   The  gas  flow  is  concentric  with  the  circular  cylinder 
sample  and  holder  and  is  in  the  sajne  direction  as  the  mass  evolu- 
tion from  the  gasifying  sample.   The  gas  flow  is  contained  within 
a  quartz  circular  cylinder.   Radiant  heaters  outside  the  quartz 
cylinder  permit  an  external  flux  to  be  imposed  on  the  sample. 
Tewarson  and  Pion  report  some  excellent  data  and  one  of  the  inter- 
esting findings  is  that  a  linear  relation  exists  between  the  mass 
burning  rate  of  the  plastic  and  the  mass  fraction  of  oxygen  in  the 
free  stream,  m   .   The  linearity  breaks  down  at  higher  values 

qOO 

of  m   .   Glassman  (1977a)  has  attempted  to  explain  these  results 
000 

by  arguing  that  the  order  of  B  and  [B/(1-E)]  must  be  much  less  than 
one  and  that  indeed  the  B  values  for  most  plastic  material  are 
smaller  than  previously  estimated.   For  such  small  values 


(17)  ln(l+  B/(l-E))  ~  B/(l-E)  . 

From  Equation  (I5)  then 


(18)  m^  ~  (A/Cp5)(B/(l-E)) 


Substituting  Equation  ( I6 ) 
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(19)  Af  =  (A/Cp5)B  +\/\    . 
Taking  the  form  of  B  given  by  Equation  (6) 

(20)  m^  =  (A/Cp5)iHhi^^+(Cp(T^-T^)/L^)+(Q/L^)  . 

Equation  (20 )  shows  the  linearity  with  respect  to  m  _.   Since  X, 

o 

C  and  5  probably  do  vary  substantially  for  a  fixed  convective 
condition  and  various  materials,  it  is  possible  to  perform  experi- 
ments with  liquids  of  known  values  of  B  to  determine  (k/C  5 )  from 
a  plot  of  m^  vs.  B  or  more  correctly  m„  vs.  ln(l+B).   Then  from  a 
measured  m^  of  a  plastic,  its  B  value  can  be  determined. 

Tewarson  (1977)  has  shown  for  plastics  that  the  term 

C  (T-T  )  is  a  relatively  large  negative  number  and  cannot  be 
P     s 

ignored  in  comparison  to  im  „H  as  it  is  often  done  for  liquids. 

o 

This  fact  and  large  values  of  L  contribute  to  making  B  values  of 

plastics  small. 

It  is  difficult  to  determine  whether  the  non-linearity  of 

Tewarson' s  m  „  plots  breaks  down  due  to  the  fact  that  at  higher  m 

o"  »     o<» 

values  B  may  not  be  small.   Tewarson  (1977)  reports  that  for  larger 

values  of  m  „  black  char  formation  on  the  surface  of  the  PMMA  was 
o 

found.   Such  changes  in  pyrolysis  mechajiism  could,  of  course, 
cause  the  observed  trends. 

In  dealing  with  charring  cellular  plastics  the  mass  evolution 
and  burning  process  appears  to  be  different.   These  materials  are 
difficult  to  "bum"  except  under  very  large  external  radiant 
fluxes.   Under  such  radiant  fluxes,  there  is  the  initial  evolution 
of  relatively  large  eunounts  of  combustibl-     ;'  which  will  burn 
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when  an  ignition  source  is  present.   The  rate  of  evolution  of 
gases  decreases  with  time  as  the  pyrolysis  gases  must  come  from 
greater  depths  within  the  cellular  plastic.   It  is  these  gases 
which  contribute  to  room  fires  and  are  probably  a  factor  in  the 
so-called  flashover  problem. 

The  burning  of  the  char  certainly  would  not  contribute  in 
the  early  stages  of  fire,  but  the  char  will  burn  very  much  like  a 
porous  carbon  (or  coal)  particle.   In  a  major  fire  the  surface 
temperature  of  char  would  be  high  enough  so  that  the  surface  oxida- 
tion of  the  char  was  kinetically  fast  and  controlled  by  the  diffu- 
sion of  oxygen  to  the  surface.   Under  these  circumstances  it  is 
again  interesting  to  observe  that 

(21)  m^  ~  ln(l+B) 

where  m^  would  be  the  mass  burning  rate  of  the  char.   If  Equation 
(4 )  is  used  as  the  form  of  B,  then  a  simple  expression  results 
since  for  this  type  of  diffusion  controlled  heterogeneous  surface 
burning  m„  =0  and 


(22)  B  =  im 


00 


For  burning  in  air  im  ^  is  small  with  respect  to  one,  and  again 
since  ln(l+B)  %  B  for  small  B,  one  has  that 


(23)  m^  ;^  m 

o 


-P  'V  '".oo 


the  same  result  that  one  obtains  for  the  porous  carbon  (coal) 
particle  as  Glassman  (1977)  has  recently  discussed. 
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IV.  Postscript 

This  paper  has  dealt  with  the  problem  of  flame  spreading  and 
mass  burning.   The  emphasis  was  placed  on  achieving  greater  under- 
standing of  how  these  processes  occur  with  plastic  materials.   With 
respect  to  flame  spreading,  the  review  was  limited  compared  to  the 
recent  work  of  Williajns  (1976),  however  it  does  suggest  that  flame 
spreading  across  condensed  phases  be  considered  a  lean  flammability 
limit  problem.   The  mass  burning  considerations  are  in  actuality  a 
simple  extension  of  the  earlier  work  of  Spalding  (1955)  aj^d  Emmons 
(1956).   How  the  effects  of  flame  and  external  radiation  can  be 
handled  within  the  present  simple  analyses  were  given.   In  particu- 
las  the  case  of  analyses  in  mass  burning  rate  tests  of  plastics  was 
explored. 
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